
42-Category TheoryConsidering the ategory whose objets are small ategories 1 and whosearrows are funtors, it would be interesting that the maps between them werestruture preserving. For example, in theorem 3.1.1 of setion 3.1 (p. 27), wewould like a realtion less strit than equality. As objets in a ategory arede�ned "up to isomorphism", one way of ahieving it is by seeing the arrowsas objets. This is the idea of 2-Category Theory.In a 2-ategory, the set of morphisms with same soure and target isseen as a ategory, that is, the morphisms are seen as objets and, at anotherlevel, the morphisms between them as morphisms. That means that, as 1-ategorial objets are de�ned up to isomorphism, so are 2-ategorial arrows.To prevent onfusion, the objets are alled 0-ells, the morphisms 1-ells andthe morphisms between morphisms 2-ells, whih are represented by doublearrows, and we write HomCat(X, Y ) when Hom(X, Y ) is seen as a ategory.The 2-ells have the properties of the ategorial arrows with the addition ofa new way of omposing them. This new omposition is alled vertial and isrepresented by �·� and the other is alled horizontal and is represented by �;�:given 2-ells α1 : f1 ⇒ f2 and α2 : f2 ⇒ f3, there exists a 2-ell α2 ·α1 : f1 ⇒ f3that is their vertial omposition and given 2-ells α1 : f1 ⇒ f2 and β1 : g1 ⇒ g2suh that g1◦f1 and g2◦f2 are de�ned, there exists a 2-ell β1; α1 : g1◦f1 ⇒ g2◦f2that is their horizontal omposition.The vertial and horizontal omposition have the following property,whih we all 2-omposition property: given a 2-ategorial diagram
X

f1

α1

f3

α2

f2 Y

g1

β1

g3

β2

g2 Zwe an either �rst ompose vertially and then horizontally or �rst horizontally1ategories whose oletion of objets and morphisms are sets
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2-ategory and Proof Theory 36and then vertially, that is,
(β2 · β1); (α2 · α1) = (β2; α2) · (β1; α1)2-produt: The de�nition of ategorial produt is inspired in its 1-ategorialsimilar. A 1-ategorial produt is determined by a natural isomorphismbetween the sets of arrows Hom(X, A × B) and Hom(X, A) ⊗ Hom(X, B),so it is natural to de�ne 2-ategorial produt as oming from the naturalisomorphism between the ategories HomCat(X, A×B) and HomCat(X, A)⊗

HomCat(X, B). Hene, a 2-ategorial produt, or simply 2-produt, of two0-ells A and B is a 0-ell A × B together with two projetion arrows
π1 : A × B → A and π2 : A × B → B suh that for any f : X → A and
g : X → B, there exist h : X → A × B and isomorphisms π1 ◦ h ∼= f and
π2 ◦ h ∼= g and suh that for all k : X → A × B and 2-ells α : π1 ◦ h ⇒ π1 ◦ kand β : π2 ◦ h ⇒ π2 ◦ k there exist a unique γ : h ⇒ k suh that idπ1

; γ = αand idπ2
; γ = β.2-initial objet: Given a 0-ell A, a 0-ell 0 is initial if HomCat(0, A) isequivalent to 1, the terminal ategory 2. In other words, 0 is initial if thereexists an arrow from 0 to A and, for every pair of arrows f, g : 0 → A, thereexists a unique 2-ell from f to g whih is an isomorphism.2-funtor: Given two 2-ategories A and B, a 2-funtor F from A to B is afuntion that takes to B the 2-ategorial struture of A, i.e., besides (i) to(iv) in the de�nition of ategorial funtor (see p. 25) with equalities replaedby isomorphisms, we also have:(v) if α : f ⇒ g, then F (α) : F (f) ⇒ F (g);(vi) for every 1-ell f , F (idf) = idF (f);(vii) if γ = α · β, then F (γ) = F (α) · F (β) and;(viii) if γ = α; β, then F (γ) = F (α); F (β).Natural Transformation: Given two ategories A and B and funtors F , G :

A → B, a natural transformation σ : F → G is suh that, for every h : A → Bin A, the following diagram ommutes:
F (A)

σA

F (h)

G(A)

G(h)

F (B)
σB

G(B)2a ategory with only one objet and only one arrow - the identity arrow
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2-ategory and Proof Theory 37Although a 1-ategorial de�nition, it plays an important role in some of theproofs in this setion. Note that one an de�ne a 2-ategory whose 0-ells aresmall ategories, 1-ells are funtors and 2-ells are natural transformations.The word lax preeding a notion means that the given notion is �weak-ened� - the equivalenes in the de�nition an be replaed by arrows, e.g., if
F is a 2-funtor and f and g are 1-ells, a lax 2-funtor would, instead of
F (f) ◦F (g) = F (f ◦ g), have, for example, F (f) ◦F (g) ⇒ F (f ◦ g), weakeningthe de�nition of 2-funtor.2-adjuntion: Given two 2-ategories A and B and 2-funtors F : A → B and
G : B → A, a 2-adjuntion ours when, for every 0-ell A in A and B in B,there exists a natural isomorphism between the ategories HomCat(F (A), B)and HomCat(A, G(B)). A lax 2-adjuntion would have lax 2-funtors insteadof 2-funtors and arrows instead of isomorphism between the ategories.Depending on the diretion of the arrows, we have di�erent lax 2-adjuntion.For every f : A′ → A in A and g : B → B′ in B we de�ne: for every h in
Hom(A, B),� Hom(f, B) = h ◦ f is the funtor that goes from Hom(A, B) to

Hom(A′, B);� Hom(A, g) = g ◦ h is the funtor that goes from Hom(A, B) to
Hom(A, B′).4.1A proof-theoretial 2-ategoryAs redutions and expansions are relations between derivations - thatare represented by arrows - it is natural to try to represent them expliitlyas 2-ells instead of having equality between arrows (1-ells). More preisely,onsider derivations Πi : Y [x : X] and Ψi : Z[x : Y ], i = 1, 2, 3. Consider alsothe redutions α1 and α2 from Π1 to Π2 and from Π2 to Π3 respetively andthe redutions β1 and β2 from Ψ1 to Ψ2 and from Ψ2 to Ψ3 respetively. Wehave then the following diagram:

X X X

Π1 �α1
Π2 �α2

Π3

Y Y Y

Ψ1 �β1
Ψ2 �β2

Ψ3

Z Z Z
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2-ategory and Proof Theory 38Aording to the kind of redutions usually de�ned in Proof Theory inorder to ahieve normal proofs we have some possibilities when applying theredutions above: we an, for instane, apply α1 followed by α2 followed by β1followed by β2 or α1 followed by β1, followed by α2 followed by β2. Any of thehoies should produe the same result, namely, the proof on the right side.Of ourse the partiular meaning of �followed by� is not always the same, soto say, α1 followed by α2 an be seen as a sequening of redutions while α1followed by β1 an be seen as a redution integrated to a substitution proess.If we represent the formulas of the above shema by 0-ells, the deriva-tions by 1-ells and the redutions by 2-ells, we ahieve a 2-ategorial diagramlike the one presented in the last setion and then sequening of redutions anbe viewed as vertial omposition and redution integrated to substitution anbe viewed as horizontal omposition. Note that the 2-omposition property or-responds to the three properties presented in setion 2.1, meaning that theremight exist a diret orrespondene between 2-ategorial and proof-theoretialomposition.Let us de�ne now a rex that eliminates simultaneously maximum for-mulas of di�erent branhes. Given a derivation of the form Π1

A

Π2

B
C

, if
Π1 �α Π′

1 and Π2 �β Π′
2, then α | β is the rex that takes Π1

A

Π2

B
C

to
Π′

1

A

Π′
2

B
C

by �rst reduing Π1 and then Π2. Note that the appliation of βfollowed by α should produe the same result.Proposition 4.1.1. For every pair of redutions (α1, α2) and (β1, β2),
(α1 | α2) · (β1 | β2) = (α1 · β1) | (α2 · β2).Proof. Given redutions Πi �αi

Π′
i and Π′

i �βi
Π′′

i , i = 1, 2, as the redutions
α1 and β1 our in a branh and the redutions α2 and β2 our in anotherbranh, applying α1 together with α2 followed by β1 together with β2 produethe same result as applying α1 followed by β1 together with α2 followed by
β2.4.2ConjuntionAs ategorial produt is related to onjuntion, it would be natural totry to ahieve a similar result to Mann's (11) in 2-Category Theory, namely,a relation between onjuntion and 2-produt: given two 0-ells A and B, if
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2-ategory and Proof Theory 39we represent the formula A ∧ B by the produt A × B and the derivationrules A ∧ B
A

and A ∧ B
B

by the projetion arrows π1 : A × B → A and
π2 : A × B → B respetively, h would be represented by C

f

A

C
g

B
A ∧ B

. In orderto A ∧ B be a 2-ategorial produt, we would have π1 ◦ h and f isomorphiand hene
C
f

A

C
g

B
h

A ∧ B π1

A

�

�

C
f

A

. (4-1)
However, there is no meaningful proof-theoretial relation from C

f

A

to
C
f

A

C
g

B
A ∧ B

A

. Suh a reason is enough to make us realise that onjuntion doesnot have the same struture of 2-ategorial produt and for a similar reasonit is not possible to relate o-produt with disjuntion and exponential withimpliation using suh a strategy.As we have only one of the relations in (4-1), the one that represents
∧-redution, we an try to relate onjuntion to lax 2-produt. Let us keep onthis path: let k be an arrow from C to A × B. Then the 2-ells α and β from
π1 ◦h to π1 ◦ k and from π2 ◦h to π2 ◦ k respetively an be represented by thetwo rex

C
h

A ∧ B
A

�α

C
k

A ∧ B
A

C
h

A ∧ B
B

�β

C
k

A ∧ B
BTo ahieve the wanted relation, we would have to show that there existsonly one γ : h ⇒ k suh that idπ1

; γ = α and idπ2
; γ = β. The uniity of γ isdisussed in the onlusion.Seely (17) states that onjuntion is lax right 2-adjoint to the diagonal lax2-funtor and that disjuntion is lax left 2-adjoint to the diagonal lax 2-funtor.Seely does not use this nomenlature, but de�nes lax and rax 2-adjuntion:lax 2-adjuntion: Given two 2-ategoriesA and B and lax 2-funtors F : A → Band G : B → A, a lax 2-adjuntion ours when, for every 0-ell A in A and

B in B, there exist arrows KAB from HomCat(F (A), B) to HomCat(A, G(B))
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2-ategory and Proof Theory 40and LAB from HomCat(A, G(B)) to HomCat(F (A), B) suh that those arrowsde�ne the following natural transformations, as de�ned by Seely (17): Let
f : A′ → A and g : B → B′. Then,1. LA′B ◦ Hom(f, G(B)) ⇒ Hom(F (f), B) ◦ LAB;2. LA′B′ ◦ Hom(A′, G(g)) ⇒ Hom(F (A′), g) ◦ LA′B;3. Hom(f, G(B)) ◦ KAB ⇒ KA′B ◦ Hom(F (f), B);4. Hom(A′, G(g)) ◦ KA′B ⇒ KA′B′ ◦ Hom(F (A′), g);5. α : LAB ◦ KAB ⇒ idHomCat(F (A),B);6. β : idHomCat(A,G(B)) ⇒ KAB ◦ LABWe also have that the following equalities hold:

(idKAB
; α) · (β; idKAB

) = idKAB
and

(α; idLAB
) · (idLAB

; β) = idLABIf we invert the diretion of the natural transformations, we still have alax 2-adjuntion but, to di�erentiate these two notions, Seely alled this newone rax 2-adjuntion. In a rax 2-adjuntion, instead of the above equalities, wehave the following: (β; idKAB
) · (idKAB

; α) = idKAB
and (idLAB

; β) · (α; idLAB
) =

idLAB
. Seely only gives an idea of the proof. Let us prove it in detail.We present the de�nition of lax 2-adjuntion in four parts on an attemptto make the proof easier to read:�rst part given the 2-ategories PT and PT × PT , where PT is the 2-ategory whose 0-ells are formulas, 1-ells are derivations and 2-ells areredutions, we show that both ∆: PT → PT ×PT and ∧ : PT ×PT →

PT are lax 2-funtors;seond part we show that there exists an arrow KAB from HomCat(∆A, B)to HomCat(A,∧B) and an arrow LAB from HomCat(A,∧B) to
HomCat(∆A, B), for every 0-ell A in PT and B in PT × PT ;third part we show that the above arrows de�ne the natural transformationsorrespondent to this de�nition;fourth part �nally, we show that (idKAB

; α) · (β; idKAB
) = idKAB

and
(α; idLAB

) · (idLAB
; β) = idLAB

.
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2-ategory and Proof Theory 41�rst partLemma 4.2.1. ∆: PT → PT ×PT suh that ∆(A) = (A, A), ∆(f) = (f, f)and ∆(α) = (α, α) for every formula A, derivation f and redution α, is a lax2-funtor.Proof. The items (i), (ii) and (v) of the lax 2-funtor de�nition ome from thede�nition of ∆.(iii) ∆(idA) = id∆A, for every formula AGiven a formula A, both ∆(idA) and id∆A represent the pair of formulas
(A, A).(iv) ∆f ◦ ∆g = ∆(f ◦ g) for every f : A → B and g : B → CGiven derivations f and g, ∆f ◦ ∆g = (f, f) ◦ (g, g) = (f ◦ g, f ◦ g) =

∆(f ◦ g)(vi) ∆(idf) = id∆f for every f : A → BGiven a derivation f , ∆(idf ) = (idf , idf) whih is the identity redutionthat goes from ∆f to ∆f .(vii) ∆(α · β) = ∆α · ∆β for every α : f ⇒ g and β : g ⇒ hGiven redutions α : f ⇒ g and β : g ⇒ h, ∆(α · β) = (α · β, α · β) =

(α, α) · (β, β) = ∆α · ∆β(viii) ∆(α; β) = ∆α; ∆β for every α : f ⇒ f ′ and β : g ⇒ g′ suh that g ◦ fand g′ ◦ f ′ are de�nedGiven redutions α : f ⇒ f ′ and β : g ⇒ g′, ∆(α; β) = (α; β, α; β) =

(α, α); (β, β) = ∆α; ∆βLemma 4.2.2. ∧ : PT × PT → PT suh that ∧(A) = A1 ∧ A2, ∧(f) =

f1 ∧ f2 =

A1 ∧ A2

A1

f1

A′
1

A1 ∧ A2

A2

f2

A′
2

A′
1 ∧ A′

2

= 〈f1 ◦ π1, f2 ◦ π2〉
3 and ∧(α) = (α1; idπ1

) |

(α2; idπ2
) for every formula A = (A1, A2), derivation f = (f1, f2), fi : Ai → A′

iand rex α = (α1, α2), is a lax 2-funtor.Proof. The items (i), (ii) and (v) of the lax 2-funtor de�nition (p. 36) omefrom the de�nition of ∧.3like in the de�nition of produt (p. 24)
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2-ategory and Proof Theory 42(iii) ∧(idA) = id∧A for every 0-ell A = (A1, A2)Given a formulaA, both idA1
∧idA2

and idA1∧A2
are the derivationA1∧A2;(iv) ∧f ◦ ∧g ⇒ ∧(f ◦ g) for every f = (f1, f2) : (A1, A1) → (B1, B2) and

g = (g1, g2) : (B1, B1) → (C1, C2)Given derivations f : A → B and g : B → C, ∧f ◦ ∧g is the deriva-
tion A1 ∧ A2

A1

f1

B1

A1 ∧ A2

A2

f2

B2

B1 ∧ B2

B1

g1

C1

A1 ∧ A2

A1

f1

B1

A1 ∧ A2

A2

f2

B2

B1 ∧ B2

B2

g2

C2

C1 ∧ C2

whih redues to
A1 ∧ A2

A1

f1

B1

g1

C1

A1 ∧ A2

A2

f2

B2

g2

C2

C1 ∧ C2

= ∧(f ◦ g).
(vi) ∧(idf) = id∧f for every f = (f1, f2) : (A1, A1) → (B1, B2)Given a derivation f : A → B, ∧(idf ) = (idf1

; idπ1
) | (idf2

; idπ2
) is theidentity redution that goes from ∧f to ∧f .(vii) ∧(α · β) = ∧α · ∧β for every α : f ⇒ g and β : g ⇒ hGiven redutions α : f ⇒ g and β : g ⇒ h,

∧α · ∧β =

((α1; idπ1
) | (α2; idπ2

)) · ((β1; idπ1
) | (β2; idπ2

)) = (Lemma 4.1.1)
((α1; idπ1

) · (β1; idπ1
)) | ((α2; idπ2

) · (β2; idπ2
)) = (2-omp. property)

((α1 · β1); (idπ1
· idπ1

)) | ((α2 · β2); (idπ2
· idπ2

)) = (identities omp.)
((α1 · β1); idπ1

) | ((α2 · β2); idπ2
) = ∧(α · β)(viii) ∧β;∧α ⇒ ∧(β; α) for every α : f ⇒ f ′ and β : g ⇒ g′ suh that g ◦ fand g′ ◦ f ′ are de�nedWe only remark that applying ∧α and ∧β followed by ∧-redution is thesame as applying ∧-redution followed by ∧α and ∧β.
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2-ategory and Proof Theory 43seond partGiven the 2-ategories PT and PT × PT , a 0-ell A in PT and a 0-ell B = (B1, B2) in PT × PT de�ne the ategories HomCat(∆A, B) and
HomCat(A,∧B).Lemma 4.2.3. There exists a funtor KAB from HomCat(∆A, B) to
HomCat(A,∧B).Let us de�ne KAB as a funtion that takes a pair of derivationsfrom HomCat(∆A, B) and applies ∧-int, i.e., for every Π = (Π1, Π2) ∈

HomCat(∆A, B), KAB(Π) =

A
Π1

B1

A
Π2

B2

B1 ∧ B2

∈ HomCat(A,∧B). Given a rex
α = (α1, α2) : Π � Π′ in HomCat(∆A, B), KAB(α) = α1 | α2. Let us provethat KAB thus de�ned is a funtor (p. 36):Proof. (i) Comes from the de�nition of KAB;(ii) If Π1 �α1

Π′
1 and Π2 �α2

Π′
2, then

KAB(Π) =

A
Π1

B1

A
Π2

B2

B1 ∧ B2

�α1|α2

A
Π′

1

B1

A
Π′

2

B2

B1 ∧ B2

= KAB(Π′)i.e., KAB(α) : KAB(Π) � KAB(Π′)(iii) Given a derivation Π,
KAB(Π) =

A
Π1

B1

A
Π2

B2

B1 ∧ B2

�idΠ1
|idΠ1

A
Π1

B1

A
Π2

B2

B1 ∧ B2

= KAB(Π)an thus idKAB(Π) = KAB(idΠ) : KAB(Π) � KAB(Π)(iv) Comes from proposition 4.1.1.Lemma 4.2.4. There exists a funtor LAB from HomCat(A,∧B) to
HomCat(∆A, B).For every derivation Ψ in HomCat(A,∧B), put LAB(Ψ) as being thepair 



A
Ψ

B1 ∧ B2

B1

,

A
Ψ

B1 ∧ B2

B2






and, for every rex α : Ψ � Ψ′ in HomCat(A,∧B),

LAB(α) = (idπ1
; α, idπ2

; α).Let us prove that LAB thus de�ned is a funtor:
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2-ategory and Proof Theory 44Proof. (i) and (ii) ome from the de�nition of LAB;(iii) Given a derivation Ψ, LAB(idΨ) = (idπ1
; idΨ, idπ2

; idΨ), whih is theidentity redution that goes from LAB(Ψ) to LAB(Ψ).(iv) Given rex α and β,
LAB(α) · LAB(β) =

(idπ1
; α, idπ2

; α) · (idπ1
; β, idπ2

; β) =

((idπ1
; α) · (idπ1

; β), (idπ2
; α) · (idπ2

; β)) = (2-omp. property)
((idπ1

· idπ1
); (α · β), (idπ2

· idπ2
); (α · β)) = (omp. of identities)

(idπ1
; (α · β), idπ2

; (α · β)) = LAB(α · β)

third partGiven derivations g = (g1, g2) in A, g1 : B′
1[x : B1] and g2 : B′

2[x : B2],and f : A[x : A′] in B, the following diagram de�nes the following naturaltransformations:
HomCat(∆A, B)

KAB

Hom(∆f,B)

HomCat(A,∧B)
LAB

Hom(f,∧B)

HomCat(∆A′, B)
K

A′B

Hom(∆A′,g)

HomCat(A
′,∧B)

L
A′B

Hom(A′,∧g)

HomCat(∆A′, B′)
K

A′B′

HomCat(A
′,∧B′)

L
A′B′Note that we an de�ne a ategory whose objets are funtors and whosearrows are natural transformations. Therefore, to show that the followingnatural transformations hold, we only need to show that they orrespond to arex.1. LA′B ◦ Hom(f,∧B) ⇒ Hom(∆f, B) ◦ LABGiven a derivation Σ: B1 ∧ B2[x : A],

A
Σ

B1 ∧ B2

Hom(f,∧B)
−−−−−−−−→

A′

f

A
Σ

B1 ∧ B2

LA′B−−→















A′

f

A
Σ

B1 ∧ B2

B1

,

A′

f

A
Σ

B1 ∧ B2

B2
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2-ategory and Proof Theory 45
A
Σ

B1 ∧ B2

LAB−−→







A
Σ

B1 ∧ B2

B1

,

A
Σ

B1 ∧ B2

B2






Hom(∆f, B)
−−−−−−−−−→















A′

f

A
Σ

B1 ∧ B2

B1

,

A′

f

A
Σ

B1 ∧ B2

B2













As LA′B ◦Hom(f,∧B)(Σ) = Hom(∆f, B) ◦ LAB(Σ), this natural transforma-tion orresponds to the identity redution.2. LA′B′ ◦ Hom(A′,∧g) ⇒ Hom(∆A′, g) ◦ LA′BGiven a derivation Σ: B1 ∧ B2[x : A′],
A′

Σ
B1 ∧ B2

Hom(A′,∧g)
−−−−−−−−−→

A′

Σ
B1 ∧ B2

g1 ∧ g2

B′
1 ∧ B′

2

LA′B′

−−−→

















A′

Σ
B1 ∧ B2

g1 ∧ g2

B′
1 ∧ B′

2

B′
1

,

A′

Σ
B1 ∧ B2

g1 ∧ g2

B′
1 ∧ B′

2

B′
2

















A′

Σ
B1 ∧ B2

LA′B−−→







A′

Σ
B1 ∧ B2

B1

,

A′

Σ
B1 ∧ B2

B2






Hom(∆A′, g)
−−−−−−−−−→















A′

Σ
B1 ∧ B2

B1

g1

B′
1

,

A′

Σ
B1 ∧ B2

B2

g2

B′
2













where g1 ∧ g2 is as in Lemma 4.2.2. We have that LA′B′ ◦ Hom(A′,∧g)(Σ) =
























A′

Σ
B1 ∧ B2

B1

g1

B′
1

A′

Σ
B1 ∧ B2

B2

g2

B′
2

B′
1 ∧ B′

2

B′
1

,

A′

Σ
B1 ∧ B2

B1

g1

B′
1

A′

Σ
B1 ∧ B2

B2

g2

B′
2

B′
1 ∧ B′

2

B′
2

























redues to Hom(∆A′, g) ◦

LA′B(Σ) and this natural transformation orresponds to a pair of ∧-redutions.3. Hom(f,∧B) ◦ KAB ⇒ KA′B ◦ Hom(∆f, B)Given a pair of derivations Σ = (Σ1 : B1[x : A], Σ2 : B2[x : A]),




A
Σ1

B1

,
A
Σ2

B2



KAB−−→

A
Σ1

B1

A
Σ2

B2

B1 ∧ B2

Hom(f,∧B)
−−−−−−−−→

A′

f

A
Σ1

B1

A′

f

A
Σ2

B2

B1 ∧ B2
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A
Σ1

B1

,
A
Σ2

B2



KAB−−→











A′

f

A
Σ1

B1

,

A′

f

A
Σ2

B2











Hom(f,∧B)
−−−−−−−−→

A′

f

A
Σ1

B1

A′

f

A
Σ2

B2

B1 ∧ B2As Hom(f,∧B) ◦KAB(Σ) = KA′B ◦Hom(∆f, B)(Σ), this natural transforma-tion orresponds to the identity redution.4.Hom(A′,∧g) ◦ KA′B ⇒ KA′B′ ◦ Hom(∆A′, g)Given a pair of derivations Σ = (Σ1 : B1[x : A′], Σ2 : B2[x : A′]),




A′

Σ1

B1

,
A′

Σ2

B2



KA′B−−−→

A′

Σ1

B1

A′

Σ2

B2

B1 ∧ B2

Hom(A′,∧g)
−−−−−−−−−→

A′

Σ1

B1

A′

Σ2

B2

B1 ∧ B2

g1 ∧ g2

B′
1 ∧ B′

2





A′

Σ1

B1

,
A′

Σ2

B2



Hom(∆A′, g)
−−−−−−−−−→













A′

Σ1

B1

g1

B′
1

,

A′

Σ2

B2

g2

B′
2













KA′B′

−−−→

A′

Σ1

B1

g1

B′
1

A′

Σ2

B2

g2

B′
2

B1 ∧ B2

We have that Hom(A′,∧g)KA′B(Σ) =

A′

Σ1

B1

A′

Σ2

B2

B1 ∧ B2

B1

g1

B′
1

A′

Σ1

B1

A′

Σ2

B2

B1 ∧ B2

B2

g2

B′
2

B′
1 ∧ B′

2

∧-redues
to KA′B′Hom(∆A′, g)(Σ) and this natural transformation orresponds to ∧-red| ∧-red.5. α : LAB ◦ KAB ⇒ idHomCat(∆A,B)Given a pair of derivations Σ = (Σ1 : B1[x : A], Σ2 : B2[x : A]),





A
Σ1

B1

,
A
Σ2

B2



KAB−−→

A
Σ1

B1

A
Σ2

B2

B1 ∧ B2

LAB−−→











A
Σ1

B1

A
Σ2

B2

B1 ∧ B2

B1

,

A
Σ1

B1

A
Σ2

B2

B1 ∧ B2

B2









As LABKAB(Σ) ∧-redues to idHomCat(A,∧B)(Σ) this natural transformationorresponds to a pair of ∧-redutions.
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2-ategory and Proof Theory 476. β : idHomCat(A,∧B) ⇒ KAB ◦ LABGiven a derivation Σ: B1 ∧ B2[x : A],
A
Σ

B1 ∧ B2

LAB−−→







A
Σ

B1 ∧ B2

B1

,

A
Σ

B1 ∧ B2

B2






KAB−−→

A
Σ

B1 ∧ B2

B1

A
Σ

B1 ∧ B2

B2

B1 ∧ B2As idHomCat(A,∧B)(Σ) ∧-expands to KABLAB(Σ) this natural transformationorresponds to ∧-expansion.fourth partAs α : LAB ◦KAB ⇒ idHomCat(∆A,B) and β : idHomCat(A,∧B) ⇒ KAB ◦LAB,we have that:1. (idKAB
; α) · (β; idKAB

) = idKAB

β; idKAB
goes from idHomCat(∆A,B) ◦ KAB = KAB to (KAB ◦ LAB) ◦ KABand idKAB

; α goes from KAB ◦ (LAB ◦ KAB) to KAB ◦ idHomCat(∆A,B) = KABtherefore their omposition goes from KAB to KAB.2. (α; idLAB
) · (idLAB

; β) = idLAB

idLAB
; β goes from LAB ◦ idHomCat(A,∧B) = LAB to LAB ◦ (KAB ◦LAB) and

α; idLAB
goes from (LAB ◦KAB)◦LAB to idHomCat(∆A,B) ◦LAB = LAB thereforetheir omposition goes from LAB to LAB.4.3DisjuntionSimilarly to onjuntion, we provide a more detailed proof that disjun-tion is rax right 2-adjoint to the diagonal lax 2-funtor as stated by Seely (17).We also present the de�nition of rax 2-adjuntion, presented in the preedingsetion, in four parts on an attempt to make the proof easier to read:�rst part given the 2-ategories PT and PT × PT , we show that ∨ : PT ×

PT → PT is a lax 2-funtor (that ∆: PT → PT ×PT is a lax 2-funtoris proved in the preeding setion);seond part we show that there exists an arrow LAB from HomCat(A, ∆B)to HomCat(∨A, B) and an arrow KAB from HomCat(∨A, B) to
HomCat(A, ∆B) for every 0-ell A in PT and B in PT × PT ;third part we show that the above arrows de�ne the natural transformationsthat orrespond to this de�nition
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2-ategory and Proof Theory 48fourth part �nally, we show that (β; idKAB
) · (idKAB

; α) = idKAB
and

(idLAB
; β) · (α; idLAB

) = idLAB
holdAs Mann in (11), Seely worked with MDP.�rst partLemma 4.3.1. ∨ : PT × PT → PT suh that ∨(A) = A1 ∨ A2, ∨(f) =

f1 ∨ f2 =

A′
1 ∨ A′

2

[A′
1]

f1

A1

A1 ∨ A2

[A′
2]

f2

A2

A1 ∨ A2

A1 ∨ A2

= [ι1 ◦ f1, ι2 ◦ f2]
4 and ∨(α) =

id∨A′ | ((idι1 ; α1) | (idι2 ; α2)), for every formula A = (A1, A2), derivation
f = (f1, f2), fi : A′

i → Ai and redution α = (α1, α2), is a lax 2-funtor.Proof. The items (i), (ii) and (v) of the lax 2-funtor de�nition (p. 36) omefrom the de�nition of ∨.(iii) ∨(idA) = id∨A for every formula A = (A1, A2)Given a formulaA, both idA1
∨idA2

and idA1∨A2
are the derivationA1∨A2;(iv) ∨f ◦ ∨g ⇒ ∨(f ◦ g) for every f = (f1, f2) : (A1, A1) → (B1, B2) and

g = (g1, g2) : (B1, B1) → (C1, C2)Given derivations f : A → B and g : B → C, ∨f ◦ ∨g is the deriva-tion
A1 ∨ A2

[A1]

f1

B1

B1 ∨ B2

[A2]

f2

B2

B1 ∨ B2

B1 ∨ B2

[B1]
g1

C1

C1 ∨ C2

[B2]
g2

C2

C1 ∨ C2

C1 ∨ C2

whih
redues to

A1 ∨ A2

[A1]

f1

B1

g1

C1

C1 ∨ C2

[A2]

f2

B2

g2

C2

C1 ∨ C2

C1 ∨ C2

= ∨(f ◦ g).
(vi) ∨(idf) = id∨f for every f = (f1, f2) : (A1, A1) → (B1, B2)Given a derivation f , ∨(idf) = id∨A | ((idι1 ; idf1

) | (idι2; idf2
)) whih isthe identity redution that goes from ∨f to ∨f .4as in the de�nition of o-produt (p. 24)
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2-ategory and Proof Theory 49(vii) ∨(α · β) = ∨α · ∨β for every α : f ⇒ g and β : g ⇒ hGiven redutions α : f ⇒ g and β : g ⇒ h,
∨α · ∨β =

{id∨A | ((idι1 ; α1) | (idι2; α2))} · {id∨A | ((idι1 ; β1) | (idι2; β2))} =

(id∨A · id∨A) | {[(idι1 ; α1) | (idι2 ; α2)] · [(idι1; β1) | (idι2; β2)]} =

(id∨A · id∨A) | {[(idι1 ; α1) · (idι1 ; β1)] | [(idι2; α2) · (idι2; β2)]} =

(id∨A · id∨A) | {[(idι1 · idι1); (α1 · β1)] | [(idι2 · idι2); (α2 · β2)]} =

id∨A | [idι1 ; (α1 · β1)] | [idι2 ; (α2 · β2)] =

∨(α · β)(viii) ∨α;∨β ⇒ ∨(α; β) for every α : f ⇒ f ′ and β : g ⇒ g′ suh that g ◦ fand g′ ◦ f ′ are de�nedWe only remark that applying ∨α and ∨β followed by ∨-redution is thesame as applying ∨-redution followed by ∨α and ∨β.
seond partGiven 2-ategories A and B, a 0-ell A = (A1, A2) in A and a 0-ell B in
B de�ne the ategories HomCat(A, ∆B) and HomCat(∨A, B).Lemma 4.3.2. There exists a funtor KAB : HomCat(∨A, B) →

HomCat(A, ∆B)Let us de�ne KAB as the funtion that omposes every derivation Π ∈

HomCat(∨A, B) with ∨-int, i.e., KAB(Π) =







A1

A1 ∨ A2

Π
B

,

A2

A1 ∨ A2

Π
B






and forevery α ∈ HomCat(∨A, B), KAB(α) = (α; idι1, α; idι2).Proof. (i) e (ii) of the de�nition of funtor ome from the de�nition of KAB;(iii) Given a derivation Π,KAB(idΠ) = (idΠ; idι1 , idΠ; idι2) whih is the identityredution that goes from KAB(Π) to KAB(Π).
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2-ategory and Proof Theory 50(iv) Given redutions α and β,
KAB(α) · KAB(β) =

(α; idι1, α; idι2) · (β; idι1, β; idι2) =

((α; idι1) · (β; idι1), (α; idι2) · (β; idι2)) = (2-omp. property)
((α · β); (idι1 · idι1), (α · β); (idι2 · idι2)) = (omp. of identities)

((α · β); idι1, (α · β); idι2) = KAB(α · β)

Lemma 4.3.3. There exists a funtor LAB : HomCat(A, ∆B) →

HomCat(∨A, B)Let us de�ne LAB as the funtion that takes every Π = (Π1, Π2) ∈

HomCat(A, ∆B) to LAB(Π) =
A1 ∨ A2

[A1]

Π1

B

[A2]

Π2

B

B

and for every α =

(α1, α2) : Π � Π′, LAB(α) = idA1∨A2
| (α1 | α2).Proof. (i) and (ii) of the de�nition of funtor ome from the de�nition of LAB;(iii) Given a derivation Π,

LAB(idΠ) = idA1∨A2
| (idΠ1

| idΠ2
) whih is the identity redution thatgoes from LAB(Π) to LAB(Π).(iv) Given redutions α and β,

LAB(α) · LAB(β) =

(idA1∨A2
| (α1 | α2)) · (idA1∨A2

| (β1 | β2)) = (Lemma 4.1.1)
(idA1∨A2

· idA1∨A2
) | ((α1 | α2) · (β1 | β2)) = (Lemma 4.1.1)

(idA1∨A2
· idA1∨A2

) | ((α1 · β1) | (α2 · β2)) = (omp. of identities)
idA1∨A2

| ((α1 · β1) | (α2 · β2)) = LAB(α · β)

third partGiven derivations f = (f1, f2) in A, f1 : A′
1[x : A1] and f2 : A′

2[x : A2],and g : B[x : B′] in B, the following diagram de�nes the following natural
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2-ategory and Proof Theory 51transformations:
HomCat(∨A, B)

KAB

Hom(∨f,B)

HomCat(A, ∆B)
LAB

Hom(f,∆B)

HomCat(∨A′, B)
K

A′B

Hom(id
∨A′ ,g)

HomCat(A
′, ∆B)

L
A′B

Hom(A′,∆g)

HomCat(∨A′, B′)
K

A′B′

HomCat(A
′, ∆B′)

L
A′B′1. Hom(∨f, B) ◦ LAB ⇒ LA′B ◦ Hom(f, ∆B)Given a pair of derivations Σ = (Σ1 : B[x : A1], Σ2 : B[x : A2]),

(

A1

Σ1

B

,

A2

Σ2

B

)

LAB−−→ A1 ∨ A2

[A1]

Σ1

B

[A2]

Σ2

B

B

Hom(∨f, B)
−−−−−−−−→

A′
1 ∨ A′

2

[A′
1]

f1

A1

A1 ∨ A2

[A′
2]

f2

A2

A1 ∨ A2

A1 ∨ A2

[A1]

Σ1

B

[A2]

Σ2

B

B

(

A1

Σ1

B

,

A2

Σ2

B

)

Hom(f, ∆B)
−−−−−−−−−→













[A′
1]

f1

A1

Σ1

B

,

[A′
2]

f2

A2

Σ2

B













LA′B−−→

A′
1 ∨ A′

2

[A′
1]

f1

A1

Σ1

B

[A′
2]

f2

A2

Σ2

B

Band this natural transformation orresponds to the sequene 〈MDP, ∨-redution〉.2. Hom(∨A′, g) ◦ LA′B ⇒ LA′B′ ◦ Hom(A′, ∆g)Given a pair of derivations Σ = (Σ1 : B[x : A′
1], Σ2 : B[x : A′

2]),




A′
1

Σ1

B

,

A′
2

Σ2

B



LA′B−−→ A′
1 ∨ A′

2

[A′
1]

Σ1

B

[A′
2]

Σ2

B

B

Hom(∨A′, g)
−−−−−−−−−→
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A′

1 ∨ A′
2

[A′
1]

Σ1

B

[A′
2]

Σ2

B

B
g

B′

(

A1

Σ1

B

,
A2

Σ2

B

)

Hom(A′, ∆g)
−−−−−−−−−→











[A′
1]

Σ1

B
g

B′

,

[A′
1]

Σ2

B
g

B′











LA′B′

−−−→

A′
1 ∨ A′

2

[A′
1]

f1

A1

Σ1

B
g

B′

[A′
1]

f1

A2

Σ2

B
g

B′

B′

Hom(∨A′, g) ◦ LA′B(Σ) redues to LA′B′ ◦ Hom(A′,∧g)(Σ) and this naturaltransformation orresponds to MDP.3. KA′B ◦ Hom(∨f, B) ⇒ Hom(f, ∆B) ◦ KABGiven a derivation Σ: B[x : A1 ∨ A2],
A1 ∨ A2

Σ
B

KAB−−→







A1

A1 ∨ A2

Σ
B

,

A1

A1 ∨ A2

Σ
B






Hom(f, ∆B)
−−−−−−−−−→















A′
1

f1

A1

A1 ∨ A2

Σ
B

,

A′
2

f2

A2

A1 ∨ A2

Σ
B















A1 ∨ A2

Σ
B

Hom(∨f, B)
−−−−−−−−→

A′
1 ∨ A′

2

f1 ∨ f2

A1 ∨ A2

Σ
B

KA′B−−−→

















A′
1

A′
1 ∨ A′

2

f1 ∨ f2

A1 ∨ A2

Σ
B

,

A′
2

A′
1 ∨ A′

2

f1 ∨ f2

A1 ∨ A2

Σ
B















As Hom(f, ∆B) ◦ KAB(Σ) =




















A′
1

A′
1 ∨ A′

2

[A′
1]

f1

A1

A1 ∨ A2

[A′
2]

f2

A2

A1 ∨ A2

A1 ∨ A2

Σ
B

,
A′

2

A′
1 ∨ A′

2

[A′
1]

f1

A1

A1 ∨ A2

[A′
2]

f2

A2

A1 ∨ A2

A1 ∨ A2

Σ
B





















∨-redues to KA′B ◦ Hom(∨f, B), this natural transformation orresponds toa pair of ∨-redutions.
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2-ategory and Proof Theory 534. KA′B′ ◦ Hom(∨A′, g) ⇒ Hom(A′, ∆g) ◦ KA′BGiven a derivation Σ: B[x : A′
1 ∨ A′

2],
A′

1 ∨ A′
2

Σ
B

Hom(∨A′, g)
−−−−−−−−−→











A′
1 ∨ A′

2

Σ
B
g

B′

,

A′
1 ∨ A′

2

Σ
B
g

B′











KA′B′

−−−→















A′
1

A′
1 ∨ A′

2

Σ
B
g

B′

,

A′
2

A′
1 ∨ A′

2

Σ
B
g

B′















A′
1 ∨ A′

2

Σ
B

KA′B−−−→







A′
1

A′
1 ∨ A′

2

Σ
B

,

A′
2

A′
1 ∨ A′

2

Σ
B






Hom(A′, ∆g)
−−−−−−−−−→















A′
1

A′
1 ∨ A′

2

Σ
B
g

B′

,

A′
2

A′
1 ∨ A′

2

Σ
B
g

B′













As KA′B′◦Hom(∨A′, g)(Σ) = Hom(A′, ∆g)◦KA′B, this natural transformationorresponds to the identity redution.5. α : idHomCat(∨A,B) ⇒ LAB ◦ KABGiven a derivation Σ: B[x : A1 ∨ A2],
A1 ∨ A2

Σ
B

KAB−−→







A1

A1 ∨ A2

Σ
B

,

A2

A1 ∨ A2

Σ
B






LAB−−→

A1 ∨ A2

[A1]

A1 ∨ A2

Σ
B

[A2]

A1 ∨ A2

Σ
B

B

idHomCat(∨A,B)(Σ) redues to LABKAB(Σ) and this natural transformationorresponds to the sequene 〈∨-expansion,MDP〉6. β : KAB ◦ LAB ⇒ idHomCat(A,∆B)Given a pair of derivations Σ = (Σ1 : B[x : A1], Σ2 : B[x : A2]),
(

A1

Σ1

B

,
A2

Σ2

B

)

LAB−−→ A1 ∨ A2

[A1]

Σ1

B

[A2]

Σ2

B

B

KAB−−→







A1

A1 ∨ A2

[A1]

Σ1

B

[A2]

Σ2

B

B

, A2

A1 ∨ A2

[A1]

Σ1

B

[A2]

Σ2

B

B







KABLAB(Σ) redues to idHomCat(∨A,B)(Σ) and this natural transformationorresponds to a pair of ∨-redutions.fourth part
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2-ategory and Proof Theory 54As α : idHomCat(∨A,B) ⇒ LAB ◦KAB and β : KAB ◦LAB ⇒ idHomCat(A,∆B),we have that:1. (β; idKAB
) · (idKAB

; α) = idKAB

idKAB
; α goes from KAB ◦ idHomCat(∨A,B) = KAB to KAB ◦ (LAB ◦ KAB)and β; idKAB

goes from (KAB ◦ LAB) ◦ KAB to idHomCat(A,∆B) ◦ KAB = KABand therefore their omposition goes from KAB to KAB.2. (idLAB
; β) · (α; idLAB

) = idLAB

α; idLAB
goes from idHomCat(A,∆B) ◦LAB = LAB to (LAB ◦KAB)◦LAB and

idLAB
; β goes from LAB ◦ (KAB ◦LAB) to LAB ◦ idHomCat(∨A,B) = LAB thereforetheir omposition goes from LAB to LAB.4.4ImpliationImpliation is neither lax right 2-adjoint nor rax right 2-adjoint toonjuntion but it has some of these two properties and we thought it wouldbe interesting to show and disuss it here. We show what an be proved andpoint out the reasons why it is not a lax 2-ajuntion. We also separate it infour parts:�rst part given the 2-ategory PT , we show that → : PT → PT and that
∧ : PT → PT are lax 2-funtors;seond part we show that there exists an arrow KBC from HomCat(C∧X, B)to HomCat(C, X → B) and an arrow LBC from HomCat(C, X → B) to
HomCat(C ∧ X, B);third part we show that the above arrows de�ne natural transformationsthat orrespond either to the lax 2-adjuntion de�nition or to the rax2-adjuntion de�nition, i.e., we show that the natural transformationsorrespond to the items 1, 2 and 3 are in aordane to the rax 2-adjuntion de�nition, the item 4 is in aordane to the lax 2-adjuntionde�nition and that 5 and 6 is neither lax nor rax 2-adjuntion;fourth part we show that neither of the equalities of the de�nitions of lax andrax 2-adjuntion hold, i.e., we show that neither (β; idKCB

) · (idKCB
; α) =

idKCB
, (idLCB

; β) · (α; idLCB
) = idLCB

, (idKCB
; α) · (β; idKCB

) = idKCBand (α; idLCB
) · (idLCB

; β) = idLCB
hold.�rst part
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2-ategory and Proof Theory 55Proposition 4.4.1. ∧ : PT → PT suh that ∧(A) = A∧B, ∧(f) = f ∧B =

〈f ◦ π1, π2〉 and ∧(α) = 〈α; idπ1
, idπ2

〉 for every formula A, derivation f andrex α, is a lax 2-funtor.Proof. This proposition is a orollary of proposition 4.2.2Lemma 4.4.2. → : PT → PT suh that → (B) = X → B, → (f) = X →

f =

X → B [X]

B
f

B′

X → B′

= ̂f ◦ eval〈→ B, X〉 5 and → (α) = idr; (α; ids), where
r : B → (X → B) and s : (X → B, X) → B, for every formula B, derivation
f : B → B′ and rex α : f ⇒ f ′, is a lax 2-funtor.Proof. The items (i), (ii) and (v) of the funtor de�nition ome from thede�nition of →.(iii) → (idA) = id→(A), for every formula AGiven a formula A, both → (idA) and id→(A) are the derivation X → A;(iv) (→ (f)◦ → (g)) ⇒ (→ (f ◦ g)) for every f : A → B and g : B → CGiven derivations f : A → B and g : B → C, → (f)◦ → (g) is the

derivation X → A [X]

A
f

B
X → B [X]

B
g

C
X → C

whih redues to X → A [X]

A
f

B
g

C
X → C

=→ (f ◦ g).(vi) → (idf) = id→(f) for every f : A → BGiven a derivation f , → (idf) = idr; idf ; ids whih is the identityredution that goes from → (f) to → (f).(vii) → (α · β) =→ (α)· → (β) for every α : f ⇒ g and β : g ⇒ h5as in the de�nition of exponentiation (p. 25)
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2-ategory and Proof Theory 56Given redutions α : f ⇒ g and β : g ⇒ h,
→ (α)· → (β) =

(idr; (α; ids)) · (idr; (β; ids)) = (2-omp. property)
(idr · idr); ((α; ids) · (β; ids)) = (2-omp. property)
(idr · idr); ((α · β); (ids · ids)) = (omp. of identities)

idr; ((α · β); ids) = → (α · β)(viii) → (β);→ (α) ⇒→ (β; α) for every α : f ⇒ f ′ and β : g ⇒ g′ suh that
g ◦ f and g′ ◦ f ′ are de�nedWe only remark that applying → α and → β followed by →-redutionis the same as applying →-redution followed by → α and → β.

seond partGiven the 2-ategory PT , 0-ells A and B in PT de�ne the ategories
HomCat(C ∧ A, B) and HomCat(C, A → B).Lemma 4.4.3. There exists a funtor KBC : HomCat(C ∧ X, B) →

HomCat(C, X → B).De�ne KBC(Π) =

C [X]

C ∧ X
Π
B

X → B

for every Π in HomCat(C ∧ X, B) and
KBC(α) = idr; α; idp, where p : (C, X) → C ∧ X, for every α ∈ HomCat(C ∧

X, B).Proof. (i) and (ii) of the de�nition of funtor ome from the de�nition of KBC ;(iii) Given a derivation Π, KBC(id(Π) = idr; idΠ; idp whih is the identityredution that goes from KBC(Π) to KBC(Π);(iv) Given redutions α and β,
KBC(α) · KBC(β) =

(idr; (α; idp)) · (idr; (β; idp)) = (2-omp. property)
(idr · idr); ((α; idp) · (β; idp)) = (2-omp. property)
(idr · idr); ((α · β); (idp · idp)) = (omp. of identities)

idr; ((α · β); idp) = KBC(α · β)
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2-ategory and Proof Theory 57
Lemma 4.4.4. There exists a funtor LBC : HomCat(C, X → B) →

HomCat(C ∧ X, B).Put LBC(Ψ) =

C ∧ X
C
Ψ

X → B
C ∧ X

X
B

for every Ψ ∈ HomCat(C, X → B)and LBC(α) = (α; idπ1
) | idπ2

for every α : Π ⇒ Π′ ∈ HomCat(C, X → B).Proof. (i) and (ii) of the de�nition of funtor ome from the de�nition of LBC ;(iii) Given a derivation Π, LBC(idΠ) = (idΠ; idπ1
) | idπ2

whih is the identityredution that goes from LBC(Π) to LBC(Π);(iv) Given redutions α and β,
LBC(α) · LBC(β) =

((α; idπ1
) | idπ2

) · ((β; idπ1
) | idπ2

) = (Lemma 4.1.1)
((α; idπ1

) · (β; idπ1
)) | (idπ2

· idπ2
) = (2-omp. property)

((α · β); (idπ1
· idπ1

)) | (idπ2
· idπ2

) = (omp. of identities)
((α · β); idπ1

) | idπ2
= LBC(α · β)

third partGiven derivations g : B′[x : B] and f : C ′[x : C] in PT , we have thefollowing natural transformations:1. Hom(∧(f), B) ◦ LCB ⇒ LC′B ◦ Hom(f,→ (B)) in aordane to rax 2-adjuntion
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2-ategory and Proof Theory 58Given a derivation Σ: A → B[x : C],
C
Σ

A → B

LCB−−→

C ∧ A
C
Σ

A → B
C ∧ A

A
B

Hom(∧(f), B)
−−−−−−−−−−→

C ′ ∧ A
C ′

f

C
C ′ ∧ A

A
C ∧ A

C
Σ

A → B

C ′ ∧ A
C ′

f

C
C ′ ∧ A

A
C ∧ A

A
B

C
Σ

A → B

Hom(f,→ (B))
−−−−−−−−−−−→

C ′

f

C
Σ

A → B

LC′B−−→

C ′ ∧ A
C ′

f

C
Σ

A → B
C ′ ∧ A

A
BAs Hom(∧(f), B)◦LCB(Σ) ∧-redues to LC′B ◦Hom(f,→ (B))(Σ), thisnatural transformation orresponds to ∧-red| ∧-red.2. Hom(∧(C ′), g) ◦ LC′B ⇒ LC′B′ ◦ Hom(C ′,→ (g)) in aordane to rax 2-adjuntion.Given a derivation Σ: A → B[x : C ′],

C ′

Σ
A → B

LC′B−−→

C ′

Σ
A → B [A]

B
g

B′

A → B′

Hom(∧(C ′), g)
−−−−−−−−−−→

C ′ ∧ A
C ′

Σ
A → B [A]

B
g

B′

A → B′
C ′ ∧ A

A
B′
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2-ategory and Proof Theory 59
C ′

Σ
A → B

Hom(C ′,→ (g))
−−−−−−−−−−−→

C ′ ∧ A
C ′

Σ
A → B

C ′ ∧ A
A

B

LC′B′

−−−→

C ′ ∧ A
C ′

Σ
A → B

C ′ ∧ A
A

B
g

B′As Hom(∧(C ′), g) ◦ LC′B(Σ) →-redues to LC′B′ ◦ Hom(C ′,→ (g))(Σ), thisnatural transformation orresponds to →-redution.3. KC′B ◦ Hom(∧(f), B) ⇒ Hom(f,→ B) ◦ KCB in aordane to rax 2-adjuntion.Given a derivation Σ: B[x : C ∧ A],
C ∧ A

Σ
B

Hom(∧(f), B)
−−−−−−−−−−→

C ′ ∧ A
C ′

f

C
C ′ ∧ A

A
C ∧ A

Σ
B

KC′B−−−→

C ′ [A]

C ′ ∧ A
C ′

f

C

C ′ [A]

C ′ ∧ A
A

C ∧ A
Σ
B

A → B

C ∧ A
Σ
B

KCB−−→

C [A]

C ∧ A
Σ
B

A → B

Hom(f,→ B)
−−−−−−−−−−→

C ′

f

C [A]

C ∧ A
Σ
B

A → BAs Hom(f,→ B)◦KCB(Σ) ∧-redues to Hom(f,→ B)◦KCB(Σ), this naturaltransformation orresponds to (∧-red| ∧-red); idΣ; idr.4. Hom(C ′,→ (g)) ◦ KC′B ⇒ KC′B′ ◦ Hom(∧(C ′), g) in aordane to lax2-adjuntion.Given a derivation Σ: B[x : C ′ ∧ A],
C ′ ∧ A

Σ
B

KC′B−−−→

C ′ [A]

C ′ ∧ A
Σ
B

A → B

Hom(C ′,→ (g))
−−−−−−−−−−−→

C ′ [A]

C ′ ∧ A
Σ
B

A → B [A]

B
g

B′

A → B′
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2-ategory and Proof Theory 60
C ′ ∧ A

Σ
B

Hom(∧(C ′), g)
−−−−−−−−−−→

C ′ ∧ A
Σ
B
g

B′

KC′B′

−−−→

C ′ [A]

C ′ ∧ A
Σ
B
g

B′

A → B′As Hom(C ′,→ (g)) ◦ KC′B(Σ) →-redues to KC′B′ ◦ Hom(∧(C ′), g)(Σ), thisnatural transformation orresponds to →-redution.5. Neither idHomCat(C∧A,B) ⇒ LCB ◦ KCB nor LCB ◦ KCB ⇒ idHomCat(C∧A,B)Given a derivation Σ: B[x : C ∧ A],
C ∧ A

Σ
B

Hom(∧(f), B)
−−−−−−−−−−→

C [A]

C ∧ A
Σ
B

A → B

KC′B−−−→

C ∧ A
C [A]

C ∧ A
Σ
B

A → B
C ∧ A

A
Band there is neither a rex from idHomCat(C∧A,B) to LCB◦KCB nor from LCB◦KCBto idHomCat(C∧A,B).If we use the redution that orresponds to 〈π1(M), π2(M)〉�M in setion3.1, that is, the redution A ∧ B

A
A ∧ B

B
A ∧ B

�A ∧B, then there exists a rexfrom LCB ◦KCB(Σ) to idHomCat(C∧A,B)(Σ), whih is the →-red followed by this
λ-alulus redution and then LCB ◦ KCB ⇒ idHomCat(C∧A,B) is in aordaneto rax 2-adjuntion.6. Neither KCB ◦ LCB ⇒ idHomCat(C,A→B) nor idHomCat(C,A→B) ⇒ KCB ◦ LCBGiven a derivation Σ: A → B[x : C],

C
Σ

A → B

LCB−−→

C ∧ A
C
Σ

A → B
C ∧ A

A
B

Hom(∧(f), B)
−−−−−−−−−−→

C [A]

C ∧ A
C
Σ

A → B

C [A]

C ∧ A
A

B
A → Band there is neither a rex from idHomCat(C,A→B) to KCB ◦ LCB nor from

KCB ◦ LCB to idHomCat(C,A→B).If we use the redution that orresponds to λx.App(M, x)�M in setion3.1, that is, the redution A → B A
B

A → B
�A → B, then there exists a rexfrom KCB ◦LCB(Σ) to idHomCat(C,A→B)(Σ), whih is the ∧-red followed by this

λ-alulus redution and then KCB ◦ LCB ⇒ idHomCat(C∧A,B) is in aordane
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2-ategory and Proof Theory 61to lax 2-adjuntion.fourth partIf we inluded the λ-alulus redution in the system presented in hapter1, we would have the natural transformation α as in the de�nition of lax 2-adjuntion and β as in the de�nition of rax 2-adjuntion. Even though, wewould not have neither the equalities as in the de�nition of lax 2-adjuntionor the equalities as in the de�nition of rax 2-adjuntion:As α : LCB ◦ KCB ⇒ idHomCat(C∧A,B) and β : KCB ◦ LCB ⇒

idHomCat(C,A→B), we have that:1. β; idKCB
goes from (KCB ◦ LCB) ◦ KCB to idHomCat(C,A→B) ◦ KCB = KCBand idKCB

; α goes from KCB ◦ (LCB ◦ KCB) to KCB ◦ idHomCat(C∧A,B) = KCB,therefore there is not a omposition of β; idKCB
with idKCB

; α.2. α; idLCB
goes from (LCB ◦ KCB) ◦ LCB to idHomCat(C∧A,B) ◦ LCB = LCBand idLCB

; β goes from LCB ◦ (KCB ◦ LCB) to LCB ◦ idHomCat(C,A→B) = LCB,therefore there is not a omposition of α; idLCB
with idLCB

; β.4.52-initial objet
⊥ annot be seen as a 2-initial objet: given derivations Π and Ψ from

⊥ to a formula A, it is not the ase that there always exists a rex from Π to Ψthat is an isomorphism beause, for example, the derivation ⊥
⊥∧ A
⊥

reduesto ⊥ but ⊥ does not expands to ⊥
⊥ ∧ A
⊥

.For a similar reason, ⊥ annot be seen as a lax 2-initial objet. Forexample, there is no rex between ⊥
⊥∧ A
⊥

and ⊥
A

⊥
A → ⊥
⊥

. Note thatboth these derivations redue to ⊥ and therefore, they are 1-ategoriallyrepresented by the same arrow, viz., the identity arrow from ⊥ to ⊥.4.6Ekman's redutionEkman's redution annot be 2-ategorially interpreted. When we beginexamining the 2-ategorial ommutativity, the property (1) in setion (2.1)does not hold if we add Ekman's redution to Prawitz's, e.g.,
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2-ategory and Proof Theory 62
A

[A]

Π
B

A → B
B

�E

A
Π
B

but A
Π′

C
A

[A]

Π
B

A → B
B

�E\

A
Π′

C
A
Π
Bmeaning that, when Ekman's redution is involved, there is no orrespondenebetween 2-ategorial and proof-theoretial omposition. In other words thismeans that there exists 1-ells f, g : A → B and f ′, g′ : A → A and 2-ells

α : f ⇒ g and β : f ′ ⇒ g′ suh that there is no 2-ell α; β from f ◦ f ′ to g ◦ g′.
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