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 ! "#$%&'(! #)&*+,!+- .!+#/ #$+*0*)&#1!0 #(2!+,&/!0 1* 2*+#34! 1* #/!05

&+#0 1* 6#+,76*,0 #(*#&8+,#0 "!/ .')34! 1*)0,1#1* 1* $+!9#9,(,1#1* '),.!+/* *

)4! '),.!+/*: ;#+# 6#+,76*,0 #(*#&8+,#0 )4! '),.!+/*0- /!0&+!'50* <'* #/!05

&+#0 $!1,#/ 0*+ !9&,1#0 #&+#6=0 1! >=&!1! 1# ?+#)0.!+/#1# @)6*+0# ABC D"#0!

1* 1,0&+,9',3E*0 "!/ .')34! 1,0&+,9',34! 1* $+!9#9,(,1#1* ,)6*+0%6*,0F- !' >=5

&!1! 1* G!H5>'((*+ D*/ "#0! 1* 6#+,76*,0 #(*#&8+,#0 I#'00,#)#0F:

J)&+*&#)&!- *00*0 /=&!1!0 $!1*/ )4! 0*+*/ *K"#L*0 */ $+!9(*/#0 /#,0

"!/$(*H!0: J(*0 04! 1,.%"*,0 1* 0*+*/ #$(,"#1!0 */ $+!9(*/#0 <'* $!+ *H*/$(!M

N *)6!(6*/ 6#+,76*,0 #(*#&8+,#0 "!/ .')34! 1* 1,0&+,9',34! 1* $+!9#9,(,1#1*

1,.%",( 1* 0*+ ,)6*+&,1#O

N *)6!(6*/ 6#+,76*,0 #(*#&8+,#0 "!/ .')34! 1* 1,0&+,9',34! 1* $+!9#9,(,1#1*

1,.%",( 1* 0*+ )!+/#(,L#1#: P' 0*Q#- # .')34! &*/ # .!+/# 1* '/#

1*&*+/,)#1# 1,0&+,9',34! 1* $+!9#9,(,1#1*- $!+=/ # "!)0&#)&* $*(# <'#(

1*6* 0*+ /'(&,$(,"#1# $#+# 0* &!+)#+ 1* .#&! '/# 1,0&+,9',34! D# ,)&*2+#(

1# .')34! */ 0*' 1!/%),!- D - 1*6* 0*+ ,2'#( # '/F = 1,.%",( 1* 0*+

1*&*+/,)#1#:

N )*"*00,&#/ 2*+#+ #/!0&+#0 1* 1,0&+,9',3E*0 1* $+!9#9,(,1#1* "!)1,",!)#(:

N )*"*00,&#/ 2*+#+ #/!0&+#0 1* 6*&!+*0 #(*#&8+,!0 D"!/ '/# .')34! 1*)0,5

1#1* 1* $+!9#9,(,1#1* "!)Q')&#FO

R*00# .!+/#- !0 /=&!1!0 #$+*0*)&#1!0 &*/ '&,(,1#1* (,/,&#1# * )!6!0

/=&!1!0 /#,0 #9+#)2*)&*0 .!+#/ 1*0*)6!(6,1!0:  *00* "#$%&'(! 1# 1,00*+&#5

34!- 0*+7 #)#(,0#1! ! /=&!1! 1* 2*+#34! 1* #/!0&+#0 1* 6#+,76*,0 * 6*&!+*0

#(*#&8+,!0M >!)&* S#+(! "!/ S#1*,# 1* >#+T!6 D>S>SF:
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 !"

#$%&'((%( )(*%&+(*,&%( ' -./',.( /' 0.$1%2

"#$# %$#%#$ &' ()%'&' &* +',%* -#$.' /'( -#&*0# &* +#$1'23 )

,*/*445$0' 6$*20#(*,%* *4%7&#$ 6$'/*44'4 *4%'/54%0/'4 * /#&*0# &* +#$1'28

9' /#6:%7.' #,%*$0'$3 7(# 2#$052*. #.*#%;$0# $*#. <'0 &*=,0&# /'(' 7(#

<7,>?' $*#. X @7* #44'/0# # /#&# 6',%'A#('4%$# B3 6*$%*,/*,%* #' *46#>' &*

#('4%$#4 Ω3 7( ,C(*$' X(B) ∈ R8

D( 6$'/*44' *4%'/54%0/' ) &*=,0&' /'(' 7( (#6*#(*,%' @7* #44'/0# #

/#&# 6',%' #('4%$# B ∈ Ω 7(# <7,>?' $*#. &* 7( 6#$E(*%$' t 6*$%*,/*,%*

# 7( /',F7,%' T G,# (#0'$0# &'4 6$'/*44'4 *4%'/54%0/'43 ' 6#$E(*%$' t *4%5

#44'/0#&' #' %*(6'H I!JK8 L*44# <'$(#3 /$0#A4* 7(# <#(:.0# F &* <7,>M*4 &* t

Gt ∈ T H8

X : Ω 7−→ F

B 7−→ X(t,B), t ∈ T
GNAOH

P440(3 7( 6$'/*44' *4%'/54%0/' ) 7(# <7,>?' &* &7#4 2#$052*04 GB * tH

/7F'4 &'(:,0'4 4?' Ω * T ⊂ R3 $*46*/%02#(*,%*8 P' 4* =Q#$3 6'$ *Q*(6.'3

' 2#.'$ Bi 6#$# B3 ' 6$'/*44' *4%'/54%0/' 6#44# # $*6$*4*,%#$ 7(# C,0/#

<7,>?' X(t,Bi) &* t8 P' 4* =Q#$ ' 2#.'$ ti 6#$# t3 ' 6$'/*44' *4%'/54%0/' 6#44#

# $*6$*4*,%#$ 7(# 2#$052*. #.*#%;$0# @7* #44'/0# # /#&# 6',%' #('4%$# 7(

,C(*$' $*#. X(ti,B)8

"#$# 40(6.0=/#$ # ,'%#>?'3 X(t,B)3 74#&# 6#$# $*6$*4*,%#$ 7( 6$'/*44'

*4%'/54%0/'3 # 2#$052*. B 4*$5 '(0%0&#8 L*44# <'$(#3 4*$5 7%0.0R#&# # $*6$*4*,A

%#>?' X(t)8

D( 6$'/*44' *4%'/54%0/' 6'&* 4*$ 0,%*$6$*%#&' /'(' 7( ,C(*$' 0,=,0%'

&* 2#$052*04 #.*#%;$0#4 0,&*Q#&#4 6*.' 6#$#(*%$' t8 S0Q#&' 7( 2#.'$ &* t = ti3

# 2#$052*. #.*#%;$0# X(ti) 6'4470 7(# <7,>?' &04%$0T70>?' &* 6$'T#T0.0&#&*U

PX(ti)(x) = Pr(X(ti) ≤ x) GNA!H

* 7(# <7,>?' &*,40&#&* &* 6$'T#T0.0&#&* pX(ti)8

P ()&0# &* 7( 6$'/*44' *4%'/54%0/'3 X(t)3 ) &*=,0&# 6*.# *@7#>?' GNANH3

# 2#$0E,/0# 6'$ GNA H3 # #7%'/'$$*.#>?' 6'$ GNAVH * # #7%'/'2#$0E,/0# 6'$ GNAWHU

µX(t) = E[X(t)] =

∫ ∞

−∞

x pX(t)(x) dx GNANH

σ2
X(t) = E[{X(t)− µX(t)}2] = E[X2(t)]− (E[X(t)])2 GNA H

RXX(t1, t2) = E[X(t1) X(t2)] GNAVH
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σXX(t1, t2) = E[{X(t1)− µX(t1)} {X(t2)− µX(t2)}]
= E[X(t1)X(t2)]− µX(t1)µX(t2)

= RXX(t1, t2)− µX(t1)µX(t2)

"!#$%

& '()*'+),-) .) /0-('(11)2/34( 56

ρXX(t1, t2) =
σXX(t1, t2)

σX(t1)σX(t2)
"!#7%

89 :1(');;( .) </1=(> 5 09 :1(');;( );-('?;-+'( ,( @0/2 -),.(#;)

t1 ≤ t2 ≤ . . . ≤ tn−1 ≤ tnA -)9#;) BCD6

Pr(X(tn) ≤ xn|X(tn−1) = xn−1, . . . , X(t1) = x1) =

= Pr(X(tn) ≤ xn|X(tn−1) = xn−1) "!#E%

(0 ;)F/A / :1(G/G+2+./.) .( :1(');;( );-('?;-+'( X(t) /;;09+1 09 >/2(1 xn )9

t = tn .):),.) /:),/; .) X(tn−1)H I;;/ .)*,+34( -/9G59 >/2) :/1/ :1(');;(;

);-('?;-+'(; .) :/1J9)-1( .+;'1)-( "'/;( )9 @0) X(tn) :(.) ;)1 ;0G;-+-0K.(

:(1 Xn%H

& '(,')+-( .) '/.)+/ .) </1=(> L(+ '1+/.( :(1 09 9/-)9?-+'( 10;;(

"M,.1)+H MH </1=(>% )9 NOP$H </; ;(9),-) ,/ .5'/./ .) QP ( -)19( R'/.)+/

.) </1=(>R'(9)3(0 / ;)1 )9:1)S/.(H T(+ U)1,;-)+, "(0-1( 9/-)9?-+'( 10;;(%

@0) ( 0-+2+V(0 :)2/ :1+9)+1/ >)V )9 09 /1-+S( ,( /,( .) NOQ$H

M '/.)+/ .) </1=(> 5 L(19/./ :(1 09 :1(');;( .) </1=(> '(9 :/1J9)#

-1( .+;'1)-(A (0 ;)F/ :(1 09/ ;)@0W,'+/ .) >/1+?>)+; /2)/-X1+/;6

X1 X2 X3 · · ·Xn · · · ∀n ∈ N. "!#O%

Y)*,+34( .) Z/.)+/ .) </1=(> BN D6 [)F/ [T ] 09/ 9/-1+V k×k '(9 )2)9),-(;6

Ti,j : i, j = 1, · · · , kH 89 :1(');;( );-('?;-+'( '(9 :/1J9)-1( .+;'1)-(

"X0, X1, · · · % '(9 09 ,\9)1( *,+-( .) );-/.(; S = {s1, · · · , sk} 5 .+-( ;)1

09/ '/.)+/ .) </1=(> '(9 9/-1+V .) -1/,;+34( [T ]A ;) :/1/ -(.( nA -(.(

i, j ∈ {1, · · · , k} ) -(.( i0, · · · , in−1 ∈ {1, · · · , k}A -)9#;)6

P (Xn+1 = sj|Xn = si, Xn−1 = sin−1 , · · · , X1 = si1 , X0 = si0)

= P (Xn+1 = sj|Xn = si)

= Ti,j. "!#NP%
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!" #$#%#&'(" )* %*'+,- [T ] ".( /0*%*)(" )# 1+(2*2,$,)*)#" )# '+*&",3.(4

! #$#%#&'( Ti,j +#1+#"#&'* * 1+(2*2,$,)*)# )* /*)#,* *""5%,+ &( ,&"'*&'# n+1

( #"'*)( sj )*)( 65# &( ,&"'*&'# n #$* *""5%# ( #"'*)( i4 75*&)( * %*'+,- [T ]

8 ,&9*+,*&'# &( '#%1(: * /*)#,* )# ;*+<(9 8 ),'* "#+ 0(%(=>&#*4

?()* %*'+,- )# '+*&",3.( "*',"@*-A

Tij ≥ 0 ∀ i, j ∈ {1, · · · , k} , BCDEEF

#

k
∑

j=1

Tij = 1 ∀ i ∈ {1, · · · , k} BCDEGF

(5 "#H*: ( "(%*'I+,( )(" #$#%#&'(" )# 65*$65#+ $,&0* )# T 8 "#%1+# ,=5*$ * E4

J 1+(1+,#)*)# BCDEEF #"'K *""(/,*)* *( @*'( )# 65# 1+(2*2,$,)*)#" ".( "#%1+#

&.( &#=*',9*" #: * 1+(1+,#)*)# BCDEGF *( @*'( )# 65#A

P (Xn+1 = s1|Xn = si) + P (Xn+1 = s2|Xn = si) + · · ·
+ P (Xn+1 = sk|Xn = si) = 1.

BCDECF

!5'+* ,%1(+'*&'# /*+*/'#+L"',/* B*$8% )* %*'+,- )# '+*&",3.(F )# 5%*

/*)#,* )# ;*+<(9 (X0, X1, · · · ) 8 "5* ),"'+,25,3.( )# 1+(2*2,$,)*)# ,&,/,*$4 M""*

),"'+,25,3.( 8 +#1+#"#&'*)* 1(+ 5% 9#'(+ {π(0)} )# k /(%1(&#&'#"A

{π(0)} = [π1(0) π2(0) · · · πk(0)]

= [P (X0 = s1) P (X0 = s2) · · · P (X0 = sk)].
BCDE F

N*)* /(%1(&#&'# πi(0) )# {π(0)} #"'K *""(/,*)* * 1+(2*2,$,)*)# )*

/*)#,* '#+ &( ,&"'*&'# ,&,/,*$ BX0F ( #"'*)( si4 N(%( {π(0)} 8 5%* ),"'+,25,3.(

)# 1+(2*2,$,)*)#: '#%D"#A

k
∑

i=1

πi(0) = 1. BCDEOF

P# @(+%* ",%,$*+: (" 9#'(+#" {π(1)} , {π(2)} , · · · )#&('*% *" ),"'+,25,3Q#"

)* /*)#,* )# ;*+<(9 &(" ,&"'*&'#" 1, 2, · · · 4 J"",%: &( ,&"'*&'# nA

{π(n)} = [π1(n) π2(n) · · · πk(n)]

= [P (Xn = s1) P (Xn = s2) · · · P (Xn = sk)]
BCDERF

/(%A
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k
∑

i=1

πi(n) = 1. "#$%&'

( )*+,-*./*012 )3 4-2.5.*6*)5)3 )3 /75 85)3*5 )3 95-:2; "X1, X2, · · · '<
827 /7 =>73-2 ?=*,2+ )3 3+,5)2+ {s1, · · · , sk} 3 827 )*+,-*./*012 *=*8*56 )3

4-2.5.*6*)5)3 {π(0)}< 37 @/56@/3- *=+,5=,3 n +5,*+A5B 5 3@/5012 )3 CD5475=$

E26272F-2; G%HIJ

{π(n)} = {π(0)} [T ]n. "#$%H'

 !"#$%&'()*# +! ,-./01J 45-5 ,2)2 j ∈ {1, · · · , k}< ,37$+3 @/3J

πj(n+ 1) = P (Xn+1 = xj)

=
k
∑

i=1

P (Xn = si, Xn+1 = xj)

=
k
∑

i=1

P (Xn = si) . P (Xn+1 = sj|Xn = si)

=
k
∑

i=1

πi(n) Ti,j.

"#$%K'

L+8-3;3=)2 "#$%K' 37 A2-75 75,-*8*56J {π(n+ 1)} = {π(n)} [T ]M (++*7<

-38/-+*;573=,3J

{π(n)} = {π(n− 1)} [T ] = {π(n− 2)} [T ][T ] = {π(n− 2)} [T ]2
M

M

M

= {π(0)} [T ]n.
"#$NO'

�

( +3F/*- +12 3=/=8*5)5+ 56F/75+ )3?=*0P3+ @/3 +3-12 *742-,5=,3+ 45-5

5 54-3+3=,5012 )2 9Q,2)2 )3 92=,3 C5-62 827 C5)3*5 )3 95-:2; A3*,5 =5

4-RS*75 +3012 )5 )*++3-,5012M

T3?=*012 )3 85)3*5 )3 95-:2; *--3)/,U;36J /75 85)3*5 )3 95-:2;

(X0, X1, · · · )< 827 /7 =>73-2 ?=*,2 )3 3+,5)2+ S = {s1, · · · , sk} 3 827

75,-*B )3 ,-5=+*012 [T ]< Q )*,5 +3- *--3)/,U;36 +3< 45-5 ,2)2 si, sj ∈ S, ∃n ∈ N

,56 @/3 T n
i,j > 0M
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"#$%&'() *) +#,-)*) *# ./ #012*) *2 32*#&2 *# 42,5)67 ) +#,-)*) *# ./ #08

12*) si, sj ∈ S *# ./2 32*#&2 *# 42,5)69 d(si)9 : *#$%&*) 3)/)7

d(si) = mdc
{

n ≥ 1 : T n
i,i > 0

}

;<8=>?

)%*# mdc {a1, a2, · · · } &%*&32 ) /@A&/) *&6&0), 3)/./ *# a1, a2, · · · B C.2%*)

d(si) = 19 #%1() ) #012*) si : *&1) %()8+#,&D*&3)B

"#$%&'() *# 32*#&2 *# 42,5)6 %()8+#,&D*&327 ./2 32*#&2 *# 42,5)69 3)/

./ %E/#,) $%&1) *# #012*)0 S = {s1, · · · , sk} : *&12 %()8+#,&D*&32 0# 1)*)0 )0

0#.0 #012*)0 0() %()8+#,&D*&3)0B

"#$%&'() *2 *&01,&F.&'() *# +,)F2F&G&*2*# #0123&)%@,&2 *# ./2 32*#&2 *# 42,5)67

0#H2 ./2 32*#&2 *# 42,5)6 (X0, X1, · · · ) 3)/ ./ %E/#,) $%&1) *# #012*)0

S = {s1, · · · , sk} # 3)/ /21,&I *# 1,2%0&'() [T ]B J 6#1), {π⋆} : *&1) 0#, ./2

*&01,&F.&'() *# +,)F2F&G&*2*# #0123&)%@,&29 ). &%62,&2%1#9 *2 32*#&2 *# 42,5)6

0#7

π⋆
i ≥ 0 +2,2 i = 1, · · · , k #

k
∑

i=1

π⋆
i = 1 ;<8==?

#

{π⋆} [T ] = {π⋆} . ;<8=<?

K2,2 L.2GL.#, 32*#&2 *# 42,5)6 &,,#*.1-6#G # %()8+#,&D*&329 #A&01# ./2

E%&32 *&01,&F.&'() *# +,)F2F&G&*2*# #0123&)%@,&2 {π⋆} M> NB K2,2 32G3.G@8G29

F2012 ,#0)G6#, ) +,)FG#/2 *# 2.1)86#1), 200)3&2*) 2) 2.1)862G), 17 {π⋆} [T ] =
{π⋆}B

OA&01# ./ 1#),#/2 L.# 2$,/2 L.# 2 *&01,&F.&'() *# +,)F2F&G&*2*# {π(n)}
;L.2%*) n −→ ∞? *# ./2 32*#&2 *# 42,5)6 &,,#*.1-6#G # %()8+#,&D*&32

3)%6#,P# +2,2 *&01,&F.&'() *# +,)F2F&G&*2*# #0123&)%@,&29 ). 0#H27

{π(n)} →
n→∞ {π⋆} ;<8= ?

lim
n→∞

1

2

k
∑

i=1

|π⋆
i − πi(n)| = 0 ;<8=Q?

"#12GR#0 *2 +,)62 *#00# 1#),#/2 +)*#/ 0#, #%3)%1,2*)0 #/ M> NB

"#$%&'() *2 *&01,&F.&'() *# +,)F2F&G&*2*# ,#6#,0-6#G *# ./2 32*#&2 *# 42,5)67

S/2 *&01,&F.&'() *# +,)F2F&G&*2*# {π} #/ S : *&12 0#, ,#6#,0-6#G 0#9 +2,2 1)*)

i, j ∈ {1, · · · , k} 1#/80#7

πi Ti,j = πj Tj,i. ;<8=!?
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"#$%&' #($ )$&*+$ &* ,$-.'/ 0'11#+ #($ &+12-+3#+45' &* 0-'3$3+6+7

&$&* -*/*-18/*6 9 )'%1+&*-$&$ #($ )$&*+$ &* ,$-.'/ -*/*-18/*6: ;69( &+11'<

1* {π} 9 #($ &+12-+3#+45' &* 0-'3$3+6+&$&* -*/*-18/*6 &$ )$&*+$< 1*-= 2$(39(

&+12-+3#+45' *12$)+'%=-+$:

 !"#$%& '()(* >?$&*+$ &* ,$-.'/@( A#0'%B$ C#* $ ($2-+D &* 2-$%1+45' [T ]

&* #($ )$&*+$ &* ,$-.'/ )'(  0'118/*+1 *12$&'1 1*E$F

[T ] =













1/2 1/2 0 0

1/2 0 1/2 0

0 1/2 0 1/2

0 0 0 1













. >G7H!@

I11$ )$&*+$ 9 %5' +--*&#28/*6< %5'70*-+J&+)$ * 0'11#+ #($ &+12-+3#+45'

*12$)+'%=-+$ {π⋆} = [0 0 0 1]: K*-+LC#* C#* {π⋆} 9 ' $#2'7/*2'- $11')+$&' $'

$#2'7/$6'- 1F {π⋆} = [T ] {π⋆}:
M($ N'-($ #1#$6 &* -*0-*1*%2$- #($ )$&*+$ &* ,$-.'/ 9 $2-$/91 &* #(

O-=L)' )B$($&' O-$N' &* 2-$%1+45': P O-$N' )'%1+12* &* %J1 -*0-*1*%2$%&' '1

0'118/*+1 *12$&'1 &$ )$&*+$ * 1*2$1 6+O$%&' '1 %J1 -*0-*1*%2$%&' $1 0-'3$3+6+7

&$&*1 &* 2-$%1+45' *%2-* '1 *12$&'1: "#$%&' $ 0-'3$3+6+&$&* &* 2-$%1+45' &*

#( *12$&' i 0$-$ ' '#2-' j 9 %#6$< '# 1*E$< Tij = 0< *6$ %5' &*/* 1*- ('12-$&$

%' O-$N':

P O-$N' &$ )$&*+$ &* ,$-.'/ 0$-$ *11* *Q*(06' >)'( '1 *12$&'1 s1< s2<

s3 * s4@ 9 ('12-$&' %$ LO#-$ >G:R@:

S+O#-$ G:RF T-$N' &* U-$%1+45' &* #($ )$&*+$ &* ,$-.'/ )'( C#$2-' *12$&'1

>s1< s2< s3 * s4@:

 !"#$%& '()() >?$&*+$ &* ,$-.'/@( A#0'%B$ C#* $ ($2-+D &* 2-$%1+45' [T ]

&* #($ )$&*+$ &* ,$-.'/ )'(  0'118/*+1 *12$&'1 1*E$F
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[T ] =













1/2 1/2 0 0

1/2 1/2 0 0

0 0 1/2 1/2

0 0 1/2 1/2













. "#$%!&

'(() *)+,-) . /01 -22,+3456,78 /01$9,2-:+-*) , 91((3- +3)( +-(42-;3-<=,(

,(4)*-1/>2-)(? {π⋆} = [1/2 1/2 0 0] , {π⋆} = [0 0 1/2 1/2]@

A B2)C1 +) *)+,-) +, D)2E16 9)2) ,((, ,F,G971 . G1(42)+1 /) HB32)

"#@%&@

I-B32) #@%? J2)C1 +, K2)/(-<01 +, 3G) *)+,-) +, D)2E16 *1G +3)( +-(42-;3-$

<=,( ,(4)*-1/>2-)(@

 !"#$%& '()(' "L)+,-) +, D)2E16&( M391/N) O3, 3G) G>O3-/) +, 3G)

C>;2-*) 91((3- +1-( 91((56,-( ,(4)+1( +, 19,2)<01? O3,;2)+) ",(4)+1 s1& , C3/$

*-1/)/+1 ",(4)+1 s2&@ P1 92-G,-21 +-) +, 19,2)<01 +) C>;2-*)8 ) 921;);-7-+)+,

+) G>O3-/) ,(4)2 O3,;2)+) . π1(0) ,8 ) 921;);-7-+)+, +, ,(4)2 C3/*-1/)/+1

. π2(0)@ Q7.G +-((18 ) 921;);-7-+)+, +1 ,(4)+1 +) G>O3-/) "C3/*-1/)/+1 13

O3,;2)+)& ,G 3G +-) n +,9,/+, (1G,/4, +, (,3 ,(4)+1 /1 +-) )/4,2-128 13

(,R)8 +, n− 1@

S, )*12+1 *1G ,(()( (391(-<=,(8 1 ,(4)+1 +, 19,2)<01 +) G>O3-/) /1

+,*122,2 +1( +-)( C12G) 3G) *)+,-) +, D)2E16 X0, X1, X2, · · · @ Q +-(42-;3-<01

+, 921;);-7-+)+, -/-*-)7 +,(() *)+,-) . 3G 6,412 {π(0)} +, 2 *1G91/,/4,( "1(

+1-( 91((56,-( ,(4)+1(&?

{π(0)} = [π1(0) π2(0)]

= [P (X0 = s1) P (X0 = s2)]
"#$%T&

*1G?

π1(0) + π2(0) = 1 "#$#U&

L1/(-+,2, ) O3, )( 921;);-7-+)+,( +) G>O3-/) ,(4)2 C3/*-1/)/+1 V13

O3,;2)+) ,G 3G +-) n8 +)+1 O3, +-) )/4,2-128 n− 18 ,(4)6) C3/*-1/)/+1 V13

O3,;2)+) (01?
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P (Xn+1 = s1|Xn = s1) = 1− p P (Xn+1 = s2|Xn = s1) = p

P (Xn+1 = s1|Xn = s2) = q P (Xn+1 = s2|Xn = s2) = 1− q.

"#$ p, q ≥ 0% &''($) * $*+,(- ./ +,*0'(12# [T ] 2× 2 ./''* "*./(* '/,34

[T ] =

[

1− p p

q 1− q

]

567689

:/,;<0+*7'/4 =<*> * .('+,(?<(12# ./ @,#?*?(>(.*./ /'+*"(#03,(* {π⋆} ./''*
"*./(*A

& @,#?*?(>(.*./ .* $3B<(0* /'+*, B</?,*.* 0# .(* n + 1 /$ C<012# .#

'/< /'+*.# /$ n D4

P (Xn+1 = s1) = P (Xn = s1, Xn+1 = s1) + P (Xn = s2, Xn+1 = s1)

= P (Xn = s1)P (Xn+1 = s1|Xn = s1)

+P (Xn = s2)P (Xn+1 = s1|Xn = s2)

= (1− p) P (Xn = s1) + q P (Xn = s2)

5676E9

#< '/F*4

π1(n+ 1) = T11 π1(n) + T21 π2(n). 567669

& @,#?*?(>(.*./ .* $3B<(0* /'+*, C<0"(#0*0.# 0# .(* n + 1 /$ C<012#

.# '/< /'+*.# /$ n D4

P (Xn+1 = s2) = P (Xn = s1, Xn+1 = s2) + P (Xn = s2, Xn+1 = s2)

= P (Xn = s1)P (Xn+1 = s2|Xn = s1)

+P (Xn = s2)P (Xn+1 = s2|Xn = s2)

= p P (Xn = s1) + (1− q) P (Xn = s2)

5676 9

#< '/F*4

π2(n+ 1) = T12 π1(n) + T22 π2(n). 5676G9

H/''* C#,$*) * .('+,(?<(12# ./ @,#?*?(>(.*./ .* "*./(* 0# .(* n + 1)

{π(n+ 1)}) @#./ '/, ./+/,$(0*.* * @*,+(, .* .('+,(?<(12# .# .(* *0+/,(#,)

{π(n)}4

{π(n+ 1)} = {π(n)} [T ]. 5676I9
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PUC-Rio - Certificação Digital Nº 0921514/CA



 !"#$%&' () *+$',' ,- *'.$-  !/&' 0'1  !,-2! ,- *!/3'4  !

"# $%&'( &#)*&+,-(. /%0#1+# 0#2#&',3(& {π(n)} #' $*345% 0# {π(0)}
6#7*(45% 0# 89(/'(31:%;%'%<&%- 6=1>?@@A

{π(n)} = {π(0)} [T ]n 6=1=B@

"#+#3-%;-#30% (+ )%32(+ /(&( #++( )(0#,(. )(0( #;#'#32% 0% -#2%& {π(n)}
C &#/&#+#32(0% #' 2#&'%+ 0# {π(0)} )%'%A























π1(n) = (1− p− q)nπ1(0) + q
n−1
∑

j=0

(1− p− q)j

π2(n) = (1− p− q)nπ1(0) + p
n−1
∑

j=0

(1− p− q)j.

6=1=?@

D /(&2,& 0#++# /%32%. (+ )%32(+ /%0#' +#& +#/(&(0(+ #' E )(+%+A

F 1o )(+%A p = q = 0A

{

π1(n) = π1(0)

π2(n) = π2(0)
6=1=G@

F 2o )(+%A 0 < p+ q < 2A

n−1
∑

j=0

(1− p− q)j =
1− (1− p− q)n

p+ q
. 6=1H!@

D++,'. +*I+2,2*,30% 6=1H!@ #' 6=1=?@A















π1(n) =
q

p+ q
+ (1− p− q)n

[

π1(0)−
q

p+ q

]

π2(n) =
p

p+ q
+ (1− p− q)n

[

π2(0)−
p

p+ q

] . 6=1H>@

J#'I&(30% 7*#A

{

π1(n) = T11
n π1(0) + T21

n π2(0) = T11
n π1(0) + T21

n[1− π1(0)]

π2(n) = T12
n π1(0) + T22

n π2(0) = T12
n [1− π2(0)] + T22

n π2(0)
6=1HE@

{

π1(n) = [T11
n − T21

n] π1(0) + T21
n

π2(n) = [T22
n − T12

n] π2(0) + T12
n

6=1H=@

# +*/%30% 7*# 0 < p + q < 2. /%0#1+# 0#2#&',3(& )(0( *' 0%+ #;#'#32%+ 0#

[T ]nA
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[T ]n =
q

p+ q

[

q p

q p

]

+
(1− p− q)n

p+ q

[

p −p
−q q

]

. "#$%%&

'()*+,($-. ( /0)01. ,. "#$%%& 23*+,( n→∞4

lim
n→∞

[T ]n =
q

p+ q

[

q p

q p

]

. "#$% &

56-.78. 23. 23*+,( n → ∞9 1(,*- *- /0+:*- ,* )*170; [T ]n -<( 0=3*0-9

(3 -.>*9 * ?7(6*60/0,*,. ,* @*,.0* 1.7 3) ,.1.7)0+*,( .-1*,( +( 0+-1*+1. n+1

+<( ,.?.+,. ,. -.3 .-1*,( ,( 0+-1*+1. nA

B0-1( 23. * @*,.0* ,.--. .C.)?/( D 077.,31E8./ . +<($?.70F,0@*9 * ,0-170$

630G<( ,. ?7(6*60/0,*,. .-1*@0(+H70* {π⋆} .C0-1. . ?(,. -.7 @*/@3/*,* ?(74

{π⋆} = lim
n→∞

{π(n)} = {π(0)} lim
n→∞

[T ]n. "#$%I&

J--0)4

{π⋆} = [ π1(0) π2(0) ] .
1

p+ q

[

q p

q p

]

. "#$%K&

5 =7*L( ,* @*,.0* ,. M*7N(8 ?*7* .--. .C.)?/( ,* )H230+* ,* LH670@*

"@() (- .-1*,(- s1 . s2& D )(-17*,( +* O=37* "#A#&A

P0=37* #A#4 Q7*L( ,. '7*+-0G<( ,. 3)* @*,.0* ,. M*7N(8 @() ,(0- .-1*,(- "s1
. s2&A

 ! 

" #$%&'()*& +, -,)'&.&$(/012/)(3%/ #.$(42+& 2 52'(67,(/ #$,2)8'(2/

J :0-1F70* ,( */=(701)( ,. M.17(?(/0-$R*-10+=- @().G(3 +( *+( ,. !S #9

23*+,( M.17(?(/0- ?.7@.6.3 23. ?(,.70* -0)3/*7 ( )(80).+1( )(/.@3/*7

310/0;*+,( 3)* @*,.0* ,. M*7N(8A J( 0+8D- ,. L*;.7 -0)3/*GT.- 6*-.*,*-

.) .-1*1E-10@*- ",* .+.7=0* ?(1.+@0*/ )E+0)* ,. 3)* @(/.G<( ,. ?*71E@3/*-&9
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"#" $%&$' %$( )$*+,-"(.( /'" . -,+&(,0',12$ "+%.),.# -.+ 3$#4)'#.+ "3 '3

-"&"(3,*.-$ ,*+&.*&" "(. 5'*12$ .%"*.+ -. -,+&(,0',12$ *$ ,*+&.*&" .*&"(,$(6

7' +"8.9 '3 %($)"++$ -" :.(;$<6

='.+" -'.+ -4).-.+ -"%$,+9 >.+&,*?+ "@%.*-,' $ &(.0.#A$ -" :"&($%$#,+ "

5$(3.#,B$' $ 34&$-$ -" :$*&" C.(#$ )$3 C.-",. -" :.(;$< D:C:CE 0.+".-$

*$ .#?$(,&3$ -" :"&($%$#,+F>.+&,*?+6 7 .#?$(,&3$ %"(3,&" ?"(.( .3$+&(.+

x(1), x(2), . . . , x(i)
-" '3. -"&"(3,*.-. <.(,G<"# .#".&H(,. X9 *$ -$3I*,$ D "

)$3 '3. )$3%#,).-. 5'*12$ -"*+,-.-" -" %($0.0,#,-.-" p6 J.#" $0+"(<.( /'"

p %$-" +"( '3. -"*+,-.-" )$*8'*&. $' .&4 3"+3$ *2$ *$(3.#,B.-.6

K +,3%#,),-.-" -$ 34&$-$ "+&G .++$),.-. .$ 5.&$ -" /'" .$ ,*<4+ -" -"

?"(.( .3$+&(.+ -" X . %.(&,( -" p9 ?"(.F+" . %.(&,( -" '3. $'&(. <.(,G<"#

.#".&H(,. Y 6 L++. <.(,G<"# -"<" "+&.( -"M*,-. *$ 3"+3$ -$3I*,$ D " X "9 &"3

'3. 5'*12$ -"*+,-.-" -" %($0.0,#,-.-"9 h9 )A.3.-. -" -,+&(,0',12$ %($%$+&.6

L++. 5'*12$ h 4 -"M*,-. %"#$ '+'G(,$ -$ 34&$-$ "9 ).-. .3$+&(. u(i)
-"

Y 4 .)",&. $' ("8",&.-. )$3$ '3. .3$+&(. x(i)
-" X -" .)$(-$ )$3 '3 )(,&4(,$

-"M*,-$ %"#$ .#?$(,&3$ -" :"&($%$#,+F>.+&,*?+6

K+ .3$+&(.+ -" X 5$(3.3 '3. +"/'"*),. -" <.#$("+ x(i)
9 i ∈ N "9 .+

.3$+&(.+ -" Y 5$(3.3 '3. +"/'"*),. u(i)
9 i ∈ N6 7 <.#$( ,*,),.# x(1)

-"<" +"(

"+%"),M).-$ %"#$ '+'G(,$ -$ .#?$(,&3$ "9 &"*-$ $ &"(3$ x(i)
9 .+ "&.%.+ %.(.

$0&"(F+" $ %(H@,3$ &"(3$ x(i+1)
+2$ NO!P NQRPS

Q6 T"(.( '3. .3$+&(. u(i)
-" Y +"?'*-$ '3 %($)"-,3"*&$ -"+"8.-$ D%$-"F

+" '&,#,B.( %$( "@"3%#$ $ 34&$-$ -. U(.*+5$(3.-. V*<"(+. %.(. . 5'*12$

-"*+,-.-" hE6

!6 C.#)'#.( . 5'*12$ R D?"(.#3"*&" )A.3.-. -" (.B2$ -" :"&($%$#,+ $'

(.B2$ -" >.+&,*?+ES

R(x(i), u(i)) =
p(u(i)) h(x(i))

p(x(i)) h(u(i))
. DOFWXE

O6 K<.#,.( . 5'*12$ α -.-. %$( DOFWYES

α(x(i), u(i)) = min
[

1, R(x(i), u(i))
]

. DOFWYE

W6 Z$(&".( '3 <.#$( ρ(i) -. -,+&(,0',12$ '*,5$(3" '*,&G(,. *$ ,*&"(<.#$ [0, 1]6

 6 K)",&.( u(i)
)$3$ . *$<. .3$+&(. x(i+1)

)$3 %($0.0,#,-.-" α $' ("8",&.F#G

)$3 %($0.0,#,-.-" 1− α9 ,+&$ 4S

x(i+1) =











u(i)
+" ρ(i) ≤ α

x(i)
+" ρ(i) > α

DOF [E
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PUC-Rio - Certificação Digital Nº 0921514/CA



 !"#$%&' () *+$',' ,- *'.$-  !/&' 0'1  !,-2! ,- *!/3'4  !

" #$%&'()*+ ,$ +-.#/0+# ,$ X 1$0+,+# +/0+23# ,. +41.0*/-. ,$

5$/0.6.4*#78+#/*(1# 9.0-+- &-+ )+,$*+ ,$ 5+0:.2; <+,+ +-.#/0+ u(i)
3 +)$*/+

).-. &-+ (.2+ +-.#/0+ x(i+1)
,$6$(,$(,. +6$(+# ,. 2+4.0 ,$ x(i)

=$ (>. ,+#

+-.#/0+# +(/$0*.0$#?;

@&+(,. + 0+A>. ,$ 5$/0.6.4*# 3 -+*.0 .& *1&+4 + &-B + 9&(C>.

α(x(i), u(i)) = 1 $B +##*- . 2+4.0 u(i)
3 #$-60$ +)$*/.; D(/0$/+(/.B #$ R < 1B

+ 9&(C>. α(x(i), u(i)) = R(x(i), u(i)) $B . 2+4.0 60.6.#/. u(i)
3 +)$*/. ).- 60.7

E+E*4*,+,$ α = R; F$##+ 9.0-+B + 60.E+E*4*,+,$ ,$ /0+(#*C>. ,. $#/+,. x(i)

6+0+ u(i)
3 )+4)&4+,. 6$4+ -&4/*64*)+C>. ,+ 60.E+E*4*,+,$ ,$ 1$0+0 u(i)

=*#/. 3B

h(u(i))? ).- + 60.E+E*4*,+,$ ,$ +)$*/G74. ).-. x(i+1)
=*#/. 3B α(x(i), u(i))?;

Tx(i),u(i) = h(u(i)) α(x(i), u(i)) =!7 H?

I /$.0$-+ ,+ ).(2$01'()*+ ,+ ,*#/0*E&*C>. ,$ 60.E+E*4*,+,$ ,$ &-+

)+,$*+ ,$ 5+0:.2B $(&()*+,. (+ #$C>. +(/$0*.0 ,+ ,*##$0/+C>.B 1+0+(/$ %&$ #$

&- (J-$0. #&K)*$(/$ ,$ +-.#/0+# ,$ &-+ )+,$*+ *00$,&/L2$4 $ +6$0*M,*)+ 9.0

1$0+,+B + ,*#/0*E&*C>. ,$ 60.E+E*4*,+,$ ,+ )+,$*+ π ).(2$01$ 6+0+ + ,*#/0*E&*C>.

$#/+)*.(G0*+ π⋆
;

"##*- 6+0+ ,$-.(#/0+0 %&$ +# +-.#/0+# 1$0+,+# +/0+23# ,. +41.0*/-. ,$

5$/0.6.4*#78+#/*(1# $#/>. ,$ +).0,. ).- + ,*#/0*E&*C>. ,$ 60.E+E*4*,+,$ pB 3

($)$##G0*. -.#/0+0 %&$ $4+# ).(2$01$- 6+0+ + ,*#/0*E&*C>. $#/+)*.(G0*+ π⋆
,+

)+,$*+;

N.03-B ).-. &-+ ,*#/0*E&*C>. ,$ 60.E+E*4*,+,$ $#/+)*.(G0*+ +/$(,$

#$-60$ + ).(,*C>. ,$ 0$2$0#*E*4*,+,$B E+#/+ 60.2+0 %&$ + $%&+C>. =!7OP? 3

#+/*#9$*/+B .& #$Q+B %&$R

p(x(i)) Tx(i),u(i) = p(u(i)) T
u(i),x(i) =!7 O?

<.- $9$*/.B ).-E*(+(,. +# $%&+CS$# =!7 O?B =!7TU? $ =!7TV?R

p(x(i))Tx(i),u(i) = p(x(i))h(u(i)) α(x(i), u(i))

= f(x(i))h(u(i))min
[

1, R(x(i), u(i))
]

= min
[

f(u(i))h(u(i)), f(x(i))h(x(i))
]

= min
[

f(u(i))h(u(i)), f(u(i))h(u(i))/R(x(i), u(i))
]

= f(u(i))h(u(i))min
[

1, 1/R(x(i), u(i))
]

.

=!7 !?

<.-. 1/R(x(i), u(i)) = R(u(i), x(i))B /$-7#$ %&$R

p(x(i))Tx(i),u(i) = p(u(i))h(u(i))α(u(i), x(i)) = p(u(i))Tu(i),x(i) . =!7 T?
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 !"#$%& '('() "#$#$%( &'(' )*)+,-./0'( 1 231 41 +56141 4) #176) $'(-1

01+ $'4).' 4) #'(819: 32,17;' <2) 4)3)='>3) 0'-02-'( ' 3)?2.76) .76)?('-@

I =

∫ ∞

0

(x− αβ)2 p(x) dx "A>  %

174) p 5 ' B27CD1 4)73.4'4) 4) ,(1E'E.-.4'4) F'++' "A> G% ) Γ ' B27CD1

F'++'H

p(x) =
1

βΓ(α)

(x

α

)α−1

exp−x

β
"A> G%

I33' .76)?('- "A>  % (),()3)76' ' 9'(.J70.' 4' B27CD1 4)73.4'4) 4)

,(1E'E.-.4'4) F'++' ) 9'-) I = αβ2
H &'(' 0'-02-K>-' '6('953 41 #$#$:

26.-.L12>3) ' 3)?2.76) 4.36(.E2.CD1 ,(1,136' h@

h(u) = 0, 5 exp−0, 5 u u ≥ 0. "A> M%

N2,O3>3) 01+1 9'-1( .7.0.'- 4' 0'4).' x(1) = 1H $1+1 ,'(J+)6(13 4'

4.36(.E2.CD1 F'++' 32,O3>3)@ α = 2 ) β = 1H P3 '+136('3 u(1), u(2), . . . 01+

4.36(.E2.CD1 4) ,(1E'E.-.4'4) h 3D1 ?)('4'3 ,1( u(i) = −2 ln (υ(i)): 174) 0'4'

υ(i)
5 31(6)'41 4' 4.36(.E2.CD1 27.B1(+) 71 .76)(9'-1 [0, 1]H

Q)33) )*)+,-1: ' ('LD1 4) #)6(1,1-.3 9'-)@

R =
f(u(i)) h(x(i))

f(x(i)) h(u(i))
=

(

u(i)

x(i)

)α−1

exp
u(i) − x(i)

β
exp−0, 5(x(i) − u(i)) "A> R%

) ' '62'-.L'CD1 4'3 '+136('3: 3)?2741 1 '-?1(.6+1 4) #)6(1,1-.3>S'36.7?3: 5

B).6' 4' 3)?2.76) B1(+'@

x(i+1) =











u(i)
3) ρ(i) ≤ min[1, R]

x(i)
3) ρ(i) > min[1, R].

"A> T%

174) ρ(i) 5 31(6)'41 4' 4.36(.E2.CD1 27.B1(+) 71 .76)(9'-1 [0, 1]H

P ,'(6.( 4'3 N '+136('3 ?)('4'3 x(1), x(2), . . . , x(N)
: ' .76)?('- "A>  % 5

)36.+'4' ,)-' )*,()33D1 "A>GU% ) 1 4)39.1 ,'4(D1 ,1( "A>GV%H

IN =
1

N

N
∑

i=1

(x(i) − αβ)
2
=

1

N

N
∑

i=1

(x(i) − 2)
2

"A>GU%

σ(IN) =
1

N

√

√

√

√

N
∑

i=1

(

(x(i) − αβ)
2 − IN

)2

"A>GV%

W2'3 (16.7'3 #PXYPZ B1('+ 4)3)791-9.4'3 7' .+,-)+)76'CD1 41 '-?1>

(.6+1 4) #)6(1,1-.3>S'36.7?3 7)33) )*)+,-1@  ! !"#$%&$'()*)($+,%&$

)  ! !"-.+(/%$)0$11$H
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 !"#$%&' () *+$',' ,- *'.$-  !/&' 0'1  !,-2! ,- *!/3'4   

!"# " "$%&'()" *& +)+,(+- + ./+,(*+*& *"0 -&0/,'+*"0 1"-2&3(*"0 4&,"

5!5!6 + (2'&7-+, 89:  ; '+#$<# 1"( &0'(#+*+ + 4+-'(- *& +#"0'-+0 7&-+*+0

3"# + 1/2=>"  !"#$%&'(!%')α, β* *" 5?@A?BC

? '+$&,+ 89CD; #"0'-+ "0 -&0/,'+*"0 "$'(*"0 4+-+ *(1&-&2'&0 2E#&-"0 *&

+#"0'-+0 8N;C

N
5!5! F/2=>"  !"#$%&'(!%')α, β*

IN ± σ(IN) IN ± σ(IN)
104 DCGH9 ± ICIJJI KCIHLK ± ICIJLL

105 DCGMLD ± ICIDJI KCIIH9 ± ICIDJJ

106 DCGMM ± ICIIJJ DCGGMK ± ICIIJJ

107 DCGGLG ± ICIIDJ KCIIID ± ICIIDJ

@+$&,+ 9CDN O0'(#+'()+0 *+ )+-(P23(+ *+ 1/2=>" *&20(*+*& *& 4-"$+$(,(*+*&

7+##+ 8α = 2 & β = 1;
C

@+2'" " #<'"*" *& 5!5! ./+2'" + 1/2=>" *" 5?@A?B

 !"#$%&'(!%')α, β* 1"-2&3&# -&0/,'+*"0 ./& 3"2)&-7&# 4+-+ + -&04"0'+

3"--&'+ I = 2C O# +#$"0 "0 3+0"06 ./+2'" #+("- " 2E#&-" *& +#"0'-+0 #&2"-

< + )+-(P23(+C ? Q7/-+ 89CJ; #"0'-+ 0&#&,R+2=+ *& 1"-#+'" &2'-& " R(0'"7-+#+

*+0 +#"0'-+0 "$'(*+0 4"- 5!5! 8107 +#"0'-+0; & + 1/2=>" *&20(*+*& *&

4-"$+$(,(*+*& 7+##+ 89: H;C

F(7/-+ 9CJN 8+; S(0'"7-+#+ *+0 +#"0'-+0 "$'(*+0 4"- 5!5! 8104 +#"0'-+0;C

8$; F/2=>" *&20(*+*& *& 4-"$+$(,(*+*& 7+##+ 8σ2 = αβ2
;C
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 ! !"

#$%&'()&*+, -. /.-&(. -& 0.12,3

"#$%&' ($)*&' *+,&-+./0- /+',0*%0* &' 1*$-+$*&' +(+-+.%&' /0 '+2#3.,$0

4+*0/0 1+(& 0(4&*$%-& /+ "+%*&1&($'560'%$.4'7 8''+' +(+-+.%&' ,&.'%$%#+- &

1+*9&/& /+ 02#+,$-+.%& :;<#*.5$.;= /0 ,0/+$0 /+ "0*>&) +? *+1*+'+.%0- & 1+5

*9&/& +- 2#+ 0 ,0/+$0 0$./0 .@& ,&.)+*4$# 10*0 0 /$'%*$<#$A@& /+ 1*&<0<$($/0/+

+'%0,$&.B*$07

C+'1*+DB5(&' E #-0 &1A@& /+ 0.#(0* & +F+$%& 2#+ +(+' 4+*0- '&<*+

0 /$'%*$<#$A@& /0' 0-&'%*0' &<%$/0' ,&- & "G"G? F0D+./& ,&- 2#+ +''0

/$'%*$<#$A@& H2#+ -0$' 1*IJ$-0 /0 /$'%*$<#$A@& /+'+K0/07

8.%*+%0.%&? 2#0./& & .L-+*& /+ 0-&'%*0' N E '#H,$+.%+-+.%+ 4*0./+?

+''+ 1+*9&/& /+ 02#+,$-+.%& 1&/+ %+* 1&#,0 $.M#3.,$0 '&<*+ 0 /$'%*$<#$A@& /0'

0-&'%*0' &<%$/0'7 N&/+./& 0''$- '+* /+'1*+D0/&7

 ! !4

5(6+1(7%(89, -& :1,7.7(;(-.-& :1,<,6+.

O& 0(4&*$%-& /+ "+%*&1&($'560'%$.4' E .+,+''B*$& /+H.$* #-0 )0*$B)+(

0(+0%I*$0 Y ,&- F#.A@& /+.'$/0/+ /+ 1*&<0<$($/0/+ h + 4+*0* 0-&'%*0' ui /+

Y 7 G&-& +''0 /$'%*$<#$A@& E +',&(P$/0 0*<$%*0*$0-+.%+? E ,&'%#-+ #%$($D0*5'+

#-0 /$'%*$<#$A@& '$-1(+' + /+ FB,$( 0-&'%*04+- :,&-& 1&* +J+-1(& 0 #.$F&*-+

&# 0 +J1&.+.,$0(=7 N0*0 +'%0 %0*+F0 1&/+5'+ 1&* +J+-1(& #%$($D0* & "E%&/& /0

Q*0.'F&*-0/0 R.)+*'0 01*+'+.%0/& .& 1*$-+$*& ,019%#(&7

8- 1*$.,91$&? 0 /+H.$A@& /+ h E %&%0(-+.%+ ($)*+? 1&*E- E #'#0( +',&(P+*5

'+ 0 /$'%*$<#$A@& h ,&- #-0 F&*-0 '+-+(P0.%+ 0 /$'%*$<#$A@& /0 2#0( /+'+K05

'+ 4+*0* 0-&'%*0'? p STUV7 8''0 +',&(P0 F0D ,&- 2#+ 0 *0D@& /+ "+%*I1&($'?

R? 0''#-0 .0 -0$&*$0 /0' $%+*0AW+' /& 0(4&*$%-& #- )0(&* 1*IJ$-& 0 1? +

,&.'+2#+.%+-+.%+ -0$' *01$/0-+.%+ 0' 0-&'%*0' 4+*0/0' 0<*0.4+*$0- %&/& &

+'10A& 0-&'%*0(7

C+''0 F&*-0? #-0 +',&(P0 01*&1*$0/0 /+ h 1&/+ *+/#D$* & .L-+*& /+

$%+*0AW+' .+,+''B*$0' 10*0 &<%+*5'+ #-0 /$'%*$<#$A@& /+ 0-&'%*0' 1*IJ$-0' 0 p7

X %+*-& -$'%#*0 :;-$J$.4;= E #%$($D0/& 10*0 *+1*+'+.%0* 0 %0J0 +- 2#+

& +'10A& 0-&'%*0( E +J1(&*0/&7 Y-0 ,0/+$0 E /$%0 '+* -0( -$'%#*0/0 :;1&&*(Z

-$J$.4;= '+ ,&- #- +(+)0/& .L-+*& /+ 0-&'%*0' 01+.0' #-0 1+2#+.0 *+4$@&

/& +'10A& 0-&'%*0( E &,#10/07 G0'& ,&.%*B*$&? E /$%0 '+* <+- -$'%#*0/0 :;[+((

-$J$.4;= STUV7 8',&(P+./&5'+ 0 F#.A@& h = f ? 0 *0D@& R '+*B '+-1*+ $4#0(

0 T +? /+''0 F&*-0? 0 ,0/+$0 %+*$0 #-0 -$'%#*0 1+*F+$%07 N&*E-? 10*0 +''0

+',&(P0 '+* 1&''9)+(? 4+*0* 0-&'%*0' /+ p /+)+*$0 '+* #-0 %0*+F0 '$-1(+' :& 2#+

,&.'+2#+.%+-+.%+ .@& K#'%$H,0*$0 & #'& /& 0(4&*$%-& /+ "+%*&1&($'560'%$.4'=7
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"# $%&'()# *'*)$+# , )#-.%/0# / (123415(/ 0/ *-5#+6/ 0/ 0(-.%(73(89#

$%#$#-./: h: 1/ ./'/ 0* )(-.3%/ 0/ 5/0*(/;

 !"#$%& '('() <=>=>?( @3$#16/ A3* -* 0*-*B/ C*%/% /)#-.%/- 0* 3)/ D/E

%(FD*+ /+*/.&%(/ X 5#) / -*C3(1.* 0(-.%(73(89# 0* $%#7/7(+(0/0* G3(EG3/0%/0#

H1D*%-/ I-5/+/0/ pJ

p(x) = C x−n/2 exp
−a
2x

. <KELM?

N $/%O)*.%# a D/+* 4: n = 5 * C , 3)/ 5#1-./1.* 0* 1#%)/+(P/89#;

@3$Q*E-* A3* # D/+#% (1(5(/+ 0/ 5/0*(/ , x(1) = 1;

>#)# 0(-.%(73(89# $%#$#-./ h: *-5#+6*E-* (1(5(/+)*1.* / 0(-.%(73(89#

31(R#%)* 1# (1.*%D/+# [0, 100]; S#-.*%(#%)*1.*: *-5#+6*E-* / 0(-.%(73(89# A3(E

A3/0%/0# X 2
1 ;

h(u) =
1

21/2Γ(1/2)
u−1/2 e−u/2 <KELK?

T %#.(1/  ! !" #$%&'(!()*#( ()$+*)*1./0/ *) =TUVTW .*-E

.#3 # /+C#%(.)# 0* =*.%&$#+(-EX/-.(1C- $/%/ /- 03/- 0(-.%(73(8Q*- $%#$#-./-;

"/ YC3%/ <K; ? , $#--ZD*+ 5#)$/%/% /- $%()*(%/- 500 /)#-.%/- $/%/ /- 03/-

R318Q*- h; "# 5/-# 0/ 0(-.%(73(89# 31(R#%)*: / 5/0*(/ $#0* -*% 5#1-(0*%/0/

)/+ )(-.3%/0/ <[$##%+\ )('(1C[? <6F 3)/ C%/10* %*$*.(89# -*A3*15(/+ 0*

*+*)*1.#-?: *1A3/1.# 1# 5/-# 0/ 0(-.%(73(89# 56(EA3/0%/0# <5#) R#%)/ )/(-

-*)*+6/1.* / R3189# p?: , 5#1-(0*%/0/ 7*) )(-.3%/0/ <[]*++ )('(1C[?;

^(C3%/ K; J T)#-.%/- C*%/0/- 0* X #7.(0/- 3.(+(P/10#E-* </? h 31(R#%)* * <7?

h A3(EA3/0%/0#;

 !"#$%& '('(' <=>=>?( @3$#16/ A3* -* 0*-*B/ C*%/% /)#-.%/- 0* 3)/

D/%(FD*+ /+*/.&%(/ X 5#) / -*C3(1.* 0(-.%(73(89# 0* $%#7/7(+(0/0* _/))/ pJ
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p(x) =
1

x

(

1

δ2X

)
1

δ2
X 1

Γ(1/δ2X)

(

x

x

)
1

δ2
X

−1

exp

(

− x

δ2Xx

)

. "#$%&'

()*+,-+ ./+ "#$%&' 0 /12 34,12 256+,7268-2 9+ *+ +*:,+-+, 2 98*6,8)/8;<4

=2112> 479+ x 0 2 10982 9+ X> δX 4 :4+?:8+76+ 9+ -2,82;<4 "δX = σX/x' +

σX 4 9+*-84 @29,<4A

B414 98*6,8)/8;C+* @,4@4*62* @2,2 4 DBDB> 9/2* 3/7;C+*>h1 + h2> 9+

*/@4,6+ @4*868-4 (0,+∞) 34,21 27258*292*A E @,81+8,2> "#$% '> 6+1 /12 34,12

646251+76+ 983+,+76+ 92 98*6,8)/8;<4 9+ @,4)2)858929+ p> +7./2764 2 *+F/792>

"#$%%'> @4**/8 /12 34,12 *81852,A (* F,G?:4* 9+ p> h1 + h2 *<4 14*6,294* 72

?F/,2 "#A%'A

h1(u) = λ e−λ u
"#$% '

h2(u) =
α

β

(

u

β

)α−1

e−(u/β)
α

"#$%%'

H8F/,2 #A%I H/7;<4 9+7*8929+ 9+ @,4)2)858929+ p ":41 x = 3.0> δX = 0.25 +

σX = 0.75' + 2* 9/2* 98*6,8)/8;C+* @,4@4*62*I h1 ":41 λ = 0.08' + h2 ":41

α = 3.0 + β = 3.5'A

( 25F4,8614 9+ D+6,4@458*$J2*687F* 348 2@58:294 @2,2 F+,2, 214*6,2* 9+

X /*2794 :292 /12 92* 98*6,8)/8;C+* @,4@4*62*> h1 + h2> + /1 -254, 878:825

92 :29+82 9+ x(1) = x = 3.0A (* ,+*/56294* 4)6894* *<4 14*6,294* 72 ?F/,2

"#AK'A L2,2 2* 9/2* 3/7;C+* @,4@4*62*> 0 @4**M-+5 7462, ./+ 5×103 214*6,2* *<4

87*/?:8+76+* @2,2 ,+@,49/N8, pA L4,01> ./2794 +**+ 7O1+,4 :,+*:+ @2,2 5×104>
21)2* 2* 3/7;C+*> h1 + h2> 2@,+*+7621 )47* ,+*/56294*> +1)4,2 4 P8*64F,212

F+,294 :41 h2 *+ 2**+1+5P2 128* :41 2 3/7;<4 9+ 9+7*8929+ 9+ @,4)2)858929+

9+*+Q292 pA

B41 +*6+ +R+1@54> -+,8?:2$*+ ./+ 2 +*:45P2 9+ /12 98*6,8)/8;<4 @,4@4*62

9+ h ./+ 1+5P4, 2@,4R812 2 34,12 9+ p> ,+9/N 4 7O1+,4 9+ 214*6,2* 7+:+**G,82*

@2,2 4 DBDB 2@,+*+762, /1 )41 9+*+1@+7P4A S4 +762764> 0 81@4,6276+
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"#$%&' ()*+ ,&-./0 12 3&24%56/#' 12 7'8 5× 103 2 798 5× 104 ':0;<&'; 12 X)

60<'& 4%2 ;2 %: 6=:2&0 ;%./#26<2 12 ':0;<&'; > $2&'10? 2;;26/#'@:26<2

4%'@4%2& 1#;<&#9%#AB0 12 C&0C0;<' h C012 ;2& 2./'D)

E0:0 ' $':' 3%6AB0 126;#1'12 12 C&09'9#@#1'12 > :%#<0 %;%'@? :%#<0;

;03<F'&2; G- 12;26H0@H#10; #6/@%2: 2: ;%'; 9#9@#0<2/'; /0:'610; /'C'D2;

12 $2&'& ':0;<&'; ;2$%610 2;;' 1#;<&#9%#AB0) I0  !"#!$? 2;<' 3%6AB0 >

/J':'1' 12  !"#$%) E0:C'&'610 6' <'92@' 7()K8 '; 2;<#:'<#H'; 12 :>1#'

2 H'&#L6/#' 12 X /'@/%@'1'; ' C'&<#& 12 ':0;<&'; 10 MEME 2  !"#$%?

09;2&H':0; 4%2 ':90; 0; :><010; 'C&2;26<': &2;%@<'10; ;2:2@J'6<2;? :2;:0

4%'610 0 6=:2&0 12 ':0;<&'; > C24%260)

N'92@' ()K+ 2;<#:'<#H'; 12 :>1#' 2 H'&#L6/#' 12 X /'@/%@'1'; ' C'&<#& 1';

':0;<&'; $2&'1'; /0: MEME 2 /0: 0 /0:'610  !"#$% 10  !"#!$)

N
h1 h2  !"#!$

x± σX x± σX x± σX

103 ()O P( ± O)*OQ( ()OK K ± O)*  O ()OOPO ± O)* RP

104 K)!*QR ± O)* Q! K)!! * ± O)*R(! ()OOS* ± O)*RP*

105 K)!!P( ± O)*R R K)!!!P ± O)* K( ()OOOP ± O)*R! 

T #6U%56/#' 12 h1 2 h2 6' ;24%56/#' 12 ':0;<&'; 12 MEME C012 ;2&

09;2&H'10 6' .$%&' 7()P8) I0<2V;2 4%2 /0: h2? ' ;24%56/#' 12 H'@0&2; 12

x(i)
'C&2;26<' C0%/0; H'@0&2; &2C2<#10;? 30&:'610 E'12#' 12 M'&W0H 92:

:#;<%&'1') E0: h1? 0 0C0;<0 0/0&&2 7<2: :%#<0; C2&X010; 12 H'@0&2; &2C2<#10;8?

30&:'610 %:' E'12#' 12 M'&W0H :'% :#;<%&'1')

 !"

# $%&'()*+' ,- .-*('/'%)01230*)4&0 $/%)53,' 3 6-*'(-0 $%-3*7()'0

I2;<' ;2AB0 10 <&'9'@J0 > :0;<&'10 %:' 2Y<26;B0 10 '@$0&#<:0 12

M2<&0C0@#;VZ';<#6$; C'&' /';0; 2: 4%2 ;2 12;2G' $2&'& ':0;<&'; 12 H2<0&2;
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"#$%&' ()*+ ,&#-.#&'/ 500 '-0/1&'/ 2' /.3%456#' x(i)
071#2'/ 8.9' 2#/1&#7%#:;0

8&080/1' <'= h1 . <7= h2)

'9.'1>&#0/)

?- @.10& '9.'1>&#0 &.'9 2. 2#-.5/;0 n A 2.B5#20 60-0 %-' C%5:;0 &.'9D

{X}D 3%. '//06#' ' 6'2' 80510 '-0/1&' ED 8.&1.56.51. '0 ./8':0 2. '-0/1&'/

ΩD %- 80510 20 ./8':0 nF2#-.5/#05'9D {x(E)} ∈ R
n
GHIJ) ,02.F/. ./6&.@.&+

{X} : Ω 7−→ R
n

E 7−→ {x(E)} .
<(F I=

K -'8' &.8&./.51'20 .- <(F I= A ./3%.-'1#L'20 5' B$%&' <()M= 8'&' 0

6'/0 .- 3%. n = 3)

"#$%&' ()M+ N.10& '9.'1>&#0 <-'8' 2. Ω 8'&' R
3
=)

O//#-D %- @.10& '9.'1>&#0 {X} 60- 2#-.5/;0 n A %- @.10& C0&-'20 80&

n @'&#P@.#/ '9.'1>&#'/+
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{X} =















X1

"

"

"

Xn















. #$% &'

( )*+,-. /012304*0,-. /5 63.474080/7/5 711.907/7 7 *: ;52.3 78572<30.

{X} = 7 )*+,-.>

P : R
n 7−→ [0, 1]

{x} 7−→ P ({x})
#$% ?'

.+/5

P ({x}) = Pr(X1 ≤ x1, X2 ≤ x2, · · · , Xn ≤ xn). #$%@A'

( )*+,-. /5+10/7/5 /5 63.474080/7/5B pB /. ;52.3 78572<30. {X} =>

p({x}) = ∂n

∂X1 ∂X2 · · · ∂Xn

P ({x}), #$%@!'

9C7:7/. 27:4=: /5 /5+10/7/5 /5 63.474080/7/5 9.+D*+27 /71 ;730E;501 7857%

2<3071 X1, · · · , Xn"

F7/7 7:.1237 /5 {X} = *: ;52.3 /5 /0:5+1-. n>

{x}(i) =















x
(i)
1

"

"

"

x
(i)
n















#$%@G'

(110: 9.:. +. 971. /5 H537,-. /5 7:.12371 /5 ;730E;501 78572<3071B .

(8H.302:. /5 I523.6.801%J7120+H1 6737 H5373 7:.12371 /5 ;52.351 78572<30.1

471507%15 +. :51:. 9302=30. /5 35D50,-. .* 795027,-. /5 7:.12371 H537/71 6.3

*:7 /012304*0,-. /5 63.474080/7/5 63.6.127 h" K.3=:B 5117 /012304*0,-. 6./5

153>

L 9.+D*+27B /5 ).3:7 M*5B 7 97/7 02537,-. /. 78H.302:.B = H537/7 *: ;52.3

u(i)
/5 /0:5+1-. nN

L +-. 9.+D*+27" O5115 971.B n )*+,P51 hx1 , hx2 , · · · , hxn
 !" #$%&%'()( *#+(

,(-( .()( ."+,"/0/$0 )0 {X}12 3 .()( %$0-(4!"5 6 0 ."&7%)( #+(

."+,"/0/$0 j ,(-(  0- 80-()(  08#/)" hxj
2 3  %+5 " 90$"- {u}(u+1)

6

)()" ,"- *:;<:12 3 0 ."&7( )( ."+,"/0/$0 (  0- 80-()( ,")0  0- )0

="-+(  0>#0/.%(& "# (&0($?-%(2

{u}(i+1) = [u
(i)
1 u

(i)
2 · · · u(i+1)

j · · · u(i)
n ] *:;<:1
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 !"#$%& '()(* "#$#$ %&'()%*+ % ,-.+/-0 %'-%.1/(+02( 34&+56% 74- *-0-8%9

0- :-/%/ %;+0./%0 *+ ,-.+/ %'-%.1/(+ {X} = [X1 X2]
T
)+; % 0-:4(5.- <45=>+

*-50(*%*- *- &/+?%?('(*%*- )+5845.% @%400(%5% ;+0./%*% 5% A:4/% "BCDE2 )+;

;F*(% mX =

(

3

3

)

- ;%./(G *- )+,%/(H5)(% C =

(

1.0 0.1

0.1 1.0

)

I

p(x1, x2) =
1

√

(2π)n *-.[C]
exp

{

−1
2

〈

[C]−1(x − mX); (x − mX)
〉

R2

}

"B9JK2

L(:4/% BCDEI M-50(*%*- *- &/+?%?('(*%*- @%400(%5%C

$+;+ *(0./(?4(=N-0 *- &/+?%?('(*%*- &/+&+0.%0O *4%0 *(0./(?4(=N-0 "4;%

&%/% )+;&+5-5.- *- {X} 2 0>+ 4.('(G%*%0C P00(;I

h([u1 u2]) = h1(u1)× h2(u2) "B9JQ2

$%*% <45=>+O h1 - h2O -0.R *-A5(*% 5+ *+;S5(+ (−∞,∞)C 3>+ *%*%0 &+/I

h1(u1) = N (0, 1) =
e−u

2
1/2

√
2π

"B9J 2

h2(u2) =
0.1

2
e−0.1|u2|

"B9JJ2

T%/% :-/%/ %;+0./%0 u
(i)
2 0-:45*+ h2O 4; 5U;-/+ β(i)

F 0+/.-%*+ )+;

*(0./(?4(=>+ *- &/+?%?('(*%*- 45(<+/;- 45(.R/(% 5+ (5.-/,%'+ [0, 1] - <%G90-I

u
(i)
2 =











ln (2β(i))/0.1 0- β(i) < 0.5

0 0- β(i) = 0.5

ln (2− 2β(i))/0.1 0- β(i) > 0.5

"B9JV2

W %':+/(.;+ *- #-./+&+'(09X%0.(5:0 ;4'.(*(;-50(+5%' <+( (;&'-;-5.%*+

-; #PYZP[ %./%,F0 *% /+.(5%  ! !"#$%&'()$*%&'+&C P L(:4/% "BCDD2

;+0./% +0 6(0.+:/%;%0 +?.(*+0 )+; *+(0 5U;-/+ *- %;+0./%0C \ &+00S,-' 5+.%/

74- 104 %;+0./%0 5>+ 0>+ (504A)(-5.-0 &%/% )+50./4(/ 4; 6(0.+:/%;% 0(;('%/
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" #$%&'#(#$ p) *+ $%,(%,+- ./(%#+ $&,$ %01$2+ 32$&3$ 4(2( 106- + 5'&,+62(1(

,+2%(7&$ 2$42$&$%,(,'8+) 9+1+ %+ $:$14;+ (%,$2'+2- + 1<,+#+ =9=9 >+'

3+14(2(#+ 3+1 ( >/%?@+ #+  !"#!$  !"#"$ 3(4(A #$ 6$2(2 (1+&,2(& #$

/1 8$,+2 B(/&&'(%+) C&,'1(,'8(& #+ 8$,+2 #$ 1<#'(& $ 1(,2'A #$ 3+8(2'D%3'(

4(2( #'>$2$%,$& %01$2+& #$ (1+&,2(& &@+ (42$&$%,(#+& %( ,(E$;( F!)!G) *(&

&'1/;(?H$&- 3+%&'#$2+/7&$ ( 1<#'( mX =

(

3

3

)

$ ( 1(,2'A #$ 3+8(2'D%3'(

C =

(

1.0 0.1

0.1 1.0

)

)

I(E$;( !)!J C&,'1(,'8(& #$ mX $ C)

N
=9=9  !"#!$

mX C mX C

105
(

3.0017
2.9916

) (

1.0022 0.0961
0.0961 1.0175

) (

3.0019
3.0054

) (

1.0054 0.1043
0.1043 0.9946

)

106
(

2.9985
3.0030

) (

0.9977 0.1019
0.1019 1.0027

) (

3.0004
2.9995

) (

1.0002 0.1003
0.1003 1.0015

)
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