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AAppendixTo say that the ategories HomCat(⊥, X) and 1, the terminal ategory,are equivalent is the same as to say that there exists an arrow from ⊥ to Xand, for every pair of arrows f, g : ⊥ → X, there exists a unique arrow from fto g whih is an isomorphism.Proof. Let us �rst prove the de�nition from the equivalene: Let
F : HomCat(⊥, X) → 1 be the funtor that takes every objet (1-ell)
⊥ → X to the unique 1-objet ∗ and every morphism (2-ell) to the identityarrow ∗ → ∗ and let G : 1 → HomCat(⊥, X) be the funtor that takes the
1-objet to an objet of HomCat(⊥, X), let us say h, and the identity arrowto idh : h → h. We show that idHomCat

∼= G ◦ F.
HomCat(⊥, X) annot be empty, otherwise there would not even exista bijetion between it and 1. Let τ : HomCat(⊥, X) → HomCat(⊥, X) be amorphism that takes every objet to h and every morphism to idh and σ itsinverse. Then

⊥
f
−→ X

α

τf

⊥
h
−→ X

FG(α)=idh

σf

⊥
g
−→ X

τg

⊥
h
−→ X

σg

(A-1)Given a pair f, g of objets, there exists a morphism from f to g, viz.,
σg · idh · τf . We show now that this morphismis unique: suppose that thereexists two morphisms (α and β) from f to g. As the above diagram ommutesfor every arrow from f to g, we have idh ◦ τf = τg ◦α and idh ◦ τf = τg ◦β, i.e.,
τg ◦ α = τg ◦ β and, as τg is an isomorphism, α = β.Now we show the equivalene form the de�nition: As HomCat(⊥, X) hasat least one objet, we an de�ne funtors F and G as in the �rst part of thisproof. As there exists arrows between every pair of objets, we an de�ne adiagram like (A-1) and the arrows being isomorphisms guarantee to us that
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2-ategory and Proof Theory 67every arrow from f to g orresponds to a unique arrow from h to h andonversely.
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BAppendixTo say that the ategories HomCat(X, A × B) and HomCat(X, A) ⊗

HomCat(X, B) are equivalent is the same as to say that, for any f : X → Aand g : X → B, there exist h : X → A × B and isomorphisms π1 ◦ h ∼= f and
π1 ◦ h ∼= g suh that, for all k : X → A ×B and 2-ells α : π1 ◦ h ⇒ π1 ◦ k and
β : π2 ◦ h ⇒ π2 ◦ k, there exist a unique γ : h ⇒ k suh that idπ1; γ = α and
idπ2 ; γ = β.Proof. First, we prove that the de�nition of 2-produt omes from the equiv-alene of the aforesaid ategories:As the ategories are equivalent, there are funtors F : HomCat(X, A ×

B) → HomCat(X, A) ⊗ HomCat(X, B) and G : HomCat(X, A) ⊗

HomCat(X, B) → HomCat(X, A×B) suh that id×
∼= G ◦F and id⊗

∼= F ◦G.Let us de�ne F as the funtor that takes h to (π1 ◦ h, π2 ◦ h) and
γ to (idπ1; γ, idπ2; γ) for every objet (1-ell) h and arrow (2-ell) γ of
HomCat(X, A × B) and let us de�ne G as the funtor that takes (f, g)to 〈f, g〉 and (α, β) to α | β, for every objet (f, g) and arrow (α, β) of
HomCat(X, A) ⊗ HomCat(X, B).Let f and g be objets suh that f ∈ HomCat(X, A) and g ∈

HomCat(X, B). Then, 〈f, g〉 ∈ HomCat(X, A × B). Let us take h = 〈f, g〉. As
id⊗

∼= F ◦G, then id(f, g) = (f, g) ∼= F ◦G(f, g) = F(〈f, g〉) = (π1 ◦h, π2 ◦h),i.e.,
f ∼= π1 ◦ h (I) and g ∼= π2 ◦ h (II)Let k be an objet of HomCat(X, A×B), α be an arrow of HomCat(X, A)suh that α : π1 ◦ h ⇒ π1 ◦ k and β be an arrow of HomCat(X, B) suh that

β : π2 ◦ h ⇒ π2 ◦ k.As there is an arrow from f to π1 ◦ h (from (I)) and α : π1 ◦ h ⇒ π1 ◦ k,there is an arrow from f to π1 ◦ k. As there is an arrow from g to π2 ◦ h(from (II)) and β : π2 ◦ h ⇒ π2 ◦ k, there is an arrow from g to π2 ◦ k. Thus,
〈f, g〉 ⇒ 〈π1 ◦ k, π2 ◦ k〉 ∼= k, i.e., h ⇒ k.
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2-ategory and Proof Theory 69From the natural isomorphisms, we have that G is left adjoint to F.Then,
(G(f, g), k) ∼= ((f, g),Fk)

(〈f, g〉, k) ∼= ((f, g), (π1 ◦ k, π2 ◦ k))Using (I) and (II), we have that
(〈f, g〉, k) ∼= ((π1 ◦ h, π2 ◦ h), (π1 ◦ k, π2 ◦ k))As for every arrow in (〈f, g〉, k) there is only one arrow in ((π1 ◦ h, π2 ◦

h), (π1 ◦k, π2 ◦k)) and onversely, we have that γ is unique and, as both (α, β)and (idπ1 ; γ, idπ2; γ) are arrows in ((π1 ◦h, π2 ◦h), (π1 ◦k, π2 ◦k)), we have that
α = idπ1 ; γ and β = idπ2; γ.Now we prove that the equivalene omes from the de�nition of 2-produt.Aording to the de�nition of 2-produt, we an de�ne funtors Fand G, suh that G(f, g) = h, for every objet (f, g) in HomCat(X, A) ⊗

HomCat(X, B), and G(α, β) = γ, for every arrow (α, β) in HomCat(X, A) ⊗

HomCat(X, B) and F(h) = (idπ1 ◦h, idπ2 ◦h), for every h in HomCat(X, A×B),and F(γ) = (idπ1 ; γ, idπ2; γ), for every γ ∈ HomCat(X, A × B).Let us de�ne τ : HomCat(X, A × B) → HomCat(X, A × B) as the arrowthat takes h to 〈π1 ◦ h, π2 ◦ h〉 and γ to idπ1 ; γ | idπ2 ; γ, for every objet h andarrow γ of HomCat(X, A ×B). It is easy to see that this arrow has an inverseand that
h

τh

γ

〈π1 ◦ h, π2 ◦ h〉

idπ1 ;γ|idπ2 ;γ

k τk
〈π1 ◦ k, π2 ◦ k〉ommutes. So, there is a natural isomorphism id×

∼= G ◦ F.Let us de�ne σ : HomCat(X, A) ⊗ HomCat(X, B) → HomCat(X, A) ⊗

HomCat(X, B) as the arrow that takes (f, g) to (π1◦〈f, g〉, π1◦〈f, g〉) and (α, β)to (idπ1 ; (α | β), idπ2; (α | β)), for every objet f and arrow α of HomCat(X, A)and every objet g and arrow β of HomCat(X, B). It is easy to see that this
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2-ategory and Proof Theory 70arrow has an inverse and that
(f, g)

σ(f,g)

(α,β)

(π1 ◦ h, π2 ◦ h)

(idπ1 ;γ,idπ2 ;γ)

(f ′, g′)σ(f ′,g′)
(π1 ◦ k, π2 ◦ k)ommutes. So, there is a natural isomorphism id⊗

∼= F ◦G.
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