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4
The space E3(x, 7)

The classification of complete simply connected homogeneous manifolds
of dimension 3 is well known. Such a manifold has an isometry group of
dimension 3, 4 or 6. When the dimension of the isometry group is 6, we have a
space form. When the dimension of the isometry group is 3, the manifold has
the geometry of the Lie group Sol3.

In this paper we will consider the complete homogeneous manifolds
F3(k,7) whose isometry groups have dimension 4. Such a manifold is a
Riemannian fibration over a 2-dimensional space form M?(x) having Gauss

curvature . That is, there is a Riemannian submersion
.3 2
m: B (K, T) — M*(k)

which also is a Killing submersion (see Definition 4.1.1). If E3(k,7) is not
compact, then E3(k, 7) is topologically M?(k) x R, each fiber is diffeomorphic
to R (the real line), the bundle curvature of the submersion is 7. If E3(k, T)
is compact, with x > 0 and 7 # 0, then E*(k,T) are the Berger spheres, here
each fiber is diffeomorphic to S* (the unit circle).

The tangent unit vector field to the fiber is a Killing vector field which
we will denote by Fs3. This vector field will be called the vertical vector field.
These manifolds are classified, up to isometry, by the curvature s of the base
surface of the submersion and the bundle curvature 7, where x and 7 can be

any real numbers satisfying x # 472. Namely, these manifolds are [see (21),
(22)]:

=H? (k) xR, if k <0 and 7 =0

=S*(k) xR, if k >0and 7 =0

In this chapter we focus our attention in the study of H multi — graphs

in E3(k,7), that is, multi-graphs of constant mean curvature H. We also focus
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our attention on the problem of existence of entire graphs of constant mean

curvature in E?(k,7) [see Definition 4.1.3].

4.1
Knowing the space E3(x, 1)

We begin this section by given the definition of Killing submersion which
is due to H. Rosenberg, R. Souam, and E. Toubiana see (4).

Consider a Riemannian 3-manifolds (M3, g) which fiber over a Rieman-
nian surface (M? h), where g and h denote the Riemannian metrics respec-

tively

Definition 4.1.1. A Riemannian submersion m : (M3, g) — (M? h) such

that:
1. each fiber is a complete geodesic,

2. the fibers of the fibration are the integral curves of an unit Killing vector
field & on M3.

will be called a Killing submersion.
Definition 4.1.2. Let 7 : (M3, g) — (M?, 1) be a Killing submersion.

1. Let Q C M? be a domain. An H-section over € is an H-sur face which

15 the image of a section.

2. Let v C M? be a smooth curve with geodesic curvature 2H. Observe that
the surface 7=1(y) C M? has mean curvature H [see Lemma 4.2.2]. We

call such surface a vertical H-cylinder.

Observe that, 7 : E(k,7) — M?(k) given by w(x,y,t) = (x,y) is a

Killing submersion.

4.1.1
Riemannian connection of E3(k, 7)

We following ideas of Eric Toubiana to see the relationship between the
Riemannian metric of E?(k, 7) with the Riemannian metric of M?(k), for more
details see (22).

When the space E(k,T) is not compact, it is given by (topologically),

Bk, 1) = {(z,y,1); (z,y) € M*(x),t € R},

Since that the projection 7 : E3(k,7) — M?(k) given by m(x,y,2) =

(x,y) is the Riemannian submersion, and the translations along the fibers are
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isometries, the unit tangent field to the fibers is a Killing field [see Definition
2.1.5], which we denote by Ejs. Let {Ej, Es} be the horizontal lift of {e;,es}
(where, {e;,es} is an orthonormal frame of M?(k) [see Chapter 4]), that is
dn(E;) = e;, i = 1,2; so {Ey, Ey, E3} is a orthonormal frame on E3(k, 7).

Let X € X(M?(k)) be a vector field on M?(k) and X its horizontal lift
to E3(k, 7).

Denote by V the Riemannian connection of E3(x,7), and let X,Y be
horizontal fields, then

<[X7 ?]7 E3> = <vy?, E3> - <V7X, E3>

since (X, E3) = 0 = (Y E3), that is:

<[77 ?]7 E3> = <X7 7E3> - <Y7 VYE3> (4'1)

thus the vertical component of [X,Y] at p € E®(x,7) (which we will denote
by [X,Y]") depend only of the values X (p) and Y (p). Furthermore, there is a
positive isometry f of E3(k,7) such that, [see (22, Proposition 3)]

fp)=4q, Dyf(Er) = Ei(q)

and such that it leave invariant the field E3. Hence, if ([Ey, Es], E3)(p) = 27,
then

([Er, Bs), Es)(q) = ([df (Ev), df (E»)], df (Es))(p) = ([En, ], Es)(p) = 2,

that iS, [El, Eg]v = 2’7’E3.
Taking X,Y € X(M?(k)), since that

T Bk, 7) — M?*(k)

is a Riemannian submersion, we have [see Proposition 2.3.1],
(VY,Z) = (VxY,Z). (4-2)

where V is the Riemannian connection of E*(k,7) and V is the Riemannian
connection of M?(k).

Furthermore, as Fj is a Killing Field of E3(x,7), then, for all A, B €
X(E3(k, 7)) [see Definition 2.1.5],

(A, VpEs) + (B,VAE3) = 0. (4-3)
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By using equation (4-2) and the definition of the frame {e;,es} [see Chapter

4], we obtain: B \
(Vg By, Ea) = (Ve e9) = —)\—g (4-4)
Now, considering equation (4-3), we obtain:
<vE1E17E3> = E1<E17E3> - <E17vE1E3> = _<E17vE1E3> =0
this implies, o
(Vi Er, E3) =0 (4-5)
thus, considering equation (4-4) and equation (4-5), we obtain:
_ /\y
VE1E1 — —EEQ (4—6)
From equation (4-2), we have:
_ A,
(VE, By, Ey) = (Veer,e2) = 5Y] (4-7)
and by using equation (4-3), we obtain:
<vE2E17E3> = _<E17vE‘2E3>
- <E2,VE1E3>
= —(Vg,Ey, E3)
this implies:
(Ve,E1, E3) = —([Ey1, Ey] + Vg, Ey, Es)
= —([BEy1, Eo], Bs) — (Vg,E1, E3)
that is: o 1
<VE2E1, E3> = —§<[E1, EQ], E3> = —T. (4—8)
From equation (4-7) and equation (4-8), we obtain:
_ A,
VE2E1 = EEQ — TEg. (4—9)

Observe that, for all X € X(M?%(k)), the field [X, E3] is vertical, that is
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([EY, E3), Ey) = 0, hence, we obtain:

(Vi E1, Ey) = (Vg Es+ [E, Es], Eo)
= <VE1E37 E2>
= E1<E37 E2> - <VE1E27 E3>
= —(Vg, Es, E3)
= —(VEEi + By, B, E3)]
= —[—7 + 27]

= —T.

that is:

VESEl = —TEQ. (4-10)

Since the fiber are geodesic we have:
Vi, Fs =0. (4-11)

The others connections are compute analogously. Taking into account (4-6),
(4-9), (4-10) and (4-11) we obtain:

= A — A —
VElEl = _)\_ZEQ VElEQ = /\—gEl -+ TEg VElEg = _TE2
_ A\, _ A\, _
VEQEl = FEQ — TE3 VE2E2 = —FEl VE2E3 = TE1
vESEl = —TE2 vESEQ = TE1 vESEg = 0
A Ao
[El, EQ] = ﬁEl — ﬁEQ —|— 2TE3 [El,Eg] = 0 [EQ,Eg] = 0

The natural frame field for the space form M?(k) is given by {9, d, } [see
Chapter 4], since E3(k, T) is topologically M? x R, the natural frame field will
be {0,, 0y, 0}, where 0, is tangent to the fibers, in this case E5 = 0.

Lemma 4.1.1. (22, pag. 10) The fields Ey, Es, E5 in the frame {0,,0,, 0} are
given by,

k#0 k=10
1 A
E1 = X(?x — 27’/\—32/@ El - aa: - Tyat
1 Az
E2 = Xﬁy + ZTﬁat E2 = 8y + TIL'at

EBZat E3:at
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Where E; for i = 1,2 is the horizontal lift of e;, and Es5 is the vertical

vector field. Furthermore, the space E>(k,T) is endowed with the metric:

A A 2
N (dz? + dy?) + (27 (Tydx — dey) + dt> ;i k#0
g _=

N (dz? + dy?) + (7(ydx — xdy) + dt)?; if, k=10

4.1.2
Graphs in E3(x, 7)

Since E3(k,7) is a Riemannian submersion over a 2-dimensional space
form M?(k), it is possible to consider graphs. For this, recall the definition of

a section [see Definition 2.3.5].

Definition 4.1.3. A graph in E3(k,T) is the image of a section of the Killing
submersion 7w : E3(k,7) — M?(k). When the section is defined over the entire

M?(k), we will say that the graph is entire.

Remark 4.1.1. There is no entire graph in'S2, since the fibration is not trivial,
that is, S? is not the product S* x S*.

We will prove that the remark 4.1.1 holds for the others spaces when the
graph has constant mean curvature H and such that 2H > C(M?*(k)) where
C(M?(k)) is the Chegeer’s constant [see Definition 2.4.1].

Given a domain ©Q C M?(x) and let

5:QC M* (k) — {(z,y,u(z,y)) € B3(k,7)}

be a section, where u € (C°(92) N C*°(€)) is a function. We will identify ©
with its lift to M? x {0}, then the graph X(u) of u € (C°(9Q) N C>(Q)) is
given by,

S(u) = {(z,y,u(z,y)) € Bk, 7); (2,y) € O}

With the above notation, we have the following lemma:

Lemma 4.1.2. Let X(u) be the graph of the function v : Q@ C M? — R,

having constant mean curvature H. Then the function u satisfies the equation

2H = diUMQ(H) (%61 + %62) )

where W = /1 + a? 4+ 3? and,
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Kk #0 k=0
Uy Ay
O‘:T+2Tﬁ o =1Uy —TY
U s
b= -2 B =, +T11

Proof. We consider the smooth function u* : E3(k,7) — R defined by
u*(z,y,t) = u(z,y). Set F(x,y,t) = t — u*(x,y,t), observe that with this
choice of F', we are fixing the unit normal vector of 3(u) which pointing up in
E3(k,T), that is g(N, E3) > 0, where N is the unit normal vector along ¥(u).
If the mean curvature vector points up, then H > 0, if it points down, then
H < 0. Since 0 is a regular value of F' and %(u) = F~(0), we have that (2,

pag. 156): B
2 = i (ﬂ) ,
[VF|
where div and V denote the divergence and gradient in E3(k, 7).
We consider the case k # 0, for k = 0 the proof is analogous. We will

calculate VF. Since {E}, Fy, E3} is an orthonormal frame, we have

VF = CLEl + bEQ + CEg, wzth,

o = g(VF E)=dF(E) = dF (%a - zf%at) Ly N

b = g(VF, Ey) = dF(E,)) = dF (Xay + zT_at) Uy g e

c = g(VF E3) =dF(E3) =dF(9,) =1

_ Uy A u Az
hence, VF = —aF; — fFE5 + E3, where a = 5N + 27')\—5 and (3 :_Ty — QTﬁ.
_ — F
We denote by W = |[VF| = /1 +a?+ (32 and by X = —%.

Following the above notations, we obtain:

X = (%(aa + 5E2)> - (%Eg) —~A-B

where A is horizontal and B is vertical, hence:

2H = div(X) = div(A) — div(B).
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We will compute div(A) and div(B). To calculate div(A), we use that

T Bk, T) — M?*(k)

is a Riemannian submersion, thus:

div(A) = 9(VpA E)+9(VeA E) +9(Vi,A Es)
= 9(Vp, A, Ey) + g(Vi, A, Ey)
= ds(Ve,dm(A),er) + ds(Ve,dr(A), es)
= divyp(,dm(A)

, 1
= dZUMQ(H) (W(ael +ﬁ€2)> .

Now, we will calculate div(B) by using that Ej is a Killing field, that is,

Gio(B) — %(%Eg)

C(edn) TE
~ (L) -0

So, we conclude that

1
2H = diUMz(n) (W(Oéel + ﬁeg)) .

0

Recall that for the space form M?(k), we have been denoted by C'(M?(k))
the Cheeger’s constant of M?(k). As a consequence, we obtain the following

proposition:

Proposition 4.1.1. There is no entire H-graph in E*(k,T) having constant
mean curvature H, such that 2H > C(M?(k)).

Proof. Let us suppose that such an entire graph exists. Let

S(u) = {(z,y,u(z,y)) € Bk, 7); (z,y) € M*(x)},

where u : M?(r) — R is a solution of
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2H = divye (%61 + %62) . (4-12)

Let Q C M?(k) be an open domain with compact closure and smooth
boundary 0f). Let us denote by 7 the unit outwards normal to 0 (the
boundary of ). Thus, from the equation (4-12) and the divergence theorem,

we obtain:

QHV(Q) = / diUMz(n) (%61 + %62) %
Q

o
= /BQ ds (Wel + %62,77) dA

< A(09Q).
Taking into account the Cheeger’s constant [see Definition 2.4.1], we obtain,
C(M?*(r)) < 2H < C(M?(k)).

This contradiction completes the proof. O

Remark 4.1.2. In the case 2H = C(M?(r)) there are many examples of
entire graphs in E*(k,T). For instance in the case T =0 and k = —1, that is

E3(k,7) = H? x R we have the next beautiful example due to Ricardo Sa Earp
(3, pag. 24):

PP
Yy

This entire H = % graph is invariant by hyperbolic translation

,  y>0.

We have found one example of an entire graph having constant mean
curvature H with 2H = C(M?(k)) in the case T = —3 and k = —1, that is
when E3(k,T) = F:SYYJQ(T, R), see example 6.2.2. In this ezample we have an
entire H = % graph, which is invariant by rotational isometries, this graph is

given by:

u(z,y) = 2\/cosh(2 tanh ™ (\/22 + y2))—2 arctan(\/cosh(Q tanh™' (/22 + y2)))

4.2
Surfaces in E3(k, 7)
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Now, we state the integrability equations of surfaces in E®(k, 7), which
was given by Benoit Daniel.

Let M be an oriented surfaces immersed in E3(k, ), we denote by V and
S the Riemannian connection and the shape operator of M respectively. Let N
the unit normal vector field of M, so we can write E3 in the form F3 =T+ v N,
where Fj is the Killing field, T is the projection of F3 to M, and v = g(N, E3).

Denoting by K the Gauss curvature of M, we have,

Proposition 4.2.1. (1, Proposition 3.3) With the notation above, for all
X, Y € X(M) we have,

Gauss equation
K =detS + 1 + (k — 477V
Mainardi-Codazzi’s equation

Ts(X,Y) = (k—4Ww(<Y,T>X- <X, T>Y)
VxT = v(Sz—71JX)
0 = dv(X)+<SX—7JX,T >
1 |17 + v

where Ts(X,Y) = VxY —Vy X — S[X,Y] is the Codazzi’s Tensor, (.,.) is the

induced metric on M and J is the rotation of angle w/2 on T M.

We seize this section to discuss briefly about sectional curvatures in
E3(k, 7).

Fix a point p € E*(k,7) and consider a plane P C T,E*(k,7) (where
T,E3(k, ) denotes the tangent space of E*(k,T) at p), suppose that P is not
horizontal. Since rotations about the vertical axis (the axis generated by the
vertical field Ej3) are isometries, we can suppose that, the intersection between
P and the horizontal plane passing by p € E3(k, ) (that is the plane generated
by Ei(p) € T,E3(k,7) and Fy(p) € T,E*(k,7)) is the axis generated by the
field E;.

Thus, we can suppose that P is generated by the vector Ej(p) €
T,E3(k, 7) and aFsy(p) + bEs(p) € T,FE3(k, T), where a® +b* =1

Denoting by K (P) the sectional curvature (see Definition 2.1.3) with

respect to P, we have the next lemma:

Lemma 4.2.1. (22, pag. 14) Following the above notations, we have:

K(P) = K(aEy + bE3, Ey) = a*(k — 37%) + b*72.
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In particular K(E, Ey) = k — 372 and K (E,, E3) = 7°.

4.2.1
Cylinders in E3(k, 7)

Let v € M?*(k) be a curve with k, = 2H (where k, is the geodesic
curvature), and we consider ) = 7 !(v), the vertical H-cylinder. Observe
that topologically @@ = v x R (not metrically).

If X € TM?, we denote by X its horizontal lift to TE3(k, T) [see section:
Riemannian submersion]. From now on we will always consider horizontal lifts

unless explicitly stated otherwise.

Lemma 4.2.2. The mean curvature of Q) s H, in particular () has constant

mean curvature.

Proof. We can suppose that ~ is parameterized by arc length, let 4" the vector
velocity of v and denote by 7’ the unit normal vector to 7. Let 5 = lift(v')
and N = lift(n) be the horizontal lift of 4/ and 7 respectively. Thus, 7' is
tangent to (). As E3 is also tangent to @, then {7/, F3} form an orthonormal
frame field on @. It is clear that NV is an unit normal field along Q.

As the fibers are geodesic, we have, Vg, F3 = 0. So the normal curvature
of B3 is 0 (i.e. kn(E5=0)).

Observe that

kn(v') = g(—

Since the mean curvature can be obtained by the half sum of normal curvatures
with respect to orthogonal field. Thus taking into account the above normal

curvatures we obtain that, the mean curvature of () in this case is H. O
We denote by K., the extrinsic curvature of Q = 7 1(7).

Lemma 4.2.3. The surface H-cylinder ) is flat, and has constant extrinsic

curvature Koo equal to —72, that is Koy = —72.

Proof. We can suppose that the curve 7 is parameterized by arc length, i.e.,
v(s) = (f(s),g(s)) € M?*(x) with ds*(7/,7') = 1, denote by n the normal to
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7, then,

Y(s) = Af'(s)er + A (s)ez
n(s) = —=Ag(s)er + Af'(s)ey

Where ), e, and ey are defined in [section: Space form)].
Let % and N be the horizontal lift of 4" and n respectively. Thus 7' is
tangent to () and N is normal to ). The other unit tangent vector field to @),

which is orthogonal to 7’ is E3. Thus we have an orthonormal frame field:

X1 = 7/ = /\f/(S)El + )\g,(S)EQ
XQ - E3
N = =)\ (s)E; + \f'(s)E;

By using the Riemannian connection we obtain [X;, X5 = 0. Thus, we

have around of p € @, a coordinate system ®(s,t) such that

D, = M'(s)EL+ \g'(s)Es
q)t - E3
N = =)\ (s)E; + \f'(s)E;

We denote by (.,.) the induced metric on @,

(D5, D5) = )‘Z(f/)z + Az(g/)Q =1
<CI>S, Q)t> =0
<¢)t, cI’t) = 1

Then, K = 0, i.e., the Gaussian curvature is 0, thus the surface @) is flat. From

the Gauss equation,
K =detS + 7 + (k — 47°)1/?

since v = 0, we obtain K., = det S = —72. ]

Recall that the Ricci curvature in the direction X is denoted by Ric(X)
[see Definition 2.1.4].

Lemma 4.2.4. The Ricci curvature in the direction N, is given by

Ric(N) = k — 272
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where N is the unit normal field along Q.

Proof. We have denoted by R the curvature tensor of E3(k,7) [see Definition

2.1.2]. Furthermore, we have an orthonormal frame field on Q:

O, = Af(s)E:+Ag'(s) By
b, = Ey
N = —Xg(s)Ey +Af'(s) By

Let Y € TE be a vector field, by the linearity of R we have

R(N,Y)N = R(=AJ(s)E1 + Af'(s)E2, Y) (=g (s)E1 + \f'(s)Ey)
= [FAJ()R(ELY) + Af'(s)R(E2, Y)[(=Ag'(s) Ex + Af'(s)Ez)
= N(¢)’R(E,Y)E, — N ['¢dR(E1,Y)Ey — N f'g'R(Es, Y ) Ey +
)\2(f/)2 (E27 )
We use this expression to show the following two affirmation,

Afirmation 4.2.1. We have
ge(R(N,®,)N, ®,) = k — 372

where gg 1s the metric of E.

Proof. Putting Y = &, = A\f'(s)E} + A\¢'(s) Esy, by using linearity of the metric

gr of E3(k,T) we obtain,

ge(R(N, ®)N,®,) = K(E1, E2)[\(g')* + X*(f)°]
= F(El,Eg)

= K —37°

where K (FE), E,) denote the sectional curvature in the direction {E, Es} [see
Lemma 4.2.1]. O

Afirmation 4.2.2. We have

g(R(N,®,)N,®,) = 72
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Proof. Putting Y = ®, = Fj3, by using linearity of the metric g of E*(k,7)

we have,

ge(R(N, ®)N, &) = K(Ey, E3)[\(g)" + X*(f')°]
= K(Ey, Es)

= 7'2

where K (E}, F3) denote the sectional curvature in the direction {Ey, F3} [see
Lemma 4.2.1]. O

This affirmations implies:

RZC(N> = gE'(R(Na (I)S>N7 (I)s> + gE(R(N7 CI)Z>N7 (I)z)
= (k=3 + 72

= Kk—27%

O

We ended this section by given the following theorem, which is due to

José Espinar and Harold Rosenberg, see (9):

Theorem 4.2.1. (9, Theorem 2.2) Let ¥ C E*(k,T) be a complete H surface
with constant angle function. Then X is either a vertical H cylinder over a

complete curve of curvature 2H on M?(k) or a slice in H? x R or S* x R.

4.2.2
Stability in E3(x, 7)

Let us recall the definition of stability due to M. do Carmo, L. Barbosa,
and J. Eschenburg (see (12)). Consider an immersion z : M — E3(k,T) of
a compact manifold M of dimension 2. Denote by dM the element of area of
M with the induced metric from the immersion x.

A variation of x is a differentiable map X : (—¢,€) x M — E such that
Xi(p) = X(t,p) is an immersion for each t € (—¢,¢€), and p € M, Xy = = and
Xjorr = Tjom-

Define the area function A : (—e,¢) — R and the volume function

V:(—e€) — R by
A(t) :/ dM,
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where dv is the volume element of the ambient space and X™* is the standard
linear map on forms induced by X; so X*dv is the induced (algebraic) volume
form.

Let N be an unit normal vector field to M. Denote by f = g(%—f\tzo, N),

then we have,
A(0) = —/ 2f HdM
M

Let M be a surface with constant mean curvature H and consider the
function S : (—¢,¢) — R, defined by

S(t) = A(t) +2HV(t)
It is possible shows that S(0) = 0. Furthermore,
8(0) =~ [ [£AF + (Rice(N) + | B )M
M

where |B|? is square of the norm of the second fundamental form of M and
Ricc(N) is the Ricci curvature of the ambient space in the direction of NV (see

(6))-
We call L = A + Ricc(N) + | B|? the stability operator of M.

Definition 4.2.1. Let v : M? — E be an immersion with constant mean
curvature H. The immersion x is weakly stable if A(0) > 0 for all volume-
preserving variation of x. If M is noncompact, we say that x is weakly stable if

for every manifold with boundary M cC M, the restriction x|5; is weakly stable.

Now, we define strong stability, let § the set defined by
§=1{h: M — R;h|OM = 0}

Definition 4.2.2. x: M? — E3(k,T) is strongly stable (or simply stable) if
and only if

S(0)h >0 forall h € §.
An important property of stability is the following.

Proposition 4.2.2. Let W be a Killing vector field on E*(k,7). Then f =
g(W, N) satisfies
Af + (Ric(N)+ |BP*)f =0

Here f is said a Jacobi function.
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4.2.3
Stability of H Cylinders in E3(x, 7)

Now, we see whenever a cylinder is unstable.

Proposition 4.2.3. The H cylinder Q immersed in E*(k,T) is an unstable
H surface for 4H* + k > 0.

Proof. The stability operator L of @) is
L = A+ |B|* + Ric(N),

where A is the Laplacian operator associated to the Riemannian metric
induced on @, |B|? is the square of the norm of the shape operator associated
to @ and Ric(N) is the Ricci curvature in the direction of the unit normal
vector field V along (). We have,

|B|> + Ric(N) = 4H? —2K.p + Kk — 277
= 4H* + &
= 4H?+ k.

So L= A + a, where a = 4H? 4+ k > 0.
We consider the operator L on [0,7] x [—r,r] for > 0, where [0, 7] is

an arc of length T on 7.
2

0
It is known that ¢; = cos(ws/T) is a first eigenfunction of 55 P 0,77,
s
with eigenvalue A\, = 72/T>.
2

Similarly, a first eigenfunction ¢, of 5 0 [—r, 7] is ¢o = cos(mt/2r)

with eigenvalue Ay = 72 /412
Let ¢ = ¢y * ¢, observe that ¢ € § and

Ag+ <)‘1 + )\2)¢ =0,0n [07 T] X [_Ta 7"]

then,
Lo+ (M +X—a)p=0,on [0,T] x[—rr]

Hence, if » and T satisfy A\; + Ay — a < 0, then the domain is unstable, that
is, there is a negative eigenvalue for L.

This condition is equivalent to

7T2 2

n 2
ﬁ+4—702<4H + R,
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but for T or r large enough is clear that

7T2 2

n 2
ﬁ+4—702<4H + K.

This complete the proof. O

Corollary 4.2.1. The H cylinder Q immersed in E>(k,T) is an unstable H
surface for 2H > C(M?*(k)).

Proof. Since that, C(H?) = 1, C(R?) = 0 and C(S*) = 0, the corollary
holds. O

4.3
Curvature estimates for stable  surfaces in 3 manifolds

In the paper: "General Curvature Estimates for Stable H-Sur faces
in 3-Manifold and Applications” (see (4)), the authors gave an estimate for
the norm of the second fundamental form of stable H surfaces in Riemannian
3-manifolds with bounded sectional curvature. They also gave an interior
estimates for H sections and applications. This paper plays an important role

in our study of multi-graphs.

Theorem 4.3.1. (4, Main theorem) Let (M, g) be a complete smooth Rieman-
nian 3-manifold of bounded sectional curvature |K| < A < +oo. Then there
exist a universal constant C' which depends neither on M nor on A, satisfying
the following,

For any immersed stable H surface ¥ — M with trivial normal bundle,

and for any p € ¥ we have:

C
min{d(p, 0%)

|A(p)| < g

where |A(p)| denotes the norm of the second fundamental form, and d(.,.)

denotes the intrinsic distance on ..

Now, we will present some applications. Consider a Killing submersion
[see Definition 4.1.1],
m: (M?,g) — (M? h)

where (M3, g) is a Riemannian 3-manifold with Riemannian metric g, and

(M?,h) is Riemannian 2-manifold with Riemannian metric h.

Remark 4.3.1. It is possible shows that when the fiber of the Killing submer-

sion are complete geodesic of infinite length, then such fibration is (topologi-
cally) trivial (see (4, pag. 13)).
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Remark 4.3.2. Let s : Q — X C M? be an H section [see Definition 4.1.2),

where Q C M? is a relative compact domain. Then,

— For any interior point p € Q the H surface ¥ is transversal at s(p) to
the fiber. Indeed, assume by contradiction that X is tangent to the fiber at
the interior point s(p). Let S C M? be a vertical H cylinder tangent to
Y at s(p) with the same mean curvature vector. Then, in a neighborhood
of s(p), the intersection ¥ N S is composed of n > 2 smooth curves
passing through s(p). but the union of those curves cannot be a graph,

contradicting the assumption that ¥ is a graph over ).

Theorem 4.3.2. (4, Theorem 3.3) Let = : (M?>,g) — (M? h) be a Killing
submersion and let s : Q — X C M3 be an H section over a domain Q C M?.
Let Uy be a neighborhood of an arc v C 0 and sy : Uy — M3 a section.

Assume that for any sequence (p,) of Q which converges to a point p € 7,
the height of s(p,) goes to 400, that is s(p,) — so(pn) — +00.

Then, v is a smooth curve with geodesic curvature 2H. If H > 0 then vy
15 convex with respect to Q if, and only if, the mean curvature vector H of ¥
points up, that is, if g(ﬁ, Es3) > 0 along X, where E5 denotes the tangent unit
vector field along the fibers. Moreover, 3 converges to the vertical H cylinder

7 () with respect to the C*- topology for any k € N.

Remark 4.3.3. In a Riemannian product (M?,g) = (M? h) X R, consider a
domain Q0 C M? and a smooth surface X C M? which is the vertical graph of
a function u on §2. Let N be a unit normal field along ¥ and let E3 = 0; be

the unit vertical field. Then we have:

1

\/1 —+ \thP.

Therefore, bounding ||V pu from above is equivalent to bounding |g(N, E3)| from

|g(N7 E3)| =

below away from 0.
With this in mind, we have:

Theorem 4.3.3. (4, Theorem 3.6) Let = : (M?>,g) — (M? h) be a Killing
submersion. let @ C M? be a relatively compact domain and sy : Q@ — Xo a C°
section over €.

Then, for any Cy,Cy > 0, there ezists a constant o = a(Cy, Cy, Q) such
that for any p € Q with d(p, 0Q) > Cy and for any H section s : Q1 — X C M3

over Q with |s — so| < Cy on §, we have:

l9(N, E3)(s(p))| > a
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where N is a unit normal field along .
We conclude this section by given the following proposition,

Proposition 4.3.1. (4, Proposition 4.3) Let (M?,g) be a smooth Riemannian
3-manifold (not necessarily complete), with bounded sectional curvature |K| <
A < 400 and let v > 0. Let Q C M be an open subset of M such that the
injectivity radius i M at any point x € € is > 7.

Then for any Cy; > 0 and Cy > 0 there exist constants 9,0y > 0 depending
only on C1,Cy, A and r and neither M nor on § satisfying the following,

For any immersed surface S — M? whose second fundamental form A
satisfies |A| < Cy and for any p € S such that ds(p,dS) > Cy then a part Sy
of S is a Euclidean graph over the disk of T,,S centered at p with Euclidean
radius 0, here T,S denotes the tangent plane at p of S. Furthermore, the subset

Sp contains the geodesic disk of S centered at p with radius dy.

Remark 4.3.4. Consider the space M? = E*(k,7) and let ¥ — E*(k,T) be a
complete H surface, immersed in E*(k, 7). Denote by v := g(N, E3) the angle
function, where N denotes the tangent unit vector field along 3, and E3 is the
tangent unit vector field along the fibers.

Suppose that either v > 0 or v < 0 along X, then v is a non-negative
Jacobi function [see Proposition 4.2.2]. Thus, the first eigenvalue for the Jacobi
operator is zero, hence there is no negative eigenvalue. This implies that, > is
strongly stable (or simply stable).

Then by using curvature estimates, we have by Proposition 4.5.1, that
for any point p € X, a neighborhood of p in ¥ is a Fuclidean graph over a disk
of Buclidean radius § in the tangent plane T,%, this ¢ is uniform, that is ¢ is
independent of p.

4.4
Multi-graphs in E3(k, 7)

Throughout this section, we consider a surface Y having constant mean
curvature H # 0 immersed in E3(k, 7).

Let N be the unit normal vector field along ¥. Recall that we have
denoted by v = g(N, E3) the angle function on X.

Definition 4.4.1. ¥ is called a multi-graph if the angle function v does not

changes sign, i.e., either v >0 or v <0 on X.
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Lemma 4.4.1. Let ¥ be a complete H multi-graph immersed in E*(k,T).

Then, either one of the following conditions hold:

(i) v>00rv<0onX.
(i) X is an H cylinder.

Proof. We can suppose v < (0. Suppose that, there is a point p € X such that
v(p) = 0. In this case we will show that ¥ is an H cylinder.
Since Fj is a killing vector field, then v is a Jacobi function on X, that
is:
Lv = Av + (Ric(N) + |B*)v =0

Setting ¢ = Ric(N) + |B|?, we have the operator L = A + ¢. Let U be a
neighborhood of p, so v < 0 on U and v(p) = 0. Working on U, we have

Av + mUin(c, Oy = Lv—cv+ mUin(c, 0)v
= (mUin(c, 0) —c)v+ Lv
> 0

so, (ming (¢, 0) —c¢)v > 0. Thus, Pv = Av+miny(c, 0)r > 0 with ming (¢, 0) <
0. Applying the maximum principle of Hopf [see Theorem 2.5.2], we conclude
that v =0 on U.

Now, setting A = {q € ¥;v(q) = 0}. Observe that A # ¢ and A is closed
and open, so A = .

Thus, the angle function is constant on X, moreover v = (0. By using
Theorem 4.2.1, we obtain that ¥ is an H cylinder. O

441
The main theorem

When E3(k,T) in not compact, that is E3(k,7) # S2. The space E*(k, 7)
is topologically M?(x) x R, which we have denoted by E3(k,7) ~ M?*(k) x R.

In this case, there is a trivial section so : M?*(k) — E3(k,T) given by
so(p) = (p,0) € M?(k) x R [see Remark 4.3.1]. We identify M?(k) with its lift
so(M?(k)).

Denote by I : E3(k,7) — so(M?(x)) the vertical translation along the
fiber, taking the point (pg,to) to the point (pg,0), that is:

I(po. to) = (po,0) € so(M?*(r))

If ¥ is a multi-graph, then v is a non-negative Jacobi function, so ¥ is stable

and this implies that ¥ has bounded curvature, so there is a real number
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0 > 0, such that for each p € ¥, a piece of ¥ is a Euclidean graph (of bounded
geometry) over the disk of radius Ds(p) C T,X [see Remark 4.3.4]. We denote
this graph by G(p).

Applying the vertical translation I to G(p), taking the point p to the
point ¢, that is I(p) = ¢, we obtain a piece of a surface which we denote by
F(q), that is, I(G(p)) = F(q). This surface F'(q) is a Euclidean graph over the
disk Ds(q) C T,F(q).

E3(k,T)

Recall that there are entire graphs in E®(k,7) having constant mean
curvature H, with 2H = C'(M?(k)), where C'(M?(k)) is the Cheeger’s constant,
for instance see Remark 4.1.2. But there is no entire graph in E*(k,7) having
constant mean curvature H such that 2H > C(M?(k)) [see Proposition 4.1.1].
In a more general sense we have the following theorem: (To prove this theorem,
we follow the ideas from (8, Theorem 4.1))

Theorem 4.4.1. Let E*(k,T) be a complete simply connected homogeneous
3-manifold. Let ¥ be a complete H multi-graph immersed in E3(xk,7). If
2H > C(M?(k)), then X is a vertical H cylinder.

Proof. 1f there is a point p € 3 such that v(p) = 0, then X is a vertical H
cylinder [see Lemma 4.4.1].

Thus, we can suppose that the angle function v, satisfies v < 0 on X,
and g(N, ﬁ) > 0, where N is the unit normal vector field on 3, H is the

mean curvature vector field of ¥ and g is the metric of E3(k, 7).
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We divide the proof in two step: First we will prove the theorem for the

case E3(k,7) # S2. After, we will prove the theorem for the case F*(k, 1) = S2.

The case E3(k,7) # S3: There is no complete H multi-graph % im-
mersed into E3(k, 7), having angle function v < 0, and 2H > C'(M?(k)).

Proof. The idea of the proof is shows that such multi-graph is actually an
entire graph. Hence, using Proposition 4.1.1, we conclude that such an entire
graph does not exist.

Let Bj(0) = Bj be the geodesic ball in so(M?(r)) centered at the origin
of so(M?), with radius R. Let p € ¥ and assume that on a neighborhood of
pin ¥, ¥ is a H-section of 7 : E3(k,7) — M?(k) [see Definition 4.1.2], over
the ball By. Let f: Bz — R such that the H-section is equals to graf(f).

If 3 is not an entire graph, then let R be the biggest such that f exists.
Let ¢ € OBg such that f cannot extends to a H-section in any neighborhood
of q.

Afirmation 4.4.1. For any sequence q, C Br such that ¢, — q, we have

fgn) — +o0 (or fgn) — —00).

Proof. Suppose that there exists a sequence g, C Bg such that ¢, — ¢ and
f(gn) is bounded. Then, there exists a subsequence f(g,,) that converges to a
point x; since ¥ is complete we have (g, z) € X. This implies that ¥ must have
a horizontal normal at (p,z), which is false since v < 0.

Observe that, is not possible that there are two subsequences (g,) and
(gn) such that: f(g,) — 400 and f(g,) — —oo. To see this, takes n big
and consider the points ¢, and g,, this points are close to q. Now consider the
family of complete geodesics passing by q, this family gives rise to a family
of vertical planes passing by ¢. Since ¥ is connected and complete, there is a
plane in the above family such that, the intersection of this plane with ¥ is
a connected curve. Supposing that there f(g,) — +o0 and f(g,) — —o0,
we obtain that this connected curve has a vertical tangent, this is impossible

since v < 0 ]

Now, consider the piece of curve Cs(q) passing by ¢, tangent to dBg at
¢, having geodesic curvature 2H (k, = 2H) and such that Bp stays in the
concave side of Cs(q). Let Qs = 7 1(Cs(q)) the ”d-cylinder” which contains
Cs(q)-

Recall that, we have denoted by I the vertical translation, that is, the
translation along the fibers. Using curvature estimates, we have for any p € X,
that a neighborhood of p is a Euclidean graph over a disk Ds(p) C T3X. We
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have denoted this graph by G(p) and by F(¢) = I(G(p)) the translated surface
to hight ¢ = 0, that is, when I(p) = q € so(M?(r)). By using this notations,

we rewrite the Theorem 4.3.2 in the following form:

Afirmation 4.4.2. [Theorem 4.5.2] Let (p,)n be a sequence of points of 2 such
that I(p,) = q, converge to q. Then there exist a sub-sequence of (F(qy)), that
converge to a d-piece of Qs = 7w 1(Cs(q)). This convergence is in the C*-

topology.

Let 9 be the arc geodesic having length 2¢, centered at ¢ and orthogonal
to Cs(q), denote by v, the part of 7, that stays in Bp.

Let ¢, be a sequence that converge to g with ¢, € v, .

Let C be the complete curve of M?(x) which has geodesic curvature 2H
(ky, = 2H), and such that C' contains Cs(q). Parametrize C' by arc length;
denote by ¢(s) € C the point at distance s on C' from ¢(0) = ¢, s € R. Note
that C' may be compact.

Denote by 75 an arc geodesic orthogonal to C' at ¢(s), that is, ¢(s) is the
midpoint of 7,. Assume that the length of each ~, is 2¢. Thus

U Vs = TG(C)

seR

is the e tubular neighborhood of C.
We denote by v the part of 74 on the concave side of C.

Afirmation 4.4.3. For n large, each F(qy,) is disjoint from C' x R. Also, for
Is| <0, F(g,) N (s x R) is a vertical graph over an interval of 7s.

Proof. Observe that the F(q,) are C? close to Cs(q) x J5s C Qs (where Js is an
interval of length 26). Choose ng so that for n > ng, I';y(s) = F(g,) N (7s X R)
is one connected curve and the intersection of F'(g,) with v, X R is transverse,
for each s € [—4,0]. Thus I',(s) has no horizontal or vertical tangents and is a
graph over an interval in ;.

Now, we show that this interval is v/ — ¢(s). Suppose not, so I',,(s) goes
beyond C' x R on the convex side. Recall that p, = (¢,, f(¢s)). Lift each I',,(s)
to G(pn) by the inverse of the vertical translation 7. Still we denote by I, (s)
its lift to 3. The curve

L(s) = | J Tuls)

n>ng
is a vertical graph over an interval in ~ This curve has points in the convex
side of C' x R for some sq € [—6,6]. For s =0, I'(0) stays on the mean concave
side of C'x R. So, for some s1, 0 < s; < sp, ['(s1) has a point on C' x R and also

inside of the mean convex side of C' x R. But the F(g,) converge uniformly
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to Cs(q) x Js as n — 00, so the curve I'(s;) converges to ¢(s;) x R as the
height goes to +00. This ensures ['(s1) to have a vertical tangent on the convex

side of C' x R, this is impossible since v < 0. O

Now, we choose ¢; < € (which we call € as well) such that

U I(s)

s€[—8,0]

is a vertical graph of a function g on

s€[—4,0]

here v have length €;. The graph of g converges to Cs(q) x R as the height
goes to infinity.

Observe that, at the point ¢(d) we have the same situation as for the
point ¢(0) = ¢. Thus, replacing I'(0) by the curve I'(d), we begin this process

again. This gives an analytic continuation for the graph ¢ to a graph over:

s€[—6,26]

which converges uniformly to C(q, [—6,24]) as the height goes to infinity. Here
C(q,[—0,20]) denotes the arc of C, of length 30, between the points ¢(—0d)
and ¢(26). We now continue analytically, by extending the graph about I'(20).
When we refer here to analytic continuation, we mean the unique continuation
of the local pieces of the surface. Continuing this argument, we obtain that a

portion of ¥ is a graphic of a function ¢ definite over

UG = als)).
seR

Continue this process replacing I'(6) and I'(—0) by I'(20) and I'(—20);
again, going up high enough on these curves so that the graph is within
T.(C x R) = e tubular neighborhood of Q = 7~1(C).

Let M denote the surface obtained by this analytic continuation, so the
curve OM := (3 is far of () and M is asymptotic to ). We know that ) = C xR
is an unstable H surface.

Let Ky be a compact stable domain of (). Let K expand until one reaches

an unstable domain K of (), K compact. This means that, there is a smooth
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function f: K — R, f =0 on 0K, f > 0 on int(K), and f satisfies
Lf+Xf=0 A<0

Let K (t) be the variation of K given by K (t) = exp,(tf(p)Z(p)), where p € K
and Z(p) is a unit normal to K, with Z pointing to the mean convex side
of Q. K(t) is a smooth surface with 0K (t) = 0K C @, and for t small,

int(K(t)NQ = ¢.

Since the linearized operator L is the first variation of the mean curvature
at t =0, and Lf(p) = —Af(p) > 0 for p € int(K), we conclude H(K(t)) > H
for t >0, and H(K(t)) < H for t < 0.

So for ¢ small enough the surfaces K (t) are disjoint from (3, and they can
be slid up and down ) to remain disjoint from M. But M is asymptotic to
Q). Hence for small ¢ < 0, the surface K (t) will touch M at a first point, when
K(t) is slid up Q. But this contradicts the maximum principle [see Theorem
5.3.1].

Thus X must be an entire graph. By Proposition 4.1.1 such entire graph
cannot exist. This complete the proof in this case.

0

The case E3?(k,7) =S3: There is no complete H multi-graph ¥ im-
mersed into E3(k,7), having angle function v < 0, and 2H > C(M?*(k)).

Proof. Recall that, we have assumed v < 0.

We will divide the proof in two subcases. In the first subcase, we will
suppose that the angle function is far away from 0, that is ¥ < 0. In the second
subcase, we will suppose that, there is a sequence (p,,) such that v(p,) — 0.

In both cases, we will show that, such H multi-graph cannot exists.

First subcase: If v is far away from 0 (v < 0). Then ¥ cannot exists.

Let m = 7, : ¥ — S? be the restriction of 7 to ¥, where 7 is the
Killing submersion:
7 Bk, 7) — M?(k).

Since that v < 0, then for each p € X, there is a neighborhood of p in X
which we denote by V(p) C X, such that V(p) is the image of a section over a
neighborhood of 7(p) € S?. Hence 7, is a local homeomorphism, this implies
that (S? is simply connected), 7 is a global homeomorphism. Thus, there is a
global section of 7 : S — S?, which is impossible [see Remark 4.1.1]. Thus,

in this subcase X cannot exists.
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Second subcase.- If There is a sequence ¢, € ¥ such that v(g,) — 0.

Then, such ¥ cannot exists.

Suppose that, there exist a sequence (g,) C ¥ such that v(g,) — 0.
Since S? is compact, there is a subsequence (which we also denote by (g,)),
such that ¢, — p, p € S3.

Following the same arguments and notations from the case E*(k, ) # S2,

and by using Affirmation 4.4.2 and Affirmation 4.4.3, we have:

Y is asymptotic to an H cylinder ) and the mean curvature vector of X
has the same direction as that of @ at points of ¥ converging to Q = 7 (),
where ' C S? is a complete curve having Gauss curvature equal to 2H.

Furthermore, a portion of ¥ is a graphic of a function g definite over

seR

This graph is within 7,(Q) = e tubular neighborhood of Q = 7~ 1(C).

We denote by C' the universal covering of (', and by é the universal
covering of (). Setting @6 = e—tubular neighborhood of @

We give to QE the induced metric from S2. Again, following the ideas
from the case F3(k,7) # S2, we denoted by M the portion of 3, which is the
graph of the function g, and by M the universal cover of M.

By construction M C @6, the boundary of M , OM is far away from @
and M is asymptotic to é

Now we apply the same argument as for the first case to conclude that

such X cannot exists.
O

By considering that on the case E?(k,7) # S:(ST) as well as on the case
E3(k,7) = S2 such H multi-graph ¥ cannot exists when v < 0. We conclude
the proof of the theorem. O
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