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4
Correspondence between normal Natural Deduction and cut-
free Sequent Calculus

4.1
Introduction

Logic has a strong syntactical and deductive tradition, semantics is
relatively new in logic. From the model-theoretic point of view there might
be many approaches to provide semantics. Algebras, categories and Tarski-
based semantics are some examples. There is also proof-theoretical semantics.
The Curry-Howard isomorphism can be seen as one of the most well-known
representatives of this kind of semantics. Categorical models can be also
considered as representants of this proof-theoretical approach. However, even
for the most well-known propositional logics, proof-theoretical semantics faces
some problems. Natural Deduction and Sequent Calculus are mostly taken
into account when discussing such problems. One of the points that deserve
special attention is the (potential?) isomorphism between both systems. When
considering normal and cut-free proofs, the literature has reported some
problems (see next section).

This chapter and the next are dedicated to the definition of isomorphic
translations between Natural Deduction and Sequent Calculus. In this chapter,
we deal only with translations between normal and cut-free derivations,
showing that these translations are in a one-to-one correspondence.

In next chapter we define translations between any derivations and not
only normal and cut-free ones. With isomorphism, “cut-free proofs in Sequent
Calculus and normal proofs in Natural Deduction became mere notational

variants of one and the same proof” (15).

4.2
Motivation

In the first part, we extended Segeberg’s general completeness proof for
propositional logic to finitely-valued propositional logics (19).
For this purpose, we followed Segeberg’s original idea of defining a natural

deductive system whose rules correspond to rows of truth-tables, but instead
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of having n types of rules (one for each truth-value), we use a bivalent
representation of many-valued truth-tables that makes use of a technique
defined by Caleiro and Joao Marcos (6).

Although the idea is quite simple, it enables us to find a Natural De-
duction system for any finite-valued propositional logic. However, the system
defined has so many rules it might be laborious to work with it. We believe that
a Sequent Calculus system defined in a similar way would be more intuitive.

This idea made us think about translations between Sequent Calculus
and Natural Deduction. Since the firsts definitions of Natural Deduction and
Sequent Calculus systems in 1934, translation between the system were defined
preserving conclusion and hypothesis. These translations do not preserve

normal and cut-free derivations. For example:

Gentzen In the same paper (8) in which Gentzen defined the firsts systems
of Natural Deduction (MK and NJ) and Sequent Calculus (LK and
LJ) for predicate logic, Gentzen also showed that these systems are
equivalent. The translations defined in order to show the equivalence map
normal Natural Deduction derivations into Sequent Calculus derivations

with cut.

The systems as defined by Gentzen are not isomorphic. There is, for
instance, only one normal N 7-derivation of (AA B) — (AV B) but two
cut-free LJ-derivations. Besides that, as interchange and contraction can
be applied at any step of a derivation, there may be a large number of
LJ-derivations that is the image of the same N J-derivation. So, one
of the systems or both would have to me modified, in some extent, to

achieve isomorphism.

Zucker In (21), Zucker relates cut-elimination with reduction, but only for
the fragment {A,—,V, L} of intuitionistic predicate logic. He presents
an example of a non-terminating and non-repeating reduction sequence
of the Sequent Calculus if disjunction is added to the system. The
translation defined between normal and cut-free derivations is not an

isomorphism.

In Zucker’s Sequent Calculus’s system S, the formulas in the antecedent
of a sequent form a set, and not a sequence as in LJ and LK. This
means we do not need to worry about exchange and thinning rules. Also,
the premisses are indexed. In Natural Deduction, more than one formula
of the same form can be discharged in the application of a single rule.

The idea of the indexed formulas in S is that, in a transformation, all
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the formulas discharged in a single rule in Natural Deduction would be

mapped to the same index in S (and conversely).

The premisses of Zucker’s Natural Deduction are also indexed, but those
indices are not part of the formal system, they are used only in the

metalevel to facilitate the definition of the mapping between the systems.

Reducing a derivation in Natural Deduction means that the resulting
derivation is either normal or the complexity of at least one of its
maximum formulas is reduced. However, conversions in Sequent Calculus
may only mean the permutation of a cut application one step up. With
this in mind, it is easy to see that reduction sequences in Sequent Calculus
are usually larger than reduction sequences in Natural Deduction. To deal
with this situation, Zucker defined an equivalence that comprises these

permutative conversions.

Pottinger (17), improved Zucker’s method by simplifying it and extend-

ing it to the full intuitionistic propositional logic.

Danos, Joinet and Schellinx Danos, Joinet and Schellinx (7) have an iso-
morphism between Sequent Calculus and Natural Deduction passing

through Linear Logic.

Negri and von Plato Negri and von Plato’s translation defined in (15)
is between Sequent Calculus with independent contexts and Natural
Deduction in Sequent Calculus style with general elimination rules. They
show that weakening can be related to vacuous discharge of assumptions

and that contraction can be related to multiple discharge.

The translation takes into account only Sequent Calculus derivations in
which the principal formulas in weakening and contraction are used, i.e.,
they are the principal formulas of a left rule. This means that, for instace,
if there exists a derivation of A from I' in Sequent Calculus, a derivation

of A from I, B, where B ¢ I', has no equivalence in Natural Deduction.

To give an example of a derivation whose translation as defined in (15)
does not work, let us take the implication A — (B — (B — (A —
B))). The derivation of this implication in Sequent Calculus has three
applications of the weakening rule, which can be applied in different levels

of the derivations. For example, with the notation used in (15):
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B=1HB
A,BB:;BB wE AB=B "
AAB=B """ B=A>B " _
AABB=RB"" =B>o(A>B)
A,B,B:ADBR; B= B> (A> D)
A,B= B> (ADB) :})23 = BD>(BD>(ADDB)) e
A= B> (BD>(ADB)) R A= B> (BD>(ADB)) .

= AD(BD>(BD>(ADB))) ° = AD(BD>(BD>(ADB)))
Accordin to the translation defined in (15), the derivation on the left side
has no correspondent in Natural Deduction. and the derivation on the

right side corresponds to the following derivation in Natural Deduction:
2.
[B]
ADB
B — (A D B)
B> (B—(ADB))
AD(BD>(B—(ADB)))

Io,1.
ID,2.

12,3

12,4,

where 1., 3., and 4., are “ghost” labels that correspond to vacuous
discharge. In the systems we are going to work with there is only one
possible (normal/cut-free) derivation of A — (B — (B — (A — B)))
in Sequent Calculus and in Natural Deduction (see section 4.5). The
translations defined in this chapter work for every cut-free derivation in

Sequent Calculus and every normal derivation in Natural Deduction.

Focuses proofs Nigam and Miller (16) showed that different proof systems,
including Natural Deduction and Sequent Calculus, have the same pro-
vable sets of formulas by showing that each system can be encoded into
a Focused Linear Logic system. In (10), Henriksen showed that Linear
Logic is not needed and showed a similar result from that of (16) by
encoding the systems into a focused intuitionistic system. Negri and
von Plato (15) showed the relation between structural rules in Sequent

Calculus and discharge of formulas in Natural Deduction.

4.3
Sequent Calculus and Natural Deduction

There are propositions with more possible derivations in Sequent Calcu-
lus than in Natural Deduction. For instance, we have two possible derivations
for the proposition (AA B) — (AV C) in the Sequent Calculus system defined
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in (9):
A A Ak A
AI—AvORlﬁle A/\BI—Aﬁ%\lv
ANBEAVC SV ANBrAvC Y

FAAB)— (AVCO) FAAB)— (AVO)

and only one in the Natural Deduction system defined in (18):

1)

A&B

A

AV C
(A&B) — (AV O)

1)

Thus, to define an isomorphism, we need to choose a more restricted

Sequent Calculus and/or a more liberal Natural Deduction system.

4.3.1
Sequent Calculus

For the Sequent Calculus, we decided to work with the stoup-based
system LJT. LJT is the implicational fragment of LKT which was first
introduced in Joinet’s thesis (13). In fact, the system introduced by Joinet
is a slight different version of LJT, called ILU to stress that this fragment of
LKT could also be seen as the intuitionistic fragment of Girard’s LU.

In (11), Herbelin defined an extension of the usual A-calculus called
A-calculus. However, for a A-term of the form (... (z[u])... [ux]), the LJT
image is a proof with cuts. This term is a A image of the normal term
(...(z w1)...u,)', but in X it is not normal due to the use of explicit
substitution in A. Thus, (11) reports a mapping between A and LJT that
takes normal terms as those shown in A into derivations in LJT with cuts.
In our proposed isomorphism, we avoid this by using a notion of proof
equivalence and different versions of sequent calculus and natural deduction.
The paper (11) only deals with the implicational fragment of intuitionistic
logic, but in his thesis (12), Herbelin extends the result to the full propositional
fragment of intuitionistic logic. In table 4.1 we present LJT for the full
intuitionistic propositional fragment {A,V,—, -, L}, where negation (—) is
seen as a particular case of implication in which the consequence is always a
falsity.

Herbelin’s version of LJT is a slightly different version of the intuition-
istic fragment of LKT. The differences are: (1) the formulas that form the
disjunction in V F are outside the stoup, (2) to apply the right rules the stoup

Y...(zup)...up) is normal in A\ whenever u; is normal.
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must be empty, (3) the rule D keeps a copy of the formula that passed to the
stoup and (4) the left rules for conjunction, which are three:
Doy I Biaty UG, a5ty
aNpBEy CanpBEry aNBEry
Herbelin states that these rules are necessary for cut elimination, but cut
elimination is only shown for the implicational fragment. The version of LJT
presented here is Herbelin’s version, except for the rules of left conjunction,

which are like in Joinet’s thesis.

(o) IFa T8y (-5) o - pB
a— By I''Fa— B
b 8-y Iatky - ) Fa ThER
anNpBEy anB 7y iFanp
wvH) Dag~ By V) I'F« IEp
av By I'Favp I'Favp
wh akxy
| IR e
y Ia,a b~y
r ok« I aFry

Table 4.1: LJT rules

A sequent in LJT is of the form I';II F A, where I is a set of formulas
(possibly empty) and II and A are sets of at most one formula. The place
occupied by II, that is, the place between ;" and ‘+’, is called stoup and the
formula in the stoup (if any) is called head-formula. In a derivation, the stoup
of the conclusion must be empty.

The following are examples of derivations in LJT:

ANBAFA ™ A BBFB ™
ANBAANBFA " A B.F B

ANBiFA BjrA—B
ANBFAVEB Y FBo(A=B)

ANA S BRAFA T
A/\(A—)B);A/\(A—>B)I—A;F )
AN(A S B)FA ANASB),BFB
AN(A S B;,A>BFB -
AN(A— B, AAN(A— B)F B ;F
AN(AS B)F B

xT
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The following are not derivations in LJT:

ANB;B+FAV B
ANB;ANBFAV DB P Ifwe begin the proof of AAB;t AV B by applying

ANB;-F AV B
first the rule D, we will not be able to close the derivation.
A B;F B i
B;FA— B HF Although the top-sequent has occurrences of formulas
FB— (A= B)
of the same form (B) in both sides of the sequent, it is not a derivation,

as the top-sequent is not Az. To turn it into a derivation, we need to

bring an occurrence of B to the stoup by applying D.

AAF A 2 )
A; l_AAA BAI;—BBl_ B is not a derivation, for the conclusion has a
;A —

LANAS B FB
formula in the stoup.

An inference rule can be read from the conclusion to its premisses. Note
that we can only apply right rules when the stoup is empty and that we can
bring a formula to the stoup with the rule D but we cannot take a formula
from the stoup. LJT has additive contexts, i.e., the same set I' of assumptions
in the premisses of each rule, and even though we need D as a rule in the
system.

LJT forces a focusing in the derivation. When there is a formula in the
stoup, we are “forced” to apply left rules, breaking the named formula until
either an atomic formula is in the stoup, in which case we have an initial
sequent, or until we apply V F, in which case the stoup is empty, and we can
choose between applying a right rule and the rule D, in which case the focus
is back to the head-formula. When the bottommost rule applied in a cut-free
derivation is a D-rule, we can identify the sequence of applications of left rules
forced by the stoup with a positive trunk in focused proofs?.

Because of the stoup, the system admits two cuts, a head-cut (Cy) which
cuts the formula in the stoup and a middle-cut (Cjs) which cuts a formula

outside the stoup:

AR A F;AI—BC A TVAAEB
A+ B " [:AF B

Cm

Definition 7 (Cut-free derivation) We say that a derivation II is cut-free

in LJT when there is neither applications of C'y nor applications of Cyy in 11.

2This terminology is according to (14)
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The stoup reduces the quantity of cut-free derivations that we usually
have in Sequent Calculus. For instance, instead of the two possible cut-free
Sequent Calculus derivations of (A A B) — (A V C) we showed, we only have
one in LJT (see figure 4.1).

ANBAFA
ANBANBFA "
ANB.FA Fﬁ
ANB;FAVC
F(AANB) = (AVC)

F—

Figure 4.1: Example of a derivation in LJT

4.3.2
Natural Deduction

If we decide to use Gentzen’s Natural Deduction system N J, there would
be no way to distinguish derivations with more premisses than needed. For
instance, derivations of AA B from AA B and of AA B from AAB,C in LJT
would be translated to the same derivation in NJ.

In order to have a faithful comparison, we decided to use a representation
of Natural Deduction in a Sequent Calculus style. The system ND is presented
in table 4.2.

(E)Fl—a—>ﬁ '« ) Makpg

- T'kp " Tra—8

(E)Fl—a/\ﬁ 'canp (I)Fl—a I'=pg

Y Tra ING] YT TranB

(E)Fl—a\/ﬁ FakF~y T,BFy 1) Lha =g

! TF~ TFaVp TFaVvp
LHL —_—

(EL) 1—‘|_/y A F’a}—a

Table 4.2: ND rules

Definition 8 (Major premiss) The premisses I' - a — 5, T - a A [,
'FaVpand ' L of the rules E_,, En, Ey and E, respectively are called
major premisses . The other premisses are called minor premisses. The sequent

I'a b «a in Ax is called initial sequent.
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As this system is more known, we believe there is no need to go into as
many explanations as we did in the case of LJT.

A cut rule in Sequent Calculus is usually mapped into a derivation with
a maximal sequent in Natural Deduction, that is, a sequent which is the
conclusion of an introduction rule and major premiss of an elimination rule.
But LJT has two cuts: if one is translated as a derivation with a maximal
sequent, what would the other cut represent in ND? Hence, we add to our

system the following admissable rule, known as substitution rule:

'Fa Takp
g

Definition 9 The sequent I' - « is the major premiss of S.

Definition 10 (Normal derivation) A derivation Il is normal in ND when
there is neither a mazximal sequent nor an application of substitution rule in

I1. Besides that, no major premiss of Il is the conclusion of an application of
E,.

This restriction is due to the fact that an application of £\, might “hide”

a maximal sequent. For instance, take the derivation in figure 4.2.

Il, Il,
1T, LA ILCEB | I,
I'-CvD I CFAAB "I''D-AAB N
TEAAB
THA

Figure 4.2: Example of a derivation in ND

As well-known, such a proof should not be considered as normal and it
should be reduced first by communing the elimination rule of the disjunction
with that on the conjunction and then reducing the sequence formed with the

introduction and elimination rules of the conjunction.

Definition 11 (Detour) A detour in a derivation in ND is either a mazimal

sequent or an application of a rule S.
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4.4
Definitions

As we are restricting ourselves to normal and cut-free derivations, we are
going to use the term “bijective” rather than “isomorphic”. We say that ND
and LJT are bijective when there exists transformations ¢; from ND to LJT
and ty from LJT to ND, such that, if II is a cut-free derivation in LJT, then
t1(t2(I1)) = II and if IT is a normal derivation in ND, then t5(¢; (1)) = II.

The translations between ND and LJT are defined by induction on the
length of derivations. For that, we are going to do the cases for all possible
forms a derivation can have. But, if a derivation has the form

Ir Y
A I'BEC
IMA— BEC
r;=C

—k

z/
IBEC

derivation, there is no head-formula in the conclusion) and then we cannot

we have a problem, for is not a derivation (remember that, in a

apply the induction hypothesis (IH). Hence, to define the translations between
derivations, we need to define translations between pseudo-derivations. Thus,
our translations are based on a pair (p, ¢) of functions where p is a map between
pseudo-derivations and ¢ is a map between derivations and when we define g,
we may use p, and in some cases of the definition of p we use q.

We are going to use II for derivations, ¥ for pseudo-derivations and W,
usually, for either. Before defining the translations, we need to define some

notions.

Definition 12 The sequents I'y = Ay,.... I, = A, of a derivation 11 in
ND form a sequence if I'; = A;,1 < i < n is premiss of the rule of which
i1 B Ajyq is the conclusion. In this case, if i < j, we say that I'; = A; is
above I'; = A; and that T'j = A; is below I'; = A;. The notion is analogous for

sequences in LJT.
Definition 13 The length of a derivation is the number of rules it contains.

Definition 14 The set of pure elimination derivations (PED) in ND is
inductively defined as follows.

— a derwation T | A Az 45 q PED.
II Ir
- a normal derwation TTHA=B TF+A p is a PED if 11 is.
I'-B -
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II
— a normal derivation T F AAB . 1s a PED if 11 is.
r-A
II
— a normal dertvation T AN B - is a PED if 11 is.
r-np
II 11, I,
— a normal derwation T'HAVB T ARC T,BFC is a PED if
, TFC B
IT zs.
II
— a normal deriwation T F L g isa PED f 11 is.

A

Definition 15 The major sequence of a PED Il in ND is a sequence of
sequents I'y = Ay, ..., I, = A, such that

1. Ty Ay is an initial sequent of 11,
2. I'; = A;, 1 <i <mn, are major premisses and
3. I'y E A, is the conclusion of I1.

The derivation of figure 4.3 is a PED with the sequents I' - A — (B —
), 'k B — C, 'k C forming its major sequence.

Definition 16 Let I be a PED in ND and let I' = B be a sequent that belongs
to the major sequence of Il and is not an initial sequent. A pseudo-derivation

Y2 of 11 s the tree obtained from 11 by removing every sequent occurrence above
'+ B.

A pseudo-derivation can be seen as an “unfinished” PED. As an example,

TFA " TFA—B o o
TR " THEFB—=C . and I' = C' are pseudo-derivations

r=c
of the derivation of figure 4.3. As the derivation of figure 4.2 is not a PED,

there is no pseudo-derivation associated to it.

Definition 17 A cut-free derivation 11 in LJT is a pure left derivation (PLD)
if there exists a sequence of sequents I';; A1 F By, ..., ['y; Ay B By, Taygs b
Bp.1 such that

- T'1; Ay B By s either an initial sequent (which means that Ay = By) or
the conclusion of a V F-rule.

- Iy Ai By, 1 < i <mn, is the conclusion of the application of the left rule
of which I';_1; A;_1 F B;_1 1s a premiss and,

— Tyy1;F By is the conclusion of the derivation and it is the only sequent

in the sequence that has no formula in the stoup.
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Note that, in a cut-free derivation, I';; A; F B;, 1 < i < n, are premisses of left

rules. Such a sequence is called the major sequence of II.

In other words, a PLD is a derivation without occurrences of right-rules
in its main branch. The derivation of figure 4.4 is a PLD with the sequents
ICHCOCT;B—-CFECT;A— (B— C)F C, T;F C forming its major

sequence.

Definition 18 Let II be a PLD wn LJT and let I'; A = B be a sequent that
belongs to the major sequence of II. A pseudo-derivation > of Il is the tree

obtained from 11 by removing every sequent occurrence below I'; A+ B.

A pseudo-derivation can be seen as a PLD where the bottom part

T-AF A g )
;- A [;BFB ™
is missing. As an example, T'A—BFB - and
LFB_° TorCc ™
B~ CFC -

¥ are pseudo-derivations of the derivation of figure 4.4. As the

derivation of figure 4.1 is not a PLD, there is no pseudo-derivation associated
to it.
The notions of sequence, major sequence and length of a pseudo-

derivation can be easily derived from the previous definitions.

Lemma 1 A cut-free derivation 11 is a PLD iff the bottommost rule applied
in 11 is D.

Proof: (=) Straight from the definition. (<) By induction over the structure
of 1I. |
From the previous lemma we infer that, as II is a PLD, the uppermost

rule applied in II is also an elimination rule.

Lemma 2 A normal derivation I1 is a PED iff the bottommost rule applied

wn II is an elimination rule.

Proof: (=) Straight from the definition. («<=) By induction over the structure
of II. |

Lemma 3 IfII is a PED in ND, then, if there is an application r of E\ in

the major sequence of I1, then r is the topmost rule applied in I1.

Proof: If r is not the last rule applied in II, then the conclusion of r is a
major premiss and by definition 10, I is not normal. Hence, II is not a PED.
[ |
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Corollary 1 In the major sequence of a PED in ND, there is at most one

application of E, .

Observation 1 If Il is a PED in ND, then 11 is either of the form
H/

— Y. ———— Az -
TFANB LEBAA TFA>B " THA
TFA 7 or  TEA or e B B
Z/ > E/
Az Hl H2
Tk L S
or TEx ™ or TEAVB ™ TAFD T,BFD |
S D !

Lemma 4 IfT; A1 - By, ..., A, F B, T'; Ay B By is a major sequence,
then B1 == Bn = Bn+1.

Proof: Just note that in any left rule, both the premiss which contains a
head-formula and the conclusion have a formula of the same form in the right

side of the sequents. [ |

4.5
Translation between normal derivations

Now that we have both ND and LJT defined, let us see some examples
of derivations in both systems.

The only possible cut-free/normal derivations of A — (B — (B — (A —
B))) in LJT and in ND, respectively, are:

——————— Az

A B;B+F B — Az

2P P A B+ B

A,B,l_B I,
. A BFA— B

ABRA=>EB ABFB—>(ASB)

*)
A, B;F B— (A— B) ’ =

F— AFB— (B— (A—B))

A B— (B— (A— B))
FA—(B— (B—(A—= B)))

The following derivations examplify a reason to keep a copy of the

—

s FA— (B— (B— (A—B)))

formula when we apply the rule D. In the LJT derivation, we used the premiss
AN (A — B) twice:

ANAS BRAFA T
AA(A—>B);A/\(A—>B)I—A;F N
AN(A— B)FA A/\(A—>B);B|—B%F
AN(A— B);A— BFB
AN(A = B),AN(A = B)F B g
AN(A S B)F B
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Ax

ANAS B FAANASB) “ ANAS B FAA(AS B)
AN(A—B)FA—B : ANA—=BFA
ANA = B)FB

A

—

Let us compare the derivations of C' from I' = {A, A - B, A —» (B —
()} in ND (figure 4.3) and in LJT (figure 4.4), where the bold formulas are

the active formulas of the major sequence of the derivations.

r A Trasg ™ TFA Y TFASB-C)

E_, E_,

'+ B rFB—~C ,
I'C 7

Figure 4.3: Example of a pure elimination derivation in ND

T AFA
r'-4 ° T.BFB ™
N nA%BFBD‘* N
F;AI—AD I''HB F;CI—Cﬁk
A hB—-CrC
A BoSC)FC o
IEC

Figure 4.4: Example of a pure elimination derivation in LJT

There are some things we want to call attention to in this example:

1. The bold formulas belong to sequents that form the major sequence of

each derivation.

2. Note that in the ND derivation those formulas are in the right side of
the sequents and in the LJT derivation they are in the left side of the

sequents, in the stoup.

3. Note also that their “order” is inverted, that is, A — (B — (), for
instance, is in the head of the sequence in ND, but in the bottom in
LJT.

4. Note also the relation between (a) the conclusion of the ND derivation
and the initial sequent of the major sequence of the LJT derivation and
(b) the initial sequent of the major sequence of the ND derivation and

the premiss of the bottomost rule (rule D) applied in the LJT derivation.

5. All the formulas contracted in the LJT derivation form axioms in the
ND derivation.
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6. In the ND derivation, the premisses of the sequents that belong to the
same major sequence are the same. Conversely, in the LJT derivation,
the sequents that belong to the same major sequence have conclusions

of the same form.

Hence, we need to define a translation that takes head-formulas in LJT
to the right side of sequents in ND, formulas that goes to the stoup through
the rule D in LJT to axioms in ND and the bottommost left rule applied in a
derivation in LJT to the uppermost elimination rule applied in a derivation in

ND.

Before defining the translations, we present two trivial results:

Lemma 5 Let Fi;A\I:il— A 1 <1 < n, be (pseudo-)derivations in LJT. If
FiAEA T Ank Ay r > n=121is arulein LJT, then
AR A
1. If r is a right rule or a rule D (which means that A = (), then
vy v,
T A F A T A, FA, 180 derivation in LJT.
A "
2. If r is a left rule (which means that A = {B}), then
v, v,
TpAFA T A, F A, is a pseudo-derivation of a derivation
T:BF A "
in LJT.

Proof: 'The proof is straight from the definition of derivation and of pseudo-
derivation. Note that, as there is a head-formula in the conclusion of r in item

2, r cannot be a right rule. |

Lemma 6 Let

LAy F.l.—.A Lo - A, r be a rule in ND and r, l—iAi ,

1 <i <n, be normal derivations in ND.

IT, IL,
1. If v is an introduction rule, then T+ A, ... T,F A, 1is a deri-
r
o r-A

vation in ND.
2. If r is an elimination rule with ', = A,, as major premiss and r ;A

15 a pseudo-deriwation of a deriwation in ND, then

1T, IL,
(a) ibA .. Thb 4, r s a deriwation in ND.
A

by
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Hl Hn—l
(b) ibA . 11:"}:114'_ Anr T F Ay r 1s a pseudo-derivation of a

derivation in ND.

Proof: 'The proof is straight from the definition of pseudo-derivation and of
derivation in ND.
[ |

Definition 19 (f) Let X be a pseudo-derivation of a derivation 11 in LJT. If
g is a translation from cut-free derivations in LJT to normal derivations in
ND, then the translation f of pseudo-derivations in LJT to pseudo-derivations

in ND s defined recursively as follows:

If¥= T.crC AT then f(X) =T F C.

oG 5 g(Il')
IfS= T;FA T;BFC , then f(5)= 1 EA TEFA=B
rASBEC LB
f(&)
2% TFAAB
[fE= T;AFC L then f(E)=  TFA
T;AABFC " £
2% TFAANB
f£= T;BEC . then f(£)= TFB
T;AABFC " F(2)
I, I,
[fS= D, AHC T,B-C .
TAvBrFC '

9(H1) g(Ily)
then f(£)= THAVB T,ALC T,BLC

\4

recC
> Lkl ,
Ify = F;AI—C’LF,thenf(Z): A
I1LEC f(X)

Note the role that C' plays on the translation. All the sequents of the major
sequence of ¥ have conclusion C, but C' “disappears” in the translation. It is
so because the active formula of the major sequents in LJT are in the left side
of the sequents while the active formulas in the major sequents of ND are on

the right side of the sequent. The conclusion C' only appears in the conclusion
of g(II).
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Lemma 7 Let g be a translation from cut-free derivations in LJT to normal
derivations in ND. If ¥ is a pseudo-derivation in LJT, then f(X) is a pseudo-

derivation in ND.

Proof: The proof is by induction on the length of ¥ and follows straight from

the definition of f (definition 19). We show one case as an example:

T 5 g(1T)
Let 5= T;-A T:BFC .Bydet 19, f(£)= LFA I'FA=B
TASBREC rb
’ f()

By hypothesis, g(II') is a derivation in ND and by induction hypothesis f(3')
is a pseudo-derivation of a derivation in ND. Hence, by lemma 6, f(X) is a

pseudo-derivation of a derivation in ND.
[ |

Definition 20 Let II be a cut-free derivation of LJT. The translation g of
cut-free derivations in LJT to normal derivations in ND is defined recursively

as follows:

—_—— Az
Basic case: I[f[I= [;AFA p s theng(ll)= T AF A Aw

A
I g(11')
(=) Ifll= DAFB . theng()= TI,ALB
LEA=B TrASB -~
o I g(Il)  g(IL,)
(FA) IfTl= T3k A T3-B  theng()= T+ A TrB
LFAAB " r-AAB
i g(I1)
I;FAVB TFAVB "
I g(I1)
[i= _TikB_ theng= Trrp
LFAVE TFAVB "
Dy Az
(D) Ifll= T AAFB  theng()= 1A"A4
TAFB f(E)

Theorem 3 If II is a cut-free derivation in LJT, then g(Il) is a normal

derivation in ND.

Proof: The proof is by induction on the length of IT and follows straight from
the definition 20 and lemma 7. We show one case as an example:
= TAFA ™
Let 1 = T,A;A- B . By definition 20, g(I[) = 1> . As
TAFB F(&)

every sub-derivation of Y’ is smaller than II, by induction hypothesis and
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by lemma 7, f(3') is a pseudo-derivation of a derivation in ND. Hence, by

lemma 6, g(II) is a derivation in ND. [ |

Definition 21 Let ¥ be a pseudo-derivation of a PED II in ND. Ift is a
translation from cut-free derivations in LJT to normal derivations in ND, then
the translation s of pseudo-derivations in ND to pseudo-derivations in LJT is

defined recursively as follows, where I' = C' is the conclusion of 11:

1L IfY=TFC, thens(X)= T.crc

TEAANB | s(3)
2. IfS= TFA ", thens(S)= T,AFC
2 TLANBFC "
TEBAA s(X)
3. IfS= TFA 7 thens(8)= T:AFC
o BAAFC "
FEA I'A— B oy - s
4- ]fZ: 'R — Eﬂfthens(z): F;l—A F;Bl—C .
5 LA—-BFC
1L 11,
5. If¥= THAVB T,AFC T,B-C
I'+C !
t(I1y) t(Ily)
then s(X) = T A:FC T.B:FC )
TAVBFC '
NS s(X)
6. IfS= THA — ,thent(X)= T,;ArC
¥ r, L-C ="

Lemma 8 Let t be a translation from normal derivations in ND to cut-free
derivations in LJT. If ¥ is a pseudo-derivation in ND, then s(X) is a pseudo-

derivation in LJT.

Proof: 'The proof is by induction on the length of > and follows straight from

the definition of s (definition 21). We show one case as an example:

I 1T
Let ¥ = THAVB TAFC 1"7B|—CE . By the definition 21,
e ’

S(%) = t(ILy) t(I1y)
rAa+-C I',BFC
I'AVBEC
By hypothesis, both ¢(II;) and ¢(Il;) are derivations in LJT. Hence, by

lemma 6, s(X) is a pseudo-derivation of a derivation in ND. |
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Definition 22 Let II be a normal derivation in ND. The translation t of
normal deriwations in ND to cut-free derivations in LJT is defined recursively

as follows, where I' = C' is the conclusion of 11:

—_—— Az
Basic case: IfIl= T 4 2%, then t(Il) = MD

A
I t(IT")
(I.) fll= T.AbB thent() = T AkB
FEA=B TFA=B
1L e (L) (1)
(In) Ifll= THA THB , . thent(ll)= T;-A T;B
FEAANB rFAAB
H/ t(H/>
() Ifll= _TrA . thent(ll)= T4
brAvE TFAVE "
H/ t(H/)
Ifll= _1+B  thent(ll)= T1;-B
TFAvB ™ Ti-AvB

(B, Er,Ey,E1) As the last rule applied in 11 is an elimination rule then,
by lemma 2, 11 is a PED. Hence, Il has one of the forms shown in

observation 1 and the translation is as follows:

. s(X)

If 11 = WE/\7th€nt(H): F,&f;fc AF

5y D
IEC
TFBAA Y o)
AebAhA g _ TArC

If1l = Fg,A , then t(I1) = FBAARC ;\)'_
IEC

I , tIr)y  s(x)
b Tk C
I 11,

Ifli= TFAVB “ I AFC T,B-C |
TFC B

t(I1y) t(Ily)
then t(I) = ' A;-C TI',B;EC
AV BEC
r;,=C

V=
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Az ()
TF L
[Fl= Tri % thent(l) = LAFC
i F;A en t(1I) DLFCQF
IEC

Theorem 4 If Il is a normal derivation in ND, then t(II) is a cut-free

derivation in LJT.

Proof: The proof is by induction on the length of II and follows straight from

definition 22 and lemma 8. We show one case as an example:

m () s(s)
—_——— Ax
r'-A TFASB Ti-A T;BFC
Let IT = £ . By def. 22, t(IT) = L ’ ,
IEB Y (I A BFC
2 Tk C

where I' = C' is the conclusion of II.

As every sub-derivation of ¥’ is smaller than II, by lemma 8, s(¥') is a
pseudo-derivation of a derivation in LJT and by induction hypothesis, ¢(Il') is
a cut-free derivation in LJT. Hence, by lemma 5, ¢(II) is a derivation in LJT.
|

Lemma 9 If g(t(I1)) = I, for every normal derivation Il in ND, then for

every pseudo-derivation ¥ of 11
f(s(X)) =X

Proof: 'The proof is by induction on the length of Y. Let ¥ be a pseudo-

derivation of a derivation II whose conclusion is I' - C.

HEzFFCJMnﬂdZszCﬁEijT“):FFC

1T,
_THFA THFA— B
Ify = T B E_., then
b
t(IL)  s(Xq) g(t(I11))
J®E)=f|i-A TiBEC | = FFAFEEA%BIL
A~ BF -
Az BRC F(s(20)

By hypothesis, ¢(t(Il;)) = II; and by IH, f(s(X;)) = X;. Hence,
f(s(%)) = %.
'-AAB

ftX= TF+A EA, then
2
$(3) TEAAB
f(s(X)=f I AR C = TrA

T.ArNBFC " F(s(1))
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By IH, f(s(X1)) = ¥. Hence, f(s(X)) = X.
'FAAB

=" TFB " then
¥
s() TEAAB
fs@))=f Br¢ |= TFB
T;AANBFC Fls(21))
By IH, f(s(X1)) = X1. Hence, f(s(X)) = X.
1 1,
fY=TFAVB T,AEC T,BEC , then f(s(3)) =
I'FC !
t(I1y) t(Ily) g(t(Il))  g(¢(Il))
| T,AFC T,B:FC | = TFAVB T AFC TBEC
T;AVBFC ' TFC Y
By hypothesis, g(t(I1;)) = II; and g(¢(Ily)) = Il,. Hence, f(s(X)) = X.
TEL, $(21) LELl,
IfY=TFA “,then f(s(X)=g| IAFC = I'HA
2 TLrC ") f(s(3)

By IH, f(s(X1)) = X;. Hence, f(s(X)) = X.

Theorem 5 For every normal derivation I1 in ND,

g(¢(Il)) = 11

Proof: The proof is by induction on the length of II. For the basic case, we

—_—— Az
have that g (¢ ATy = ¢ Lorc ont | =
t(rrc ™) frg o) = TFC

Let r be the bottommost rule applied in II. Then, we have the following

Az

cases:

IT,
Ifll= T ,AFB , then
r-A—B
t(H1> g(t(Hl))
gt()=g| I ,A+B = I,AFB

T'FA-B '/ TrA=B
By IH, ¢(¢(II;)) = II;. Hence, g(¢(II)) = II.
1 Iy

Ifll= I'-A T'FB , ,then
rAAB "
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t(Ily)  t(Iy)
gt)=g| I's+A T;-B =

r-AarnB "
g(t(Iy))  g(t(Ily))
A T'FB,
I'-AAB
By IH, ¢g(t(II;)) = I1; and g(¢(Il)) = Il5. Hence, g(¢(11)) = II
I,
= TrA . then
TFAVB
¢(I1y) g(t(Iy))
gt))=g| TiHA = _TkA

r-rAvB 'Y) TrAvB "

By IH, ¢(¢(II;)) = II;. Hence, g(¢t(II)) = 1L

IL;
IfIT = ' B I,then
TFAVB '
t(Ily) g(t(I1y))
g(tdD) =g I B = TFkB

rrAvB ' Y) TraAvB "

By IH, ¢(¢(II;)) = II;. Hence, g(t(II)) = IL.
If the last rule applied in II is an elimination rule then, by lemma 2, 11

is a PED and has one of the forms shown in observation 1. We have the

following cases, where I' = C' is the conclusion of II:

11,
—— Ax
_I'MA TFASB I
If 11 TE B E-, then
]
tIL)  s(E) g(t(I11)) B
_ | k4 mBRCO _ TI'+FA TFASB L
t(I1)) = ) ) — .,
g(t) =g rAsprc T'F B £
Tk C f(s(X1))
By IH, ¢(¢(II;)) = II; and by lemma 9 and IH, f(s(X;)) = ;. Hence,
g(t(1l)) = IL
TFAAB o
Ill="TF2A ", then
2
) TrArB ™
g(t() =g ARGl ="Tra &
AANBEC F(s(50)
I;FC !

By lemma 9 and IH, f(s(3;)) = X;. Hence, g(¢(II)) = II.
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CFAAB
tll="T17rpRp "~ then
¥
S(zl> e
. TFAAB
gty =g| LBFC | =——TFFp &
F;A/\BI—C'D £(s(3))
T;-C '
By lemma 9 and IH, f(s(3;)) = ;. Hence, g(¢(II)) = II.
LI I,
f=TFAVB ™ I'AFC I,BFC , theng(t(I)) =
I-C !
s(1I s(IT
S ) () gls(1m)
g —= i vi|= TFAVB " T,ArC TI,BFC
INAVBEC e

IO
By hypothesis, g(s(Il;)) = I1; and g(s(Ilz)) = IIs. Hence, g(¢(I1)) = II.

Az

TE1
IIl=TF A ~*, then
>
() rE L
gty =g | LARC N o g
LirC F(s(1)
e !

By lemma 9 and IH, f(s(3;)) = X;. Hence, g(¢(II)) = IL.
|

Lemma 10 If t(g(Il)) = 11, for every cut-free derivation Il in LJT, then for

every pseudo-derivation ¥ of 11,

s(f(X2)) = %

Proof: 'The proof is by induction on the length of Y. Let ¥ be a pseudo-

derivation of a cut-free derivation II. We have that:

Y= T.crg *, then f(s(X)) = fCHC)=T.crg ™.

Hl E1
IfY=T;FA I;B-C ,then
LASBFC
g(I1y) t(g(l))  s(f (X))

s(fE)=s|LEA LFA=B , |- pi 4 T.BrC
B o
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By hypothesis, t(g(Il;)) = II; and by IH, s(f(X;)) = X;. Hence,
s(f(¥) = %.

%)
f¥X= T;BFC , then
T.BAAFC "
MEA s(f(X1))
s(fE)=s| LB = IBFC
(&) rBrarc "
By IH, s(f(X1)) = ¥1. Hence, s(f(X)) = X.
3
Y= T:BFC , then
T.AANBFC "
TEAANB s(f(21))
E/\ 1
s(f(2)=s| TFB = I;BFC
() TANBEC '
By IH, s(f(X1)) = X1. Hence, s(f(X)) = .
I, 11,
fX=T,A4-C T,BHC  thens(f(X))=
T,AVBFC '
g(1Ly) 9(1l) t(g(Ily))  t(g(Il))
s\ THAVB T,A-C T.B-C . = ILAFC T',B;FC i
TFC Y T,AVBFC '
By hypothesis, t(g(Il;)) = II; and #(g(Ily)) = II5. Hence, s(f(X)) = X.
2
IfY= I;AFC , then
r,L-C =T
LEL s(f(%1))
s(f(X)=s| I1FA = LArC
f(21) I LEC

By IH, s(f(X1)) = X;. Hence, s(f(X)) = X.

Theorem 6 For cvery cut-free derivation 11 in LJT,

t(g(Il)) =1L

Proof: Let II be a cut-free derivation in LJT. The proof is by induction on
the length of II. We have the following cases:
Az

—_ — Az
IfII = F,Al_A ,thent g ) = ¢ Azy F,AI_A on
7F,|—A Cont ( ( )) (F"A ) 71_"}_/1 Cont
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11,
Ifll= T, A+ B , then
TrFASB
Q(Hl) t(g(Hl))
t(g()=t| T A+B = TI,AFB

TFA>B ) TrAa=B'™
By IH, ¢(g9(I1;)) = II;. Hence, t(g(IT)) = II.
I 1L,
Ifll= I''HFA I';FB -, then
TFAAB "

g(Ii)  9(IL) t(g(IL)) t(g(IL2))
Hgmn=t<rkA FFBIJ:: ;A I}FB

TFAAB rrarp "
By IH, t(g(I1y)) = II; and t(g(Ily)) = II5. Hence, t(g(I1)) = II.
11
IfII = ;- A , then
T,FAVB
g(I1,) t(g(Th))
HoD)=t{_rra , J= Dhikd
TFAvB '/ T.FrAvB '’
By IH, t(g(I;)) = II,. Hence, ¢(g(II)) = II.
11
Ifll= T;+B , then
T,FAVEB '
g(I1,) t(g(Ih))
o) =t{_rrp ,|= TikB
TFAvB "/ T.ravB '’
By IH, t(g(II;)) = I1;. Hence, t(g(I1)) = II.
I, 5
I'-A T;BrC
If IT = — ) th
TAsBro o0
IEC
o) t(g(Il)) s(f(%1))
tg)) =¢t| THA TFASB " |- kA TyBHC
(9 (ID) TFB y TLASBRCO
(=) T C
By IH, #(g(Il;)) = II; and by lemma 10 and IH, s(f(X;)) = X;. Hence,
t(g(I)) =1L
>
B+ C
IfIl=_— th
T AABEC 00

r;=C
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S s(f(X1))
TEANB I;BFC
tig)=t| TIFB “T.ArBFC "
By lemma 10 and IH, s(f(31)) = £;. Hence, t(g(II)) = 1L
2
IyBEC
IfII = ’ th
TBAAFC 7
IEC
—— Az s(f(%1))
TEBAA I;BFC
t(g()=t| TFB “T.BrAFC "
f(%1) e D
By lemma 10 and IH, s(f(3;)) = 3. Hence, t(g(II)) = II.
I 1,
LNAEC T,BFC
fIl=—222 ! then ¢ (g (II)) =
ravpro  vhthentlo()
r;,=C
t(g(IL t(g(11
o) g fot)) - tott))
t| TFAVB “ I'AFC I,BFC = o4 i
e VE IMAVBEC
r=C
By IH, t(g(Ily)) = II; and t(g(Ily)) = Il,. Hence, t(g(I1)) = II.
2
IARC
=" th
r,irc -7
IO
E, IARC
f(E1) WD

By lemma 10 and IH, s(f(31)) = X;. Hence, t(g(II)) = 1L

[ |
From theorems 5 and 6, we have that the translations defined between
ND and LJT are bijective.
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4.6
Conclusion

We achieved a bijection between normal derivations of Natural Deduction
and cut-free derivations of Sequent Calculus. In order to complete the proof-
theoretical isomorphism between the systems we have to show that the
reduction steps are pair related. In order to do this, the translations (f,g)
and (s,t) must be extended to translate any derivation, and not just normal
and cut-free ones. Finally, we need to show that the extended translations
preserve reductions up to equivalent derivations, which enable us to define a

translation between conversions. This is done in next chapter.
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