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2-%( +# ),3#-+%+# !(4#,"*! % (1 5*-.%1#6"* $%-%$"#-,7%+* $*1* (1 &-*$#!!*

#!"*$8!",$* F (t)9 $*1* 1*!"-% % :2(-% ;<=>?= @ &%-A1#"-* t -#&-#!#6"% * "#1&*=

B*6!,+#-%C!# * !,!"#1% &*!!(, &-*&-,#+%+#! +#"#-1,6'!",$%!9 !#6+* $*1&*!"*

&*- (1% 1%!!% m9 (1% 1*)% $*1 $*6!"%6"# +# -,2,+#7 k # (1 %1*-"#$#+*-

$*1 $*6!"%6"# +# %1*-"#$,1#6"* c=

D,2(-% <=>E F,!"#1% 1%!!%C1*)%C%1*-"#$#+*- !(31#",+* % (1% 5*-.% #!"*$8!C

",$% F (t)=

B*6G#$#6+*C!# % 10+,% #1 5(6./* +* "#1&* +* 5*-.%1#6"* ;µF (t)?9 %

H%-,A6$,% ;σ2
F (t)) # % %("*$*--#)%./* ;RF (t)?9 +#!#4%C!# +#"#-1,6%- %! $%-%$C

"#-'!",$%! #!"%"'!",$%! +* &-*$#!!* #!"*$8!",$* I(# $%-%$"#-,7% % -#!&*!"% +*

!,!"#1% X(t)=

@ &*6"* +# &%-",+% +* #!"(+* 0 % #I(%./* ;<C>?9 I(# &#-1,"# $%)$()%-

&%-% $%+% -#%),7%./* +* 5*-.%1#6"* F (t) ;-#&-#!#6"%+* &#)% )#"-% 1,6(!$()% f?

% -#!&*!"% +#"#-1,6'!",$% +* !,!"#1%9 *( !#4% x JKLM=

x(t) =

∫ ∞

−∞

f(t− θ)g(θ)dθ t ≥ 0 ;<C>?

*6+# f(t− θ) = 0 &%-% θ > t9 # % 5(6./* g -#&-#!#6"% % -#!&*!"% +* !,!"#1% %*

,1&()!* (6,"8-,* ;<CNO? $*1 $*6+,.P#! ,6,$,%,! +# +#!)*$%1#6"* # H#)*$,+%+#

6()%!= F(&P#C!# I(# f(t) = 0 &%-% t < 0=

g(t) =
1

mωd

e−ζωnt sinωd t ;<CK?
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!"#" $ %&%'()" )(*+,&*$ *$,%&-(#"-$. ωn #(/#(%(,'" 0#(123,*&" ,"'2#"4

-( 5&6#"78$ 9:;<=. cc $ *$(>*&(,'( -( ")$#'(*&)(,'$ *#?'&*$ 9:;:=. ζ $ 0"'$# -(

")$#'(*&)(,'$ 9:;@= ( wd " 0#(123,*&" ,"'2#"4 ")$#'(*&-" 9:; =A

ωn =

√

k

m
9:;<=

cc = 2 m ωn 9:;:=

ζ =
c

cc
9:;@=

ωd = ωn

√

1− ζ2 9:; =

!"#" '#"6"4B"#;%( *$) 5&6#"7C(% (%'$*D%'&*"%. E &,-&%/(,%D5(4 (%'2-"#;%(

/#(5&")(,'(F

G /#$*(%%$% (%'$*D%'&*$% -(>,&-$% ,$ -$)?,&$ -" 0#(123,*&"H (

G 02,78$ -( #(%/$%'" -$ %&%'()" )(*+,&*$ "$ &)/24%$ 2,&'D#&$. ,$ -$)?,&$

-" 0#(123,*&". h . *B")"-" '")6E) -( 02,78$ #(%/$%'" () 0#(123,*&"A

!$# &%%$. "% /#IJ&)"% -2"% %(7C(% -(%'( *"/?'24$ %8$ -(-&*"-"% " (%%(%

-$&% '()"%A K$)(,'( ,"% %(7C(% /$%'(#&$#(%. $ "%%2,'$ -( 5&6#"7C(% (%'$*D%'&;

*"% 5$4'" " %(# '#"'"-$A L$&% '&/$% -( 0$#7")(,'$ %8$ ","4&%"-$%F 12",-$ F (t)

E *"#"*'(#&M"-$ /$# 2) /#$*(%%$ (%'$*D%'&*$ (%'"*&$,D#&$ ( 12",-$ E *"#"*'(#&;

M"-$ /$# 2) #2?-$ 6#",*$A

 !"

#$%&'((%( )(*%&+(*,&%( -% .%/0-,% 12 3$'456-&,2

N 2%2"4 #(/#(%(,'"#;%( /#$*(%%$% (%'$*D%'&*$% (%'"*&$,D#&$% ,$ -$)?,&$

-" 0#(123,*&" "$ &,5E% -( ,$ -$)?,&$ -$ '()/$ OPPQA !$# &%%$. " R#",%0$#)"-"

-( S$2#&(# 9*"/"M -( '#",%0$#)"# 2)" 02,78$ ,$ -$)?,&$ -$ '()/$ /"#" $

-$)?,&$ -" 0#(123,*&"= '$#,";%( 2)" /$-(#$%" 0(##")(,'" -( '#"6"4B$A

T" /#&)(&#" /"#'( -(%'" %(78$. %8$ )$%'#"-"% "% -(>,&7C(% 6D%&*"% -"

R#",%0$#)"-" -( S$2#&(#A !$%'(#&$#)(,'(. " '#",%0$#)"-" E "/4&*"-" " 02,78$

-( "2'$*$##(4"78$ -( 2) /#$*(%%$ (%'$*D%'&*$ (%'"*&$,D#&$ ,$ %(,'&-$ ")/4$.

#(%24'",-$ ," 02,78$ -(,%&-"-( (%/(*'#"4A

 !"!7

8 9$2-(:%$/212 1' 3%5$,'$

U R#",%0$#)"-" -( S$2#&(# $#&V&,$2;%( " /"#'&# -"% %E#&(% -( S$2#&(#. ()

12( 2)" 02,78$ /(#&I-&*" q 9*$) /(#?$-$ T = /$-( %(# #(/#(%(,'"-" "'#"5E% -(

2) %$)"'I#&$ -( %(,$% ( *$%%(,$%. -( "*$#-$ *$) 9:;W=F
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q(t) = a0 +
∞
∑

n=1

an cos
2nπ

T
t+

∞
∑

n=1

bn sin
2nπ

T
t. "#$!%

& '()*'+),-) a0 .)/.)0),-1 ( 213(. 456+( 6) q 1( 3(,7( 6) 84 /).9(6(

"−T/2 1 T/2% ): (0 '()*'+),-)0 an ) bn .)/.)0),-14 1 14/3+-86) 6(0 -).4(0

0),( ) '(00),(; <3)0 0=( '13'8316(0 /(. "#$>% /1.1 n = 1, 2, · · · ?

a0 =
1

T

∫ T/2

−T/2

q(t) dt "#$@%

an =
2

T

∫ T/2

−T/2

q(t) cos

(

2nπ

T
t

)

dt

bn =
2

T

∫ T/2

−T/2

q(t) sin

(

2nπ

T
t

)

dt. "#$>%

A 05.+) 6) B(8.+). -14C54 /(6) 0). )0'.+-1 ,1 D(.41 6) 841 )E/(,),'+13

'(4/3)E1?

q(t) =
1

T

∞
∑

n=−∞

cn exp

(

i2nπ

T
t

)

"#$FG%

'(4 ( '()*'+),-) cn 6)*,+6( )4 "#$FF% /1.1 n = · · · ,−2,−1, 0, 1, 2, · · · ?

cn =
1

T

∫ T/2

−T/2

q(t) exp

(

−
i2nπ

T
t

)

dt. "#$FF%

&0 '()*'+),-)0 an: bn ) cn 0=( .)31'+(,16(0 /(.?

an = cn + c−n /1.1 n = 0, 1, 2, · · ·

bn = i(cn − c−n) /1.1 n = 1, 2, · · ·
"#$FH%

)

cn =











1

2
(an − ibn) , n > 0

1

2
a0 , n = 0

1

2
(a−n + ib−n) , n < 0

. "#$FI%

B1J),6( 1378410 41,+/831KL)0 41-)4M-+'10 ) '(,0+6).1,6( ( '10( )4

N8) ( /).9(6( T 0) 1/.(E+41 6( +,*,+-(: /(6)$0) 6)*,+. 1-.1250 61 05.+) 6)

B(8.+). 84 /1. 6) D8,KL)0 N8) '1.1'-).+J14 1 O.1,0D(.4161 6) B(8.+). "#$

F#% ) "#$FP%; B1J),6( 1 O.1,0D(.4161 6) B(8.+). 6) 841 D8,K=( q 6)*,+61 ,(

6(49,+( 6( -)4/(: (C-54$0) 1 D8,K=( q 6)*,+61 ,( 6(49,+( 61 D.)N8Q,'+1;

B1J),6($0) 1 O.1,0D(.4161 R,2).01 6) B(8.+). 6) 841 D8,K=( q 6)*,+61 ,(

6(49,+( 61 D.)N8Q,'+1: (C-54$0) 1 D8,K=( q 6)*,+61 ,( 6(49,+( 6( -)4/(;

q(ω) =
1

2π

∫ ∞

−∞

q(t) exp (−iωt) dt "#$F#%
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q(t) =

∫ ∞

−∞

q(ω) exp (iωt) dω "#$%&'

() *+,-)*. ./0-*123. 4 5363..78/9 6*+6-+*8$.3 * :8*5.;98)*<* <3 =9-8/38

<* <38/>*<* <3 -)* ;-51?9 59 03)@9 "@98 3A3)@+9 B-*5<9 <3.3C*$.3 3.683>38

* 3B-*1?9 -)* 3B-*1?9 </;38356/*+ 59 <9)D5/9 <* ;83B-E56/*'F :9)*5<9$.3

dq / dt 3 *@+/6*5<9 * <3G5/1?9 "#$%#'H 03)$.3 B-3 IJKLM

F

{

dq

dt

}

=
1

2π

∫ ∞

−∞

dq

dt
exp (−iωt) dt. "#$% '

N503,8*5<9 @98 @*803.M

F

{

dq

dt

}

=
1

2π
exp (−iωt)q(t)

∣

∣

∣

∣

∞

−∞

+
1

2π
(iω)

∫ ∞

−∞

q(t) exp (−iωt) dt. "#$%O'

P..-)/5<9 B-3 q 4 -)* ;-51?9 /503,87>3+H >*+387 Q389 3) −∞ 3 3) ∞F

R3..* ;98)*M

F

{

dq

dt

}

=
1

2π
(iω)

∫ ∞

−∞

q(t) exp (−iωt) dt

= (iω) F {q(t)} .

"#$%!'

=*Q35<9 -)* @8963</)3509 .3)3+S*503 @*8* d2q / dt2H @9<3$.3 <3038)/$

5*8M

F

{

d2q

dt2

}

=
1

2π
(−ω2)

∫ ∞

−∞

q(t) exp (−iωt) dt

= (−ω2) F {q(t)} .

"#$%T'

 !"#$%& '()(* ":8*5.;98)*<* <3 =9-8/38'( P :8*5.;98)*<* <3 =9-8/38 <*

;-51?9M

q(t) = 2πe−α|t| "#$JK'

4 <3038)/5*<* @98 "#$%#' 69)9M

q(ω) =
1

2π

∫ ∞

−∞

2πe−α|t| exp (−iωt) dt =
2α

α2 + ω2
. "#$J%'

 !"#$%& '()() ":8*5.;98)*<* <3 =9-8/38'( P@+/6*5<9$.3 * :8*5.;98)*<* <3

=9-8/38 U ;-51?9 q(t) = 1H 9V04)$.3 * ;-51?9 <3+0* <3 </8*60 δ(ω)F :3)$.3

*../) 9 .3,-/503 @*8 <3 ;-5123.M

δ(ω) =
1

2π

∫ ∞

−∞

1 exp (−iωt) dt "#$JJ'
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1 =

∫ ∞

−∞

δ(ω) exp (iωt) dω "#$%&'

 !"#$%& '()(* "()*+,-.)/*0* 01 2.3)41)'( 56748*+0.$,1 * ()*+,-.)/*0* 01

2.3)41) 9 -3+:;. 017<* 01 04)*8< q(t) = δ(t)= .><?/$,1 . @*7.) 1/2πA (1/$,1

*,,4/ . ,1B34+<1 6*) 01 -3+:C1,D

1

2π
=

1

2π

∫ ∞

−∞

δ(t) exp (−iωt) dt "#$%#'

δ(t) =

∫ ∞

−∞

1

2π
exp (iωt) dω "#$%E'

 !"!"

#$%&'( )*%+,-.-* /+0*123.4

5 23+:;. F1+,40*01 G,618<)*7 "SX' 01,8)1@1 8./. * 6.<H+84* 01 3/

6).81,,. 1,<.8I,<48. X(t) ,1 04,<)4>34 1/ -3+:;. 0* -)1J3H+84*A F1,,* -.)/*=

<.)+*$,1 3/* 4/6.)<*+<1 -1))*/1+<* 6*)* *+*74,*) 6).81,,., 1,<.8I,<48., 1,<*$

84.+I)4., K%&L KMLA

N1+0. X(t) 3/ 6).81,,. 1,<.8I,<48. 1,<*84.+I)4. +. ,1+<40. */67.= 6.01$

,1 *O)/*) J31 <*+<. * /?04* J3*+<. * @*)4P+84* 01 X(t) ,;. 3/* 8.+,<*+<1, "#$

% 'A 57?/ 04,,.= * -3+:;. 01 *3<.8.))17*:;. RXX 0161+01 *61+*, 0* 04-1)1+:*

1+<)1 0.4, @*7.)1, 01 6*)P/1<). t= .3 ,1Q* 0161+01 *61+*, 01 τ = t2− t1= 8./.

4+048*0. 1/ "#$%R'A

µX(t) = µX

σ2
X(t) = σ2

X

"#$% '

RXX(t1, t2) = RXX(t, t+ τ) = E[X(t)X(t+ τ)] = RX(τ) "#$%R'

5 *3<.8.@*)4P+84* 1 . 8.1O841+<1 01 *3<.8.))17*:;. <*/>?/ 0161+01/

*61+*, τ = t2 − t1D

σXX(τ) = RX(τ)− µ2

X "#$%M'

ρXX(τ) =
σXX(τ)

σ2
X

. "#$%!'

5,,4/D

RX(τ) = σXX(τ) + µ2

X = ρXX(τ)σ
2

X + µ2

X . "#$&S'

T./. . @*7.) 0. 8.1O841+<1 01 *3<.8.))17*:;. 1,<I ,1/6)1 1+<)1 +1 1

−1= .3 ,1Q*= |ρXX(τ)| ≤ 1= <1/$,1 J31D

−σ2

X + µ2

X ≤ RX(τ) ≤ σ2

X + µ2

X . "#$&U'
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"#$%&'()*+ ,-% %. τ = 0/ RX(0) = σ2
X + µ2

X / 0+*%1$% (2&.(&3

|RX(τ)| ≤ RX(0). 451678

90:;<()*+ ( =&()$>+&.(*( *% ?+-&;%& @ >-)AB+ *% (-C+<+&&%:(AB+ *%

-. 0&+<%$$+ %$C+<D$C;<+ %$C(<;+)D&;+ )+ $%)C;*+ (.0:+/ +#CE.1$% ( >-)AB+

*%)$;*(*% %$0%<C&(:/ SX / *%2);*( )+ *+.F);+ *( >&%,-G)<;(H 90:;<()*+ (

=&()$>+&.(*( I)'%&$( ?+-&;%& @ SX / +#CE.1$% ( >-)AB+ *% (-C+<+&&%:(AB+ RX H

9$$;./ 0+*%1$% *%2);& + 0(& *% >-)AJ%$ 451668 % 4516583

SX(ω) =
1

2π

∫ ∞

−∞

RX(τ) e
−iωτ dτ 451668

RX(τ) =

∫ ∞

−∞

SX(ω) e
+iωτ dω. 451658

K ;.0+&C()C% &%$$(:C(& ,-% ( %L;$CG)<;( *% 451668 % 451658 *%0%)*% *(

;)C%M&(#;:;*(*% *( >-)AB+ *% (-C+<+&&%:(AB+ 4

∫∞

−∞
|RX(τ) dτ | < ∞8H

N+&E./ )( .(;+&;( *+$ 0&+<%$$+$ %$C+<D$C;<+$ %$C(<;+)D&;+$ )+ $%)C;*+

(.0:+ *% ;)C%&%$$% %. ';#&(AJ%$ %$C+<D$C;<($/ + <+%2<;%)C% *% (-C+<+&&%:(AB+

C%)*% ( O%&+ 0(&( M&()*%$ '(:+&%$ *% τ H "- $%P(/ X(t) % X(t + τ) $% C+&)(.

*%$<+&&%:(<;+)(*+$ ,-()*+ τ E M&()*%H " :;.;C% *% RX ,-()*+ τ → ∞ E %)CB+

+ ,-(*&(*+ *( .E*;( *+ 0&+<%$$+ %$C+<D$C;<+3

lim
τ→∞

RX(τ) = µ2

X . 4516Q8

R%$$( >+&.(/ $+.%)C% C%.1$%

∫∞

−∞
|RX(τ) dτ | < ∞ ,-()*+ ( .E*;( *+

0&+<%$$+ '(:%& O%&+H

S($+ *%$%P%1$% ()(:;$(& + %$0%<C&+ *% -. 0&+<%$$+ %$C(<;+)D&;+ )+ $%)C;*+

(.0:+ Y (t) <+. .E*;( µY 6= 0/ Y (t) *%'% $%& C&()$>+&.(*+ %. -. 0&+<%$$+

%$C+<D$C;<+ X(t) *% .E*;( )-:(H N(&( ;$$+/ #($C( $-#C&(;& µY *% <(*( -.( *($

&%(:;O(AJ%$ *+ 0&+<%$$+ Y (t) %/ <+)$%,-%)C%.%)C% + )+'+ 0&+<%$$+ X(t) 0+*%&D

$%& $-#.%C;*+ ( =&()$>+&.(*( *% ?+-&;%&H

 !"#$%& '()(' 4N&+<%$$+ %$C+<D$C;<+ %$C(<;+)D&;+ *% .E*;( )B+ )-:(8( S+)1

$;*%&% -. 0&+<%$$+ %$C+<D$C;<+ %$C(<;+)D&;+ )+ $%)C;*+ (.0:+ Y (t) <+. .E*;(

µY 6= 0H R%2)( -. 0&+<%$$+ X(t) = Y (t) − µY / C(: ,-% ( .E*;( *% X(t) $%P(

)-:(H S+.0(&% ($ >-)AJ%$ *%)$;*(*% %$0%<C&(: *% X(t) % Y (t)H

9 >-)AB+ *% (-C+<+&&%:(AB+ *+ 0&+<%$$+ Y (t) E $%M-)*+ 4517 83

RY (τ) = E[Y (t) Y (t+ τ)]

= E[{X(t) + µY } {X(t+ τ) + µY }]

= E[X(t) X(t+ τ)] + µYE[X(t)] + µYE[X(t+ τ)] + µ2
Y

= RX(τ) + µ2
Y .

4516T8
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"##$%& ' ()*#$('() )#+),-.'/ () Y (t) 01

SY (ω) =
1

2π

∫ ∞

−∞

RY (τ) e
−iωτ dτ

=
1

2π

∫ ∞

−∞

{

RX(τ) + µ2

Y

}

e−iωτ dτ

= SX(ω) +
1

2π

∫ ∞

−∞

µ2

Y e−iωτ dτ.

2345 6

7) ',8.(8 ,8% 8 +'. () 9:*;<)# (' =.'*#98.%'(' () >8:.$). (8 )?)%+/8

3@A@A& ' )?+.)##B8 2345 6 +8() #). )#,.$-' ,8%81

SY (ω) = SX(ω) + µ2

Y δ(ω). 2345C6

" 9:*;B8 ()*#$('() )#+),-.'/ '##:%) D'/8.)# .)'$# *B8 *)E'-$D8# +'.'

-8(8 ω& 0 #$%0-.$,' ) #)*(8 $*-)E.'(' () %)*8# $*F*$-8 ' %'$# $*F*$-8 '+.)#)*-'

G.)' $E:'/ H D'.$I*,$' (8 +.8,)##8 )#-8,G#-$,8 () %0($' *:/'@

"J'$?8 #)E:) :%' )?+/$,';B8 %'$# ()-'/K'(' ()##'# +.8+.$)('()# LCM1

N  !"#$%!&1

" 9:*;B8 () ':-8,8..)/';B8 0 :%' 9:*;B8 .)'/ +'.& RX(τ) = RX(−τ)@

"##$% ' =.'*#98.%'(' () >8:.$). () RX -'%J0% ()D) #). :%' 9:*;B8

.)'/ +'.& 8: #)O'1

SX(ω) = SX(−ω) 2345P6

Q##' #$%)-.$' +8() #). :-$/$R'(' +'.' #$%+/$F,'. 8 ,G/,:/8 SX @ S8$#& 8 +'.

() -.'*#98.%'('# () >8:.$). ('(8 +8. 234556 ) 234536 +8() #). #:J#-$-:T(8

+8.1

SX(ω) =
1

π

∫ ∞

0

RX(τ) cos (ωτ) dτ 2343U6

RX(τ) = 2

∫ ∞

0

SX(ω) cos (ωτ) dω. 2343!6

N '&%!()*!&1

" $*-)E.'/ (' 9:*;B8 () ()*#$('() )#+),-.'/ () %)*8# $*F*$-8 ' %'$#

$*F*$-8 0 $E:'/ H D'.$I*,$' (8 +.8,)##8 )#-8,G#-$,8 () %0($' *:/'@ Q##'

+.8+.$)('() +8() #). D).$F,'(' 9'R)*(84#) τ = 0 *' )V:';B8 2345361

RX(0) = E[X2(t)] = σX
2 =

∫ ∞

−∞

SX(ω)e
0 dω =

∫ ∞

−∞

SX(ω) dω. 2343A6

W:'*(8 -.'J'/K'4#) ,8% ' ' 9:*;B8 () ()*#$('() )#+),-.'/& 0 %:$-8

,8%:%1
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"# $%&'$()*+ ,&-& ./0%$%+ %+ 1(+2.3/,0$ 4+('5 $& 0/67* %+ ($%0$/&* 8&(

*+9./%&: &. *+;$: 1$5)*+< f = ω/2π# =+**+ ,$*&: 8$($ -$/'+( $ >(+$ *&?

$ ,.(6$ %+ SX 09.$@ $ 6$(0A/,0$ %& 8(&,+**& +*'&,>*'0,& BC)C!D: $ 1./EF&

%+ %+/*0%$%+ +*8+,'($@ %+6+ *+( -.@'08@0,$%$ 8&( 2π#

SX(ω) = 2π SX(f) BC)CGD

!# %+*,$('$(+-)*+ $* 1(+2.3/,0$* /+9$'06$*: &. *+;$: ,&/*0%+($)*+ ω ∈ (0,∞)#

=+**+ ,$*&: $ 1./EF& %+ %+/*0%$%+ +*8+,'($@ %+6+ *+( -.@'08@0,$%$ 8&( 2:

8$($ -$/'+( $ >(+$ *&? $ ,.(6$ %+ SX 09.$@ $ 6$(0A/,0$ %& 8(&,+**&

+*'&,>*'0,&#

RX(0) =

∫ ∞

−∞

SX(ω) dω = 2

∫ ∞

0

SX(ω) dω BC)CCD

H 0/%0,$EF& WX 7 .'0@05$%$ 8$($ (+8(+*+/'$( $ %+/*0%$%+ +*8+,'($@

2.$/%& ,&/*0%+($)*+ ω ∈ (0,∞)<

WX(ω) =

{

2 SX(ω) , ω ≥ 0

0 , ω < 0
. BC)CID

=$ J9.($ BC#!D *F& -&*'($%$* 2.$'(& (+8(+*+/'$EK+* %$ 1./EF& %+ %+/*0)

%$%+ +*8+,'($@ /& %&-L/0& %$ 1(+2.3/,0$ +- rad/s + +- Hz#

M09.($ C#!< N+8(+*+/'$EK+* %$ 1./EF& %+/*0%$%+ +*8+,'($@#
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 !"!#

$%&'( )*+,-(

" #$%&' (#)*+' , $- .#'+/00' /01'+2013+' 3&/)435)&'6 .#/0/*1/ /- -$31'0

/01$&'0 / )*2430/0 1/7#3+)0 &/ 83(#)9:/0 /01'+2013+)0 ;<=> ?4/ , &/@*3&' .'# $-)

A$*9B' &/ &/*03&)&/ /0./+1#)4 +'*01)*1/ .)#) 1'&)0 )0 A#/C$D*+3)0 &/ −∞ )1,

+∞>

SX(ω) = S0 −∞ < ω < +∞ EFGFHI

" /0./+1#' &/ $- #$%&' (#)*+' S0 , /0C$/-)135)&' *) @J$#) EF>!I>

K3J$#) F>!L M/.#/0/*1)9B' E)I &' /0./+1#' &/ $- #$%&' (#)*+' SX(ω) = S0 /

E(I &/ $-) #/)435)9B' &' .#'+/00' /01'+2013+' X(t) )' 4'*J' &' 1/-.'>

N.43+)*&' ) O*8/#0) &) P#)*0A'#-)&) &/ K'$#3/# EFG!FI Q A$*9B' &/*03G

&)&/ /0./+1#)4 &/ $- #$%&' (#)*+'6 '(1,-G0/ ) A$*9B' &/ )$1'+'##/4)9B'L

RX(τ) =

∫ ∞

−∞

S0 e
+iωτ dω = 2π S0 δ(τ). EFGF I

'*&/ δ(τ) , ) A$*9B' &/41) &/ &3#)+>

" #$%&' (#)*+' .'00$3 8)#3R*+3) 3*@*31)> S/00) A'#-)6 .)#) .'&/# J/G

#)# #/)435)9:/0 &' #$%&' / $134352G4)0 /- 03-$4)9:/0 *$-,#3+)06 , */+/002#3'

1#)*0A'#-2G4' /- $- .#'+/00' &/ 8)#3R*+3) @*31)> T'01$-)G0/ 1#)()4U)# +'-

) &/@*39B'L

SX(ω) =































S0 , |ω| < ωc

S0/2 , |ω| = ωc

0 , |ω| > ωc.

EFGF<I

" 3*1/#8)4' &/ A#/C$D*+3)0 /- C$/ ) A$*9B' &/*03&)&/ /0./+1#)4 8)4/ S0 ,

43-31)&'6 '$ 0/V)6 , +'-' 0/ ' #$%&' (#)*+' A'00/ 0$(-/13&' ) $- @41#' .)00)

()3W) +'- A#/C$D*+3) &/ +'#1/ ωc> " .#'+/00' /01'+2013+' #/0$41)*1/ .'00$3
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"#$%&' ()$*+(,() )*-)./0,1 #$+"'02) -,0, /'(,* ,* "0)3#4$.+,* ,5,+6' () ωc

.'2' 2'*/0, , 78#0, 9!:!;:

<+8#0, !:!= >)-0)*)$/,%&' (' )*-)./0' () #2 0#?(' 50,$.' SX(ω) = S0

*#52)/+(' @ #2 71/0' -,**, 5,+6, .'2 "0)3#4$.+, () .'0/) ωc:

A "#$%&' () ,#/'.'00)1,%&' .'00)*-'$()$/) , 9!B!C; D,1)=

RX(τ) =

∫ ∞

−∞

S0 e
+iωτ dω = 2

∫ ωc

0

cos (ωτ) dω. 9!B!E;

>)*'1D)$(' , +$/)80,1=

RX(τ) =















σ2

X , τ = 0

2
S0

τ
sin (ωcτ) , τ 6= 0.

9!BFG;

H'2' , I0), *'5 , .#0D, (, "#$%&' ()$*+(,() )*-)./0,1 J +8#,1 , D,0+K$.+,

(' -0'.)**' )*/'.I*/+.' 9!B!L;M /)2B*) 3#)=

σ2

X = 2ωc S0. 9!BFN;

A**+2M , "#$%&' () ,#/'.'00)1,%&' (' 0#?(' 50,$.' D,1)=

RX(τ) =



















σ2

X , τ = 0

σ2

X

sin (ωcτ)

ωcτ
, τ 6= 0.

9!BFL;

 !"#$%& '()(* 9>#?(' 50,$.';( A *+2#1,%&' () -0'.)**' )*/'.I*/+.' X(t)

.,0,./)0+O,(' -'0 #2 0#?(' 50,$.'M .'2 ()$*+(,() )*-)./0,1 (,(, -'0 9!B!C;

-'() *)0 ")+/, ,/0,DJ* () 0),1+O,%P)* () X(t): Q/+1+O,2B*)M -'0 )6)2-1'M ,*

"#$%P)* ()$*+(,() () -0'5,5+1+(,() $'02,1 '# #$+"'02):

R2 .,(, +$*/,$/) () #2, 0),1+O,%&'M ' -0'.)**' X(t) ,**#2) D,1'0 +8#,1

, #2, ,2'*/0, (, "#$%&' ()$*+(,() () -0'5,5+1+(,() )*.'1S+(,: T)D+(' ,
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"#$%&'(# )*+!,-. / $0"01123&# 4535$6&3 780 5 953&:$"&5 %0115 %0$1&%5%0 %0

;3#<5<&=&%5%0 10>5 &485= 5 2ωc S0?

@#A# $51 ;3BC&A51 10'D01 %# 635<5=E# # 38F%# <35$"# / 86&=&G5%# ;535

"535"603&G53 # ;3#"011# 016#"216&"# %5 H#3'5 F (t) 780 5685 1#<30 # 1&160A5

A5115+A#=5+5A#360"0%#3. H#& %010$9#=9&%# 8A ;3#435A5 0A IJKLJM "5;5G

%0 40353 305=&G5'D01 %0110 ;3#"011# 016#"216&"# ) !"#$%"&'()$%*"#+,%-?

N110 4035%#3 H#3$0"0 %851 #;'D01 ;535 5 01"#=E5 %5 H8$'(# %0$1&%5%0 %0

;3#<5<&=&%5%0 86&=&G5%5 ;535 40353 51 305=&G5'D01 %0 X(t)O $#3A5= )"#A A/%&5

$8=5 0 953&:$"&5 &485= 5 2ωc S0- 0 8$&H#3A0 $# &$60395=# P5.<Q? R1 95=#301 %0 a

0 b 016(# 30=5"&#$5%#1 5# 95=#3 S0 %0S$&%# ;535 # 38F%# <35$"#?

T5<0+10 780 5 953&:$"&5 %5 %0$1&%5%0 %0 ;3#<5<&=&%5%0 8$&H#3A0 0A [a, b]

/ &485= 5 1/12 (b− a)2? J11&A. ;535 40353 305=&G5'D01 %0 8A 38F%# <35$"# S0

56359/1 %0 8A %&163&<8&'(# 8$&H#3A0 0A [a, b]. %090+10 603 780O

σ2

X =
1

12
(b− a)2 = 2ωc S0 )*+!U-

V&C5$%# a = 0. # 95=#3 %0 b %090 103O

b =
√

12(2ωcS0) )*+!*-

W5 S4835 )*?X- A#1635+10 %851 305=&G5'D01 %0 %#&1 38F%#1 <35$"#1 "#A

S0 = 1 0 H3078Y$"&5 %0 "#360 10π P35%Z1Q? [A %0=01 H#& 1&A8=5%# 5 ;536&3 %0

8A5 %0$1&%5%0 %0 ;3#<5<&=&%5%0 8$&H#3A0 0A [0,
√

12(2ωcS0)]? R #863# H#&

1&A8=5%# 5 ;536&3 %5 %&163&<8&'(# $#3A5= )A/%&5 $8=5 0 953&:$"&5 2ωc S0-?

\03&S"5+10 780 5;0153 %#1 %#&1 ;3#"011#1 6030A %0$1&%5%0 01;0"635= "#$1+

65$60 &485= 5 S0 = 1. 51 1851 305=&G5'D01 5# =#$4# %# 60A;# 1(# "#A;=065A0$60

%&H030$601?

 !"! 

#$%&'(%&)( *( +,-./0 12-$&*(*2 #$324%5(6

J ;536&3 %0 305=&G5'D01 %0 8A ;3#"011# 016#"216&"# X(t) / ;#11F90=

016&A53+10 5 185 H8$'(# %0$1&%5%0 01;0"635=? ]535 &11#. ;5360+10 %5 %0S$&'(#

%5 K35$1H#3A5%5 %0 V#83&03 ;535 8A ;3#"011# 016#"216&"# X(t). 30;3010$65%#

;#3 X (ω)O

X (ω) =
1

2π

∫ ∞

−∞

X(t)e−iωt dt. )*+!!-

]#3/A. 10 X(t) H#3 0165"&#$23&#.

∫ ∞

−∞

|X(t)| dt / &$%0S$&%# 0 511&A. 5

K35$1H#3A5%5 %0 V#83&03 X (ω) $(# 0C&160? W0110 "51#. 8A5 #;'(# / 86&=&G53 5

%0S$&'(# K35$1H#3A5%5 %0 V#83&03 638$"5%5O

X (ω, T ) =
1

2π

∫ T/2

−T/2

X(t)e−iωt dt. )*+!X-
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"#$%&' ()*+ ,-'.#/'012 '2 .23$2 42 5-672 4- %6 &%842 9&'3:2 ;#6%.'42 ' 7'&5#&

4' <%3012 4-3;#4'4- 4- 7&29'9#.#4'4-+ ='> %3#<2&6- =9> 32&6'.)

?'.:%.'342@;- ' A'&#B3:#' 4- X (ω, T ) 7'&' 42#; A'.2&-; 4- ω1 - ω2C 5-6@;-+

E[X (ω1, T )X (ω2, T )] =
1

(2π)2

∫ T/2

−T/2

∫ T/2

−T/2

RX(t2 − t1)

. exp [−i(ω1t1 − ω2t2)] dt1 dt2

=(@* >

234- X (ω, T ) &-7&-;-35' 2 :267.-D2 :23E%$'42 4- X (ω, T )) F%72342 G%-

τ = t2 − t1 - G%- ω = ω1 = ω2C =(@* > 52&3'@;-+

E
[

|X (ω, T )|2
]

=
1

(2π)2

∫ T/2−t2

−T/2−t2

[

∫ T/2

−T/2

RX(τ) exp (−iωτ) dτ

]

dt2. =(@*H>

,-;2.A-342 ' #35-$&'.C :I-$'@;- '+

E
[

|X (ω, T )|2
]

=
1

(2π)2

∫ T

−T

(T − |τ |)RX(τ) exp (−iωτ) dτ. =(@*J>

K%.5#7.#:'342 =(@*J> 72& 2π/T - 526'342 2 .#6#5- G%'342 T → ∞+
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lim
T→∞

2π

T
E
[

|X (ω, T )|2
]

= lim
T→∞

1

2π

∫ T

−T

(

1−
|τ |

T

)

RX(τ) exp (−iωτ) dτ

=
1

2π

∫ T

−T

RX(τ) exp (−iωτ) dτ

= SX(ω).

!"#$%&

'(()*+ ,*- .(/)*-/)0- 1- 2,3456 1.3()1-1. .(7.8/9-: (ŜX) 1. ,* 796#

8.((6 .(/68;(/)86 X(t) 761. (.9 6</)1- - 7-9/)9 1. 9.-:)=-4>.( 1.((. 7968.((6

86* ,*- :63?- 1,9-456 T @ A-9- n 9.-:)=-4>.(+ - .(/)*-/)0- (.9;B

ŜX(ω) =
2π

T

n
∑

k=1

|X (ω, T )|2. !"#$C&

 !"#$%& '()(* !D(/)*-/)0- 1- 2,3456 1.3()1-1. .(7.8/9-:&( E*- 96/)3-

F'GH'I ! !"#$%"#&%'()* !+),& 26) 1.(.306:0)1- 7-9- .(/)*-9 - 2,3#

456 1.3()1-1. .(7.8/9-: 1. ,* 7968.((6 .(/68;(/)86 X(t)@ J,76316 K,. .((.

7968.((6 L ,* 9,M16 <9-386+ - .(/)*-/)0- ŜX L 2.)/- -/9-0L( 1- .N79.((56 !"#

$C&@

A-9- ?.9-9 -( -*6(/9-( 16 9,M16 <9-386 3.8.((;9)-( - .(/)*-/)0-+ ,/):)=-#

(. - 96/)3- -).%/0.'12#/03.%*,0 O; .N7:)8-1- 36 .N.*7:6 -3/.9)69 "@P@Q@

R- S?,9- !"@$& *6(/9-*#(. -( .(/)*-/)0-( 1-( 1.3()1-1.( .(7.8/9-)( 1.

16)( 9,M16( <9-386( 86* S0 = 1 . 29.K,T38)- 1. 869/. 10π U9-1V(W@ E* 1.:.(

26) .(/)*-16 - 7-9/)9 1. 9.-:)=-4>.( (.?,316 ,*- 1.3()1-1. 1. 796<-<):)1-1.

,3)269*. .* [0,
√

12(2ωcS0)]@ X 6,/96 26) .(/)*-16 - 7-9/)9 1- 1)(/9)<,)456

369*-: !*L1)- 3,:- . 0-9)Y38)- 2ωc S0&@

Z6*6 .(7.9-16+ -( .(/)*-/)0-( 1. ŜX 86)38)1.* 86* 6 0-:69 .(7.8)S8-16

7-9- S0 = 1@

 !"

#$%&'%() )' *+&,-%' ./0(120' /' 3'+4/0' 5) 62$7,8/90)

A-9- 1./.9*)3-9 - 9.(76(/- 16 ()(/.*- *6(/9-16 3- S?,9- !"@C& -6

)*7,:(6 ,3)/;9)6 36 16*M3)6 1- 29.K,T38)-+ 7-9/.#(. 1- .K,-456 1. *60)*.3/6

1./.9*)3M(/)8-B

m ẍ(t) + c ẋ(t) + k x(t) = f(t) !"#$P&

631. f 9.79.(.3/- ,*- 9.-:)=-456 16 2694-*.3/6 F (t)+ . x - 9.(76(/- 1./.9*)#

3M(/)8- 16 ()(/.*-@

E/):)=-316 -( .N79.((>.( !"#C"&+ !"#C[& . !"#C\& 761.#(. 1./.9*)3-9 -

G9-3(269*-1- 1. ]6,9).9 1. !"#$P&B
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"#$%&' ()*+ ,-.#/'.#0' 1' 2%3456 173-#1'17 7-879.&': 17 &%;16 <&'396 -#/%:'16

' 8'&.#& 1' 2%3456 173-#1'17 17 8&6<'<#:#1'17+ ='> %3#26&/7 =<> 36&/':)

(−ω2 m+ iω c+ k)x (ω) = f (ω) =(?*@>

6317 f 7 x &78&7-73.'/ ' A&'3-26&/'1' 17 "6%&#7& 1' 26&4' f 7 17-:69'/73.6

x &7-879.#0'/73.7)

x (ω) = (−ω2 m+ iω c+ k)
−1

f (ω) = h(ω)f (ω) =(?*(>

B 2%3456 17 &7-86-.' 7/ 2&7C%D39#'E h E 17F37 ' &7:'456 73.&7 6 26&4'/73.6

7 6 17-:69'/73.6 =(?*G>) ,:' H %-%':/73.7 9I'/'1' 17 2%3456 17 .&'3-27&D39#'

J!K)

h(ω) =
1

−ω2 m+ iω c+ k
=(?*G>

L63-#17&'316 C%7 6 26&4'/73.6 H %/ #/8%:-6 %3#.M&#6 δ '8:#9'16 36

#3-.'3.7 t =() >E 7C%'456 17 /60#/73.6 16 -#-.7/' H 7-9&#.' 96/6 =(?**>E 6317

' 2%3456 g #31#9' ' &7-86-.' 7/ 17-:69'/73.6 1' /'--')

"#$%&' () + N78&7-73.'456 1' 2%3456 #/8%:-6)

g̈(t) + 2ζωn ġ(t) + ω2

n g(t) = δ(t). =(?**>

B -6:%456 17--' 7C%'456 1#27&739#': ==(?**>> H 963I79#1' JOPK+
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g(t) =
1

mωd

e−ζωnt sinωd t. "#$% &

'()*(+(,-.,/0 )0* g . 1*.,+20*3./. /( 405*6(* /( g ( +(,/0 . 1*.,+$

20*3./. /( 405*6(* /( δ(t) 675.8 . 1/2π "+(75,/0 0 (9(3)80 #:;:<&= -(3$+(

>5(?

g(ω) =
1

2π [−ω2 m+ iω c+ k]
. "#$%@&

A++63= . (>5.BC0 "#$%#& )0/( +(* *((+D*6-. D030?

x (ω) = 2π g(ω) f (ω). "#$%!&

E03).*.,/0 "#$%#& ( "#$%!&= F(*6GD.$+( >5( .+ 25,BH(+ g ( h (+-C0

*(8.D60,./.+ )0* "#$ I&?

h(ω) = 2π g(ω). "#$ I&

J(++. 20*3.= g(t) ( h(ω) 20*3.3 53 ).* /( -*.,+20*3./.+ /( 405*6(*

"#$ K& ( "#$ ;&?

h(ω) =

∫ ∞

−∞

g(t)e−iωt dt "#$ K&

g(t) =
1

2π

∫ ∞

−∞

h(ω)eiωt dω "#$ ;&

E03 .+ /(G,6BH(+ .)*(+(,-./.+ ,(+-. +(BC0 /0 -*.L.8M0= . (>5.BC0 "#$K&

)0/( +(* F(*6GD./.: N.*. 6++0= .)86D.$+( . 1*.,+20*3./. /( 405*6(* 6,F(*+. ,.

(>5.BC0 "#$%!& ( . ).*-6* /0 -(0*(3. /. D0,F085BC0= 0L-O3$+(?

F−1 {x (t)} = 2πF−1
{

g(ω)f (ω)
}

x(t) =

∫ ∞

−∞

f(τ)g(t− τ)dτ

=

∫ ∞

−∞

g(τ)f(t− τ)dτ.

"#$ <&

P++( *(+58-./0 O 6/Q,-6D0 . (9)*(++C0 "#$K&: R.L(,/0$+( >5( -.,-0 g >5.,-0

f F.8(3 S(*0 ).*. t < 0= . (>5.BC0 "#$ <& )0/( +(* (9)*(++. )0*?

x(t) =

∫ t

−∞

f(τ)g(t− τ)dτ

=

∫ ∞

0

g(τ)f(t− τ)dτ.

"#$ #&
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"#$% &'(()* (+,)-&) .+/ 0 1)230 $ ()%/-4/ 0,#'50&0 0 ,024'2 &) '-(40-4/

6/2)* +%0 1)2%0 0#4/2-04'70 &/ 89:;9< $=

x(t) =

∫ t

0

f(τ)g(t− τ)dτ

=

∫ t

0

g(τ)f(t− τ)dτ.

89:;><

 ! 

"#$%&$'( )& *+$'#,( %(-( ., /&-0(,#1'& 2(-(2'#-+3()& 2&,& 4-&2#$$&

5$'&26$'+2& 5$'(2+&16-+&

?/(40 (/3@) &0 &'((/2403@) $ %)(420&) 5)%) ,)&/%)( )A4/2 '-1)2%03B/(

&0 2/(,)(40 X(t) &/ +% ('(4/%0 %0((0:%)#0:0%)24/5/&)2 .+0-&) /#/ /(4C

(+A%/4'&) 0 +% 1)230%/-4) F (t) 502054/2'60&) ,)2 +% ,2)5/(() /(4)5C(4'5)

/(405')-C2') -) (/-4'&) 0%,#) 8%$&'0 5)-(40-4/ µF / 1+-3@) &/ 0+4)5)22/#03@)

RF &/,/-&/-4/ 0,/-0( &0 &'1/2/-30 /-42/ &)'( 70#)2/( &) ,02D%/42) t* )+ (/E0

τ = t2 − t1< FGHIJ

 ! !7

89)+( )& :#$;&2(,#1'&

K)%) &'4) 0-4/2')2%/-4/* ) ,)-4) &/ ,024'&0 &) /(4+&) $ 0 /.+03@) 89:

G<* .+/ ,/2%'4/ 50#5+#02 0 2/(,)(40 x &) ('(4/%0 ,020 50&0 2/0#'603@) f &)

1)230%/-4)J L/((0 1)2%0* ,020 )A4/2:(/ 0 %$&'0 &) ,2)5/(() /(4)5C(4'5) X(t)*

,)&/:(/ 106/2=

µX(t) = E[X(t)] = E

[
∫ t

−∞

F (τ)g(t− τ) dτ

]

=

∫ t

−∞

E[F (τ)]g(t− τ) dτ

= µF

∫ t

−∞

g(t− τ) dτ

89:;M<

NA(/270-&):(/ 0 /O,2/((@) 89:;G<* 7/2'P50:(/ .+/ 0 '-4/Q20# &/ 89:;M<

.+0-&) t → ∞ /.+'70#/ 0) 70#)2 &0 1+-3@) h 070#'0&0 /% ω = 0* )+ (/E0* h(0)J

"(('%=

lim
t→∞

µX(t) = µF h(0) =
µF

k
. 89:;;<
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"#$$% &'()%* +,%-.' t → ∞ % )/.0% µX 1'.# $#( 2%32,3%.% .# ,)%

&'()% ),04' $0)13#$* # ' (#$,34%.' #$45 .# %2'(.' 2') % 6#0 .# 7''8# 1%(%

,)% %-530$# #$45402% 9.#$3'2%)#-4' 1('1'(20'-%3 %' &'(:%)#-4';<

 !"#$%& '('() 9=/.0% .' .#$3'2%)#-4' µX;( >,1'-?% +,# .#$#@%A$# 2%32,3%(

% )/.0% .% (#$1'$4% .# ,) $0$4#)% )%$$%A)'3%A%)'(4#2#.'( 2') #+,%:B' .#

)'C0)#-4' .%.% 1'(D

Ẍ(t) + 2ζωnẊ(t) + ω2

nX(t) = F (t) 9EAF ;

'-.# F (t) / ,) 1('2#$$' #$4'25$402' #$4%20'-5(0'< >,1'-?% +,# %$ 2'-.0:G#$

0-020%0$ .# 4'.%$ %$ (#%30H%:G#$ .# X(t) $#@%) -,3%$ # +,# % )%$$%* (0I0.#H #

%)'(4#20)#-4' $#@%) .#4#()0-J$402'$<

*&%+,-&.

K (#$1'$4% .' $0$4#)% #) .#$3'2%)#-4' / .%.' 1#3% $')% .% $'3,:B' .%

#+,%:B' ?')'IL-#% # 1%(402,3%(< "#$$% &'()%* 1%(% 2%.% (#%30H%:B' x .# X*

4#)A$#D

x(t) = x(0)e−ζωnt

(

cosωdt+ ζ
ωn

ωd

sinωdt

)

+
ẋ(0)

ωd

e−ζωnt sinωdt

+

∫ t

0

g(t− τ)f(τ)dτ

9EAFM;

'-.# g / .%.' 1'( 9EANF;< "#$$% &'()%* ' C%3'( #$1#(%.' .# X(t) $#(5D

E[X(t)] = E[X(0)] e−ζωnt

(

cosωdt+ ζ
ωn

ωd

sinωdt

)

+E[Ẋ(0)]
1

ωd

e−ζωnt sinωdt+

∫ t

0

g(t− τ) E[F (τ)]dτ

9EA O;

2')D

∫ t

0

g(t− τ) E[F (τ)]dτ

=
µF

k

[

1− e−ζωnt

(

cosωdt+
ζ

√

1− ζ2
sinωdt

)]

.

9EA !;
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"#$# %#& '()#'*# +(, -' .#/0&12,' &/&.&-&' 0, )#'&13# , 4,5#.&0-0, '3#

/(5-' ,$ *#0-' -' 6,-5&7-12,'8 E[X(0)] = 0 , E[Ẋ(0)] = 09

:#$-/0# # 5&$&*, 0- ,;)6,''3# <=> ?@ +(-/0# t → ∞A - $B0&- µX

.#/4,6C, )-6- µF/k <6,'(5*-0# 0, -.#60# .#$ - $B0&- 0, X(t) /# 6,C&$,

,'*-.&#/D6&# .-5.(5-0- )6,4&-$,/*, <=>EE@9

F5B$ 0&''#A .#$ # -($,/*# 0, tA µX ', -)6#;&$- 0, ($ 4-5#6 5&$&*, .#$

($- *-;- 0, .#/4,6CG/.&- 0,),/0,/*, 0# 4-5#6 0# -$#6*,.&$,/*# 0# '&'*,$-

ζ9

H-6- 4,6&I.-6 ,''-' 0(-' )6#)6&,0-0,'A %#& &$)5,$,/*-0- ($- 6#*&/- ,$

JF:KFL < !"#$%&'$()*@ +(, .-5.(5- - $B0&- 0# 0,'5#.-$,/*# X(t) 0,

($ '&'*,$- $-''->$#5->-$#6*,.,0#6 '(M$,*&0# - %#61-$,/*# F (t) <)6#.,''#

,'*#.D'*&.# ,'*-.&#/D6&#@ )-6- 0&%,6,/*,' 4-5#6,' 0, ζ9

N,''- 6#*&/-A µX B ,'*&$-0# -*6-4B' 0# $B*#0# 0, J#/*, "-65#A

.#/'&0,6-/0#>', 104 6,-5&7-12,' 0- 6,')#'*- 0, 0,'5#.-$,/*# 0, X(t) )-6- .-0-

4-5#6 0, ζ9 O$ .-0- ($- 0,''-' 6,-5&7-12,'A x(t) B .-5.(5-0# -*6-4B' 0-' ,+(->

12,' <=>?@ , <=>PE@9 F IC(6- <=9 @ $#'*6- #' 6,'(5*-0#' #M*&0#'9 H,6.,M,>', +(,

+(-/*# $-&#6 # -$#6*,.&$,/*#A $-&' 6-)&0-$,/*, - '#5(13# ,/*6- ,$ 6,C&$,

),6$-/,/*,9

Q&C(6- =9 8 JB0&- µX )-6- 4D6&#' 4-5#6,' 0, -$#6*,.&$,/*# 0# '&'*,$- ζ9

 !"#$%& '('() <JB0&- 0# 0,'5#.-$,/*# -# +(-06-0#@( "#/'&0,6, # '&'*,$-

$,.R/&.# 0# ,;,$)5# ,;,$)5# -/*,6&#6 =9=9?9 S,',T->', 0,*,6$&/-6 - $B0&- 0-

6,')#'*- ,$ 0,'5#.-$,/*# -# +(-06-0#A #( ',T- E[X2(t)]9
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"#$%&'()* +,# #+,'-.* /0123 4#&$56# 7'87,8'& ' &#94*96' x )* 9596#$'

4'&' 7')' &#'85:'-.* f )* ;*&-'$#(6* F (t)< 6#$19# +,#=

E[X2(t)] =

∫ t

0

∫ t

0

g(t− τ1)g(t− τ2)RF (τ2 − τ1)dτ1 dτ2. /01 >3

? ;,(-.* RF #$ /01 >3 4*)# 9#& 9,%9656,@)' 4*&=

RF (t) =

∫ ∞

−∞

SF (ω) cos (ωt) dω. /01 !3

?995$=

E[X2(t)] =

∫ t

0

∫ t

0

∫ ∞

−∞

SF (ω) cos (ω(τ2 − τ1))

. g(t− τ1)g(t− τ2) dω dτ1 dτ2.

/01 03

?4857'()* ' ;,(-.* g )#A(5)' #$ /01BC3< &#9*8D#()* '9 5(6#E&'59 #

'99,$5()* +,# * 4&*7#99* #96*7F9657* F (t) G ,$ &,@)* %&'(7*< *, 9#H'<

SF (ω) = S0=

E[X2(t)] =
S0π

2ζω3
n

(

1− e−2ωnζt

(

1 +
ζ

√

1− ζ2
sin 2ωdt+ 2

ζ2

1− ζ2
sin2 ωdt

))

.

/01 I3

J*$'()*19# * 85$56# )# /01 I3 +,'()* t → ∞< D#&5A7'19# +,# E[X2(t)]

7*(D#&E# 4'&' ,$ &#E5$# #96'75*(F&5* K L K2ML< '995$ 7*$* µX N

lim
t→∞

E[X2(t)] =
S0π

2ζω3
n

. /01 B3

O99# &#9,86')* ;*5 D#&5A7')* '6&'DG9 )# ,$' 95$,8'-.* ;#56' #$ P?J"?Q

/ !"#$%&'()!*!%%$+,*,!3N R#99' 95$,8'-.*< E[X2(t)] G #965$')* '6&'1

DG9 )* $G6*)* )# P*(6# S'&8*< 7*(95)#&'()*19# 104 &#'85:'-T#9 )' &#94*96'

)# )#98*7'$#(6* )# X(t) 4'&' )5;#&#(6#9 D'8*&#9 )# '$*&6#75$#(6* ζN U#&7#%#1

9# +,# +,'(6* $'5*& * '$*&6#75$#(6*< $'59 &'45)'$#(6# ' 9*8,-.* #(6&' #$

&#E5$# 4#&$'(#(6#N

 ! !"

#$%&'( )* +$,(-(..*/0&'(

V$' '(F859# 9#$#8W'(6# ' ;#56' 4'&' ' $G)5' mX 4*)# 9#& )#9#(D*8D5)'

' ',6*7*&&#8'-.* )* 4&*7#99* #96*7F9657* X(t)N ? 9#E,5& G $*96&')* 7*$*

7*(W#7#()*19# ' ;,(-.* )# ',6*7*&&#8'-.* )* ;*&-'$#(6* F (t)< *, 9#H'< RF <

4*)#19# )#6#&$5('& ' ;,(-.* )# ',6*7*&&#8'-.* RX N
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"#$%&' !()* +'&' ,-&#./ ,'0.&1/ 21 '3.&415#3164. ζ(

7&#31#&.8 9 6151//-&#. 2141&3#6'& ' 5.&&10':;. 5&%<'2' 164&1 . =.&:'3164.

F (t) 1 ' &1/+./4' X(t)8 RXF ( 7'&' #//.8 ' 1>%':;. ?!@AB 9 '+0#5'2' 6' 1C+&1//;.

21 5.&&10':;. 5&%<'2'8 .D4162.*

RXF (α1) = RXF (−α1) = E[X(t)F (t− α1)]

= E

[
∫ t

−∞

F (t− τ1)g(τ1) dτ1 . F (t− α1)

]

=

∫ t

−∞

g(τ1)E [F (t− τ1)F (t− α1)] dτ1

=

∫ t

−∞

g(τ1)RF (τ1 − α1) dτ1.

?!@ EB

F +&GC#3' 14'+' +'&' 2141&3#6'&@/1 RX 9 3%04#+0#5'& '3D./ ./ 0'2./ 2'

1C+&1//;. ?!@AB +.& X(t+ α2) 1 4.3'&@/1 . ,'0.& 1/+1&'2.(
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RX(α2) = E[X(t)X(t+ α2)]

=

∫ t

−∞

g(τ2)E [F (t− τ2)X(t+ α2)] dτ2

=

∫ t

−∞

g(τ2)RXF (τ2 + α2) dτ2.

"#$  %

&'()*+*'+,-. / 01230))4. 0,5.,*3/-/ 2/3/ RXF "#$ 6% 07 "#$  %8

RX(α2) =

∫ t

−∞

∫ t

−∞

g(τ2)g(τ1)RF (τ1 − (τ2 + α2)) dτ1 dτ2 "#$ 9%

0 :/;0,-. / )0<'+,*0 7'-/,=/ -0 >/3+?>0+)8 τ = α2@ α = τ1 0 β = τ2@ 5A0</$)0

/ )0<'+,*0 :',=4. 2/3/ RX 8

RXX(τ) =

∫ t

−∞

∫ t

−∞

g(α)g(β)RFF (τ + β − α)dαdβ. "#$9B%

C 2/3*+3 -0))/ 01230))4. -/ /'*.5.330D/=4.@ / >/3+E,5+/ -0 X(t)@ -0F,+-/

07 "G$#%@ H'/,-. t → ∞ 2.-0 )03 /23.1+7/-/ 2.38

σ2
X = E[X2(t)]− (E[X(t)])2

= RXX(0)−
[µF

k

]2

.

"#$9I%

 ! !"

#$%&'( )*%+,-.-* /+0*123.4

C))+7 5.7. / 7J-+/ 0 / /'*.5.330D/=4. -. 23.50)). 0)*.5?)*+5. X(t)@ /

-0,)+-/-0 0)205*3/D@ SX @ */7(J7 J '7/ +72.3*/,*0 :033/70,*/ ,/ /,?D+)0 -/)

>+(3/=K0) /D0/*L3+/)M

N/3/ -0*037+,?$D/@ )'()*+*'+$)0 / 0H'/=4. "#$9B% 07 "#$GG% 5.7 λ =

τ + β − α8
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SX(ω) =
1

2π

∫ ∞

−∞

RX(τ)e
−iωτ dτ

=
1

2π

∫ ∞

−∞

e−iωτ
[
∫ ∞

−∞

∫ ∞

−∞

g(α)g(β)RFF (τ + β − α)dαdβ

]

dτ

=

∫ ∞

−∞

g(α)e−iωαdα ·

∫ ∞

−∞

g(β)e+iωβdβ ·
1

2π

∫ ∞

−∞

RF (λ)e
−iωλdλ

= h(ω) h(−ω) SF (ω).

 !"#$%

&'()* h(−ω) = h(ω)+ *()' h , * -*./0'1* -*(2345)* )' h + 5 )'(67)5)'

'6/'-8950 SX(ω) , )':(7)5 /*9 ;<#= ;><=;$>=?

SX(ω) = |h(ω)|2SF (ω).  !"#>%

 !"

#$%&'%() *' +,%($-) &).) /- 0'.1)-$2(' 3).)3($.,4)*' 3'-' /- #/5*'

6.)23'

@35()* * A*9B5.'(8* 5 C3' '68D 63E.'87)* * 6768'.5 )5 :4395  !F<% ,

3. 93G)* E95(-*+ 8'."6' C3'?

SF (ω) = S0 −∞ < ω < ∞.  !"#!%

H'665 A*9.5+ 5 )'(67)5)' '6/'-8950 SX(ω) , '1/9'665 /*9?

SX(ω) = |h(ω)|2SF (ω) =
S0

(k −mω2)2 + cω2
.  !"#I%

 !"#$%& '()(*( J595 K'97:-59 '66' 9'63085)*+ A*7 7./0'.'(85)5 3.5 9*87(5

'. LMNOMP   !"#$#%!&'()*+,-./01"&.% -5/5Q )' -50-3059 5 )'(67"

)5)' '6/'-8950 )5 9'6/*685 3. 6768'.5 .5665".*05"5.*98'-')*9 C35()* 63E"

.'87)* 5 3. A*9B5.'(8* -595-8'97Q5)* -*.* 93G)* E95(-*F R -D0-30* A*7 A'78*

)' )356 A*9.56 )7A'9'(8'6+ 5 :. )' /*)'9"6' -*./5959 *6 9'63085)*6F R /97"

.'79* .*)* A*7 5895K,6 )5 '1/9'66S* 5(50G87-5  !"#I%+ ' * 6'43()* A*7 A5Q'()*"6'

3.5 '687.587K5 -*. 104 9'507Q5BT'6 )* )'60*-5.'(8* X(t) ;U= ;>>=F

V. -5)5 67.305BS* )* 6768'.5+ 3.5 9'507Q5BS* )* A*9B5.'(8* f , *E"

87)5 5895K,6 )5 9*87(5 2!01-.0(*+,-./01"&. ' * )'60*-5.'(8* -*99'6"

/*()'(8'+ x+ , -50-305)* 5895K,6 )56 'C35BT'6  !"<% '  !"WX%F J595 '687.59 5

A3(BS* )'(67)5)' '6/'-8950 SX + 38707Q5"6' 5 '1/9'66S*  !"W<%F

R6 9'63085)*6 *E87)*6 /'05 9*87(5 LMNOMP 6S* .*6895)*6 (56 :43956

 !F<Y% '  !F<<%F Z*.* '6/'95)*+ SX -50-305)* 5895K,6 )5 '1/9'66S* 5(50G87-5
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"#$%"$&' "#( # ')*$(+&# +*,+-.) &+) ,'+/$0+12') &' X(t)3 4+) )$(5/+12') 6#,+(

5*$/$0+&#) #) )'75$%*') -+/#,') 8+,+ (+))+9 ,$7$&'0 ' +(#,*'"$('%*#: m = 1

;<7=9 k = 3 ;4>(= ' c = 0.8 ;?7>)=3

@$75,+ A3BC: D'%)$&+&' ')8'"*,+/ &# 6#,1+('%*# E,5F&# G,+%"#H3

@$75,+ A3BB: D'%)$&+&' ')8'"*,+/ &+ ,')8#)*+ '( &')/#"+('%*# E6#,1+ (#&'/+&+

"#(# ,5F&# G,+%"#H3
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