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5
The space };gi,z(R, T)

In this chapter we focus our attention in the study of the geometry of
the space FSig(R, 7). We wish to study the H-surfaces, which are invariant
by one-parameter group of isometries.

It will be make by understanding the isometries of ﬁﬁz (R, 7) as well as
the relationship between the space FSig(R, 7) and the hyperbolic space.

The space ﬁg_fzg(R, 7) is a simply connected homogeneous manifold
whose isometry groups has dimension 4, such a manifold is a Riemannian
submersion over the 2-dimensional hyperbolic space, which we will denote by
M? = M?*(—1). Thus, we only consider the case when the Gaussian curvature
is equal to —1, that is, kK = —1.

Throughout this chapter, we will follow the ideas of Eric Toubiana, see
(22). Recall that, we have,

T ]/DELQ(R,T) — M?

the Riemannian submersion; for p € M?, the fibers 7—!(p) are geodesics and
there exists a one-parameter family of translations along the fibers, generated
by the unit Killing field Fjs.

5.1
Isometries of I‘/)\S-i:z (R, 7)

Since there exist a Riemannian submersion 7 : ]/DEZQ(R, ) — M?
the isometries of Z/DEZQ(R, 7) are strongly related with the isometries of the
hyperbolic space M?2.

From now on we identify the Euclidean space R? with the set of complex
numbers C, more precisely z = = + iy ~ (x,y).

So, if we take M? = D?, we obtain:

PSLy(R) = {(2,t) e R% 22 + 4% < 1,t € R}

endowed with metric,
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do? = \*(2)|dz|* + (iTA(Zdz — zdZ) + dt)?

If we take M? = H?, we obtain:
PSLy(R) = {(z,t) € R%y > 0,t € R}
endowed with metric,

do? = N (2)|dz|? + (—7A\(dz + dZ) + dt)?

Remark 5.1.1. Let F' an isometry of ﬁﬁzg(R, 7). As
T ]/DELQ(R,T) — M?

is a Riemannian submersion, we can write F in the form F(z,t) =
(f(2),h(2,1)), where
f: M? — M?

is an isometry of the hyperbolic space M?.

To see this, we take p € M?* and u, v € T,M?*. Denotes by u, v the
horizontal lifts of u and v respectively. Let p be the point over the fiber m(p)
such that w, v € TT,J/DEEQ(R, 7).

Denoting by dF(u) = @ and dF(v) = b, then @ and b are horizontal
vectors at TF@)FA\SYZQ(R, 7), hence dn(a) = a € T,M? and dn(b) = b € T,M?,
where ¢ = w(F(p)).

Now, consider [ an isometry of M?, such that, f(p) = q, df (u) = a, and
df (v) = b. Then,

(dr(dF (7)), dr(dF (7)) dr (@), dr (D))

FSTZQ (R,7) FSTZQ (R,7)

the least equality holds since that f : M?* — M?, f(p) = q is an isometry, so
we have F(z,t) = (f(2),h(z,t)).

Proposition 5.1.1. The isometries of Z/DEZQ(R, T) are given by,
In the half-plane model for the hyperbolic space M?

F(z,t) = (f(2),t — 2T arg [ +¢)
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or
G(z,t) = (=f(2), —t + 2rarg f' +¢)

where f is a positive isometry of H? and c is a real number.
In the disk model,

F(z,t) = (f(2),t — 2T arg f +¢)

or

G(z,t) = (f(2), =t + 2T arg f' + ¢)
where f is a positive isometry of D? and c is a real number.

Proof. We will consider the half-plane model. The proof for the disk model is

analogous. As F'is a isometry of I/Dﬁg (R, 7), we must have,
F* (X(2)|dz* + (—7A(2)(dz + dZ) + dt)®) = N(2)|dz|*+(—7\(2)(dz + dZ) + dt)’

since,

Fr(N*]dz]?) = N(2)|dz*

we have
F*(—=7A(2)(dz + dZ) + dt) = £(—7\(2)(dz + dZ) + dt).
We suppose first that

F*(=1A(2)(dz 4+ dZ) + dt) = +(—7A(2)(dz + dZ) + dt). (5-1)

If f is a positive isometry of H?, then

(5-1) & —TA(F())(df(2) + df(2)) + dh = —TA(2)(dz + dZ) + dt

S —TAf(2)(f'dz + [ dz) + dh = —7A(2)(dz + dZ) + di
& —TAf(2))(f'dz + [ dZ) + hodz + hedz + hydt = —7A(2)(dz + dZ) + dt

[ —TAf())f + he = —TA(2);

S —TAf())F +he = —TA(2);
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Consequently, h is a function of the form h(z,t) = ¢(z) + t, where ¢ is a real

function that verifies,

e:(2) = TAf(2))f = A(2))
_ Tl%f/ 2 }
f—f =2-%

= 27iflog(f — f) —log(z — 7).

(i)@zZTilog(f_?) +

Z—Z

where 9 is a holomorphic function. By other hand, if f is a positive isometry

of H?, then

az+b
f(2) i d a,b,c,d € R, ad— bc

A simple computation gives,

so, we obtain,
p = 2riarg|f'(2)| + ¥

as 1 is holomorphic and ¢ is a real function, we must have

v =2rilog(f") +¢

where ¢ is a constant real. So we conclude that

o= —27rarg(f'(2)) + ¢
Thus
h(z,t) =t —2rarg(f'(2)) + .

Now let f be a negative isometry, that is f = —g where g is a positive

isometry of H?. Thus, we have,

(5-1) & —TA(F())(df(2) + df(2)) + dh = —TA(2)(dz + dZ) + dt

& TA(f(2))(dg(z) + dg(2)) + dh = —=TA(2)(dz + dZ) + dt

& TA(f(2))(GdZ + g'dz) + h.dz + hzdZ + hydt = —TA(2)(dz + dZ) + dt
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[ TA(f(2))g + h. = —TA(2);

< TAS(2))F + he = —TA(2);

Again h is of the form h(z,t) = ¢(2)+t, where ¢ is a real function that verifies,

p: = —T(A(f(2))g" + A(2))

2ig’ 21
[
-9 z2—-Z

g
= —27i[log(g —g) + log(z — 2)],
SO,
¢ = —27i[log(g — g) +log(z — 2)] + ¥

where 1) is holomorphic. Since ¢ is real, this implies that [log(g—7g)+log(z—%)]
is harmonic, which is false. Thus f must be a positive function.

Now, we suppose that F' verify,
F*(—=1A(2)(dz + dz) + dt) = —(—7\(2)(dz + dZ) + dt) (5-2)

Again, we consider a negative isometry, that is, we consider f = —g where ¢

is a positive isometry of H?, so

(5—2) & —7Af(2))(df (2) + df () + dh = —(—TA(2)(dz + dZ) + dt)
& —7Af(2))(—dg(2) — dg(2)) + dh = —(=7A(2)(dz + dZ) + dt)

< TAf(2)(Gdz + ¢'dz) + dh = —(—7\(2)(dz + dZ) + dt)
& TAF()GAZ + ¢'dZ) + hodz + hedz + hydt = TA(2)(dz + dz) — dt

[ TA(f(2))g' + he = TA();

&4 TAS(R)T + hz = TA(2);

ht = —17

\
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TA(f(2))g' + he = TA(2);

ht = —17

Again h is of the form h(z,t) = ¢(z) — t, where ¢ is a real function verify

v = —TA[f(2)g — A2)]

[Qig' 2i }
= —T — — —
g—4g zZ—Z

= —27i[log(g —g) — log(z — 2)],

S0,

zZ—Z

@ = —27ilog (g_€> + 1

where 1 is a holomorphic function. On the other hand, making the same

calculation as above, we obtain
p = —2riloglg'(z)| + ¥
as 1 is holomorphic and ¢ is a real function, we must have
Y = —27ilog(g’) + ¢
where ¢ is a constant real. So we conclude that

o =2rarg(q(2)) +¢

Thus
h(z,t) = —t + 2T arg(f'(2)) + ¢

Finally, in this case, if we consider an isometry positive f we get a

contradiction. O

5.2
The mean curvature equation in I;Q/IQ(R, 7)

In this section we will explore the equation of the mean curvature in the
divergence form.

Recall that, for a Riemannian submersion we have the notion of graph.

Definition 5.2.1. A graph in Z/DEZQ(R, 7) over a domain Q of M? is the image
of a section sq : Q C M? — FST/Q(R,T).
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Given a domain 2 C M? we also denote by € its lift to M? x {0}, with
this identification we have that the graph X(u) of u € (C°(992) N C>(Q)) is
given by (see figure),

S(u) = {(,y. u(,y)) € PSLa(R, 7): (2,y) € 2}

PILR, 7)

CE; M2 {0)

Lemma 5.2.1. Let ¥(u) be a graph in _?SYJQ(R,T) of the function
uw:QC M —R

having constant mean curvature H. Then, the function u satisfies the equation

2H = divy (%el + %62) ,

where W = /1 + a? 4+ 32 and,

Uy Ay

- = 7 + 27—?’

Uy Ay

- p 3 e
Proof. The proof follows directly from Lema 4.1.2. O

Taking into account the notations of the Lemma 5.2.1 we obtain the next

Proposition.

Proposition 5.2.1. By expanding the equation of the mean curvature from

the equation of divergence form, we obtain
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2HNW? = Ao, (1+ %) + AG3,(1+a?) — AaB(ay + B.) + Mea+ A\, B)W? (5-3)

where, W? =1+ o? + 32, and

e — % Ugp A — UgpAy + i—;—()\zx\xy - 2)\/\$/\y)}
— oy = % _uxy)\ — Uy + i_ZO\Q)\yy — 2)\)\3)}
- By = % -umy)\ — UyAgy — i—;-()\z)\m — 2)\/\2)}
- By = % -uyy)\ — UyAy — i—;—()\Q)\xy — QAAx)\y)}

Proof. Since M? has conformal metric to R? we can use the formula,

~ « B o) = Laiven (22 (g 4 5
divyse ()\Wax + )\Way) = )\Zdsz ()\ (/\Wax + /\Way))

we obtain,

2HN = divgs (%(a@x +ﬁ8y))

A A
- ((Wlaﬁ ! (W>ﬂ> B
+%divR2(aﬁx + 0,)
A A A
= o), o), et
Observe that:

()\) AW — AW,

w W2
( A ) AW =AW,
W), W2
and
v = Xt By
c W
w, — aoy, I;i‘—/ BB,

by substitution, we obtain:

A A
2HN? = % <AxW - gy aas + ﬁﬁx)) + % <AyW — ooy + Wy))

A
+W(/\xW2 + B,W?)
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which we be write in the form:

2HNW? = al\W? — Na(aa, + B86,) + BAW? +
+Ma, W2 + B,W?) — \3(aa, + 88,)

remember that W? =1+ a? + 32, so

ZHNW? = al(1+a® + 3%) = Aa®a, — Maff, + BN, (1 +a® + 3%) +
—Aafay, — A6, + A (L +a® + 52) + A6, (1 + o® + §%)
= Aag(1+6%) + A8y (1 +a”) — AafBay + ) +
+X (1 +a® + 5%) + \B(1+ o + 57)

This gives,
2HN*W? = Aa, (14 8%) + A3, (1 + a?) — Xaf(ay + Be) + (Aea + N, B)W?

A simple computation gives the other expressions.

0

An immediate consequence from Proposition 5.2.1 is the next corollary.
Here we are considering the half-plane model for the hyperbolic space, that is
M? = H2.

Corollary 5.2.1. By expanding the mean curvature equation of the divergence
form in PSLs(R,T), we obtain:

2HN'M® = tae( N + M) + gy AN + (g — 270)?) — 2uay Mup — 27A)uy, +

—upuy N (U, — 27N) — Azuz

where m = \//\2 + (27N — ug)? + u

1
Proof. Since A = —, so A\, = 0. The equation from the Proposition 5.2.1
Y

becomes:

2HNW? = Aa,(1+ %) + AB,(1 + a®) — AaB(B, + ) +
N (B + a5+ 5)

By considering:
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ul‘l‘ UCE
T sy
Uy Uy
o= Mv=wtF
we obtain:

u’ s — 27))?
2HNW? = g, (1+—g)—|—()\uy+uyy) (1+%)+

() () (o) - (5 (- 2) )
A+l A2+ (uy — 27N)?
B A S

A+ (uy — 2702 e — 2T
+)\uy( (u)\2 T))_ngcy(u )\T)%

Uy — 27N o (Uy Uy [(uy —27N)? ul
— Uy Uy (f) — A <T+X (T +)\—Z .

Since N3W?3 = m?, where m = \//\2 + (uz — 27A)? + uZ we obtain:

2HN'M® = Upe( N + M) + ugy AN + (uy — 270)%) +
— 20 MUy — 2T Aty — upuy N (uy — 270) +

w, Uy (uy —27N)? U
—\° (Ty + TyT + /\—g + Azuy()\Q + (Uz — 27’)\)2)
= U (N + )\uz) + Uy A(A? + (1 — 27A)?) — 2ugy M(uy — 27\ )1y, +

— Uiy A (g — 27N) — Nu)

This complete the proof.
O

On the other hand, by considering the coefficients of the first and second
fundamental form of a surface immersed into Z/DEZQ(R, 7) we can obtain the
mean curvature equation. For example, taking the half plane model M? for the
hyperbolic space. Taking graphs of the form ¢t = u(z,y), where u is a smooth
function. Setting S = graf(u) € FA\SYY/Q(R), and parameterizing S by

o(r,y) = (v,y,u(z,y))

The coordinate global frame field to the graph is given by,
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Oz = Op + u0p = NE1 + (up — 27A) E3;

0y = 0y + uy0p = A\Es + u, Es;

So the normal vector is given by,

1
N = [~ (g — 27N By — uy By + AEs]

\/(uz —27TA)?2 + A2+

Set,

m =m(x,t) = \/(uz —27A)? + A2+ ud.

Lemma 5.2.2. With the notations above, and denoting by H the mean

curvatura of S, then H satisfies

2HN*m? =y, (N + )\uz) + Uy AN + (1 — 27A)%) — 2ugy Mu, — 27\ )1, +

—upuy N (U, — 27N) — )\21@

Proof. The coefficients of the second fundamental forms are given by,

bll - <vgogc90z>N>a gi11 = <(l0$7(10$>
b12 = <vwz@y7N>a g12 = <9017§0y>
bQ2 = <va¢y7N>a goo = <90y7 (Py>

where (.,.) is the metric of F:SYYJQ(R), then H satisfies,

b11g22 + ba2g11 — 2b12g12
g11922 — g%2

It is easily deduce that the connection is given by,

2H =

<

onr = (N =27A(uy — 270)) By + uy B3
<p190y = ()\T(UJE - 27—)\> - )\2>E1 - )\TuyEQ + (u:vy + )\2T)E3
oy = 2TAuyEr — N Ey + uy, Es

< i

and with this,

b = Age — uy(N = 27\ (u, — 270))
big = AUgy + N7T) — (up — 27A) (AT (u, — 27X) — A?) + )\Tuz

by = Ay, — 27wy (u, — 270) + Nu,
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since,

gin = )\2 -+ (Um — 2’7')\)2
g12 = Uy(ux — 27)\)
go2 = )\2 -+ Uz

by substitution this expressions in (5-4), we obtain the lemma. O

5.3
Maximum principle in PSL» (R, 7)

An important criterium in Riemannian Geometry is the maximum princi-
ple. There are many books, which study the maximum principle. We enunciate

this principle in the next form,

Theorem 5.3.1. (17, Theorem 3.1)[Maximum principle| Let ¥, and %,
two convex surfaces in J/DEEQ(R, T), such that X9 touch ¥y at p € ¥, that is
p € X1 NXs, and suppose that, there is a neighborhood of p, such that, X5 stay
in the mean convex side of ¥21. Denoting by ﬁzl, and ﬁzw the mean curvature

vector field respectively, if:
— —
‘H21| = ‘H22| = cte

and

(Hs, (p), Hs,(p)) > 0.

Then, 1 = Ys. When the intersection point p belongs to the boundary of the
surfaces, the result holds as well, provided further that the two boundaries are

tangent and both are local graphs over a common neighborhood in T, = T,%s.

N4

1,3 =T,

Figure 5.1: Schematic figure for the maximum principle.

The proof of the maximum principle is based on the fact that a constant

mean curvature surface in Z/DEZQ(R, 7) locally satisfies a second order elliptic
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PDE, see Lemma 5.2.2. For the proof of the maximum principle in space forms
see (17, Theorem 3.1). The proof generalizes to ﬁﬁzg(R, 7) as well.

Remark 5.3.1. As simple application, we will show that, there is no entire
H-graph G in FSig(R, T) having constant mean curvature H > % From
example 6.2.1, we know that, there are rotational spheres having constant mean
curvature H > % We denote this sphere by S.

Since the vertical translations are isometries on ﬁﬁzg(R, 7). Moving the
sphere S, such that S lies in the mean convex side of G and touch G at
p € S, then by using the maximum principle, we obtain G = S, which is a

contradiction.
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