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Anexos

Demonstracao das Equacoes 2.38-41

Substituindo as Equagdes 2.18 e 2.19 na Equagao 2.34:

~  Jjk, o[C cos(k,z)+ Dsin(klz)]_i_ Wk
x1 ,82 aZ 182

j )
Jﬁk; [- Ck, sin(k,z)+ Dk, cos(k,z)]+ a

[E sin(k,z)+ F cos(klz)]

Oky

2

E, = [Esin(k,z)+ Fcos(k,z)] (8.1

Da Equacao 2.20, tem-se que em z=0: Exl =0:

ik alk
Jﬂ = [Dk, ]+ ﬂ“z
jk [Dk, ]+ ek [F]=0 (8.2)

*[F]=0

Substituindo as Equacdes 2.18 e 2.19 na Equagao 2.35:

P oo Jk, 9[Ccos(k,z)+ Dsin(klz)]_ ok

y ,32 o ,32 [E sin(klz)+ Fcos(klz)]

a)ﬂokx

2

E | = [E sin(klz)+ Fcos(klz)] (8.3)

y

ik,
;; [~ Ck, sin(k,z)+ Dk, cos(k,z)]-

Da Equagdo 2.21, tem-se que em z =0, Eyl =0:

jk,
,35
jk,[Dk,]- au k [F]=0 (8.4)

a)/’lokx

2

Dk, ]- [F]=0
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Das Equagoes 8.2 ¢ 8.4: D=0 e F =0. Substituindo as Equacdes 2.16 € 2.17 na
Equagdo 2.34:

_jk, dlae] amok
E,=L + 2
B~ oz B
~ ik
EXZ = ]ﬁ;

y [Be—jkzz ]

. TN 4
(= jk, )Ae ™5 + % [Be 7] (8.5)

Da Equagdo 2.22, tem-se que em z = h, Exl = Exz . Das Equacdes 8.1 e 8.5:

AUk

2

] i . nING _
- Jﬁkg Ck, sin(k,h)+ Esin(k,h)= ]ﬁi;(— jky)Ae " +%Be"k2h (8.6)

Substituindo as Equagdes 2.16 e 2.17 na Equagdo 2.35:

~ Jk, 9|Ae™ ™| auok 1. i

EYZ = ,Bzy [ aZ ] - lLI;Oz [B€ = ]

. ik . k .

E, = Jp’i (= jk; JAe ™ ‘%[Be”kﬂ] 8.7)

Da Equacao 2.23, tem-se que em z = h, Eyl = l:fyz. Das Equagdes 8.3 € 8.7:

2 2

Jk, . auk, . . Jky o L QUG
—IB)Cklsm(klh)— [),0 Esm(klh)zﬁ—zy(— jk,)Ae f"z"—ﬁ—gBe et (g 8)

Substituindo as Equagdes 2.18 e 2.19 na Equagao 2.36:

5 ]kx B[Esin(klz)+ FCOS(kIZ)]_ a)SOSrky [CCOS(k z)+Dsin(k Z)]
- 1 1

x1 182 aZ 152
~ jk WE (€ k|
A, =—*[Ek, cos(klz)]—T[C cos(k,z)] (8.9)
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Substituindo as Equacdes 2.16 e 2.17 na Equagdo 2.36 e levando em conta que na

regidao II, €, =1:

5 _ ik, a[Be‘jkﬂ]_ WE €,k

sz ,32 aZ ,32 [Ae_jkzz ]
- ik A e k| ,
H,= 2»5“ (= jk, )Be ‘%[AE""ZZ] (8.10)

Da Equagdo 2.24, tem-se que em z = h, lel = I-Ix2. Das Equacdes 8.9 e 8.10:

. ek .
(= Jjk, )Be ™" - ,b’— Ae™"(8.11)

2 2

' e (€ .k '
UL Ek, cos(k,h) - ———C cos(k,h) = 2
B B

Substituindo as Equacdes 2.18 e 2.19 na Equagao 2.37:

) ” .
5 ok d[Esin(k,z)+ F cos(k,z)] wgoirkx [C cos(k,z)+ Dsin(k,z)]
B

vl ,82 aZ
~  Jk, we €k
Hy =g [k cosllya)] === [Cosliy2)] (8.12)

Substituindo as Equacdes 2.16 e 2.17 na Equagdo 2.37 e levando em conta que na

regido I, £, =1:

ok AlBe | week,
y2 ,62 aZ ,62

[Ae_jkzz ]

-~ ik . k .
H,, = if;i (= jk, )Be ‘%[Ae | (8.13)

Da Equagdo 2.25, tem-se que em z = A, I—~Iy1 = I—~Iy2 +fx. Das Equacgdes 8.12 e
8.13:
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ik, k ik, ) » k » ~
/ = Ek, cos(klz)—%Ccos(klz)={B—é(— jk, )Be " —%Ae LT (8.14)

e subtraindo o

x

Multiplicando a Equag@o 8.6 por k, e a Equacdo 8.8 por k

resultado da segunda operagdo da primeira:

et
,Bz
B = Esin(k,h)e’" (8.15)

(k2 + k2 YE sin(k, )] = %[Be‘jkzh Jic> +x2)

Multiplicando 8.6 por k, e 8.8 por k , e somando os resultados das duas

operacoes:

J - Ck, sin(k,h)|(k> +k2)= J (- jky )JAe e (12 4+ k2)

B’ B’

[_ Ckl Sin(klh)] = (_ jkz )Ae_ijh

A= C;(Tlsin(klh)ejkzh (8.16)
2

Multiplicando a Equacdo 8.11 por k, e a Equagéo 8.14 por k_ , e subtraindo o

resultado da segunda operagdo da primeira:

—%[Ccos(klz)](kf k)= —%[Ae‘jkﬂ [ +52)-T k.
e =k
£,Ccos(k,z)= Ae ™ +J ng
0
A=¢,Ccoslkz)e’ ~J, al;g_xejkﬂ (8.17)
0

Multiplicando a Equagdo 8.11 por k, e a Equagdo 8.14 por k , e somando os

resultados das duas operacoes:

116
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#[Ekl cos(k,h)Jk? +k2)= #(— jly )Be e (k2 + 12 )+ T k,

ko~

Ek, cos(k,h)| = (- jk,)Be ™" + 27

[EK, cos(k, k)] = (- jk,) ~J,
J

. k. ~
Ek, cos(k h)|= (- jk,)Be ™" +—LJ
[ 1 (1 )] ( J 2) Y

J
. kl Jkah kv T jkoh
B = j-LEcos(kh)e™" ——7J e (8.18)
k2 k2

Das Equagdes 8.16 e 8.17:

kl : jkyh jkyz 7 kx jkyz
C—Lsin(k,h)e™" = €,Ccos(k,z)e’* —J —e’

Jk, e

—jCﬁsin(klh)zSrCcos(klz)—fx k,
k2 wgo

~

— jCk,we, sin(k,h) = &,C cos(k,z)we k, — J k k,

X X

C(jk,we, sin(k,h)+ €, cos(k,z)me k,) =T k k,

k k ~
C= N J
we, (& k, cos(k,z)+ jk, sin(k ) * (.19)
Substituindo a Equacdo 8.19 na Equacao 8.16:
A= ok 7,5 in(k p)e
we, (€,k, cos(k,z)+ jk, sin(kh)) " jk,
A=—j k.k, sin(k,h)e”"J . (8.20)

we, (€ k, cos(k,z)+ jk, sin(k,h))

Das Equacdes 8.15 e 8.18:

bl

E Sin(klh)e Jksh = ‘]ﬁ E COS(klh)e Jkoh __r jxejkzh
k, k,
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k. -
Esin(k,h)= jﬁEcos(klh)——yJX
k2 k2
E(k, sin(k,))— jk, cos(k,h))=—k J
k. -
E= : J (8.21)

(jk, cos(k,h)—k, sin(k,h)) "

Substituindo a Equacdo 8.21 na Equagao 8.15:

B= ! J_sin(k,h)e’"
(jik, cos(k,h)—k, sin(k,h)) " * :
k)’ ikyh
B= sin(k h)e”"J . (8.22)

(jik, cos(k,h)— k, sin(k,h))
Substituindo a Equacdo 8.20 na Equacgao 2.16:

kxkl

. . k h jkzhj' —jkyz
a)EO(grkZ COS(k1Z)+ Jkl Sln(klh)) Sln( 1 )e xe

= k k
E = x 1 k h jkz Z h)J
2 joe,(e,k, cos(k,z)+ jk, sin(k,h)) sink e : (8.23)

Substituindo a Equagado 8.21 na Equacgdo 2.17:

~

H . = inlk h jkzhj —Jjkyz
e e KUK
H,= ! sin(k,h)e kG §
2~ (jk, coslie 1)k, sin(k, 1) :
7 ky iky(z=h) T
H,= sin(k,h)e "2

j(k, cos(k,h)+ jk, sin(k,h))
i, - atLs
2 (k, cos(k,h)+ jk, sin(k,h))

sin(k,h)e T (8.24)

Substituindo a Equacdo 8.22 na Equagao 2.18:
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E _ kka
* we, (g k,cos(k,z)+ jk, sin(k,h))

cos(k,z)J (8.25)

Substituindo e a Equacdo 8.19 na Equacgdo 2.19:

3 k 3
i - ’ in(k,2)7
=ik, coslk )+ jk, sin(klh))sm( 2,

7 - Jk , ~
Ha= y kiz)J 2
o (k, cos(k,h)+ jk, sin(klh))sm( 2, (8.26)

Como T, =& k,cos(kh)+ jk sin(kh) e T, =k cos(kh)+ jk,sin(kh), tem-se

finalmente que:

~

k k , -
E,=—> sin(klh)e_””(z_h)]
.]a)gOTm

X

i, = 7{ 2 sin(k,h)e T

e

X

~

0 =&cos(klz)fx

' a)SOTm

- — jk -
- ; " sin(k,2)J .

e

Demonstracao das Equacoes 2.34-37

Substituindo a Equacdo 2.27 na Equagao 2.29:

£ __ljof 1 (aEx_aEzj _OH,
Y joe|dz\ - jau\ dz  ox dy

g o | 1 0°E, 1 i(aEzj_aHz
Y jewe|-jou 977 - jou 97\ ox dy

1 0E, 1 a(aEzj_L%

E =-— 7 T
W'EL oz gL adz\ dx ) @e 9y

119
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. 92 po 1 i(aEzj_iaHz 827)
0'eudz’ ) @eudz\ ox ) we Iy '

Substituindo k* = @’&u na Equagdo 8.27:

2 .
1+ L9 g :sz[aEzj_ jop 04,
k* dz\ ox k= dy

0’ d (OE oH
k2 -~ — Y| T z
( +8z2j ! az( axj K dy (8.28)

Como se assumiu para as equagdes de onda solu¢des na forma de ondas planas

QlEext oy ik3) , aplicando a transformada de Fourier na Equacdo 8.28, tem-se que:

2
i - +jk_, i —>+jk, e i — + jk_ . Dessa forma, — — (+ Jk. )2 = —kf . Assim:
ox dy 0z 0z

~

- E -
(> -k2)E, = jk, aa; ~ joujk B

~

JdE, auk A, (8.29)
0z

(k> -k2)E, = jk,

Da Equagdo 2.15, pode-se dizer que k> =k”—f3? e, portanto, k> —k> = />,

Substituindo na Equacao 8.29:

(62)E. = jk. 2B+ oy .
0z T
- E wouk. -~
Ex = ]k_);a£+ﬂ—2)} .
B> oz B

De maneira andloga é possivel demonstrar as Equagdes 2.35 a 2.37.
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