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Abstract

Viana, I.V.; Pesco, S. (Advisor); Borges Barreto Junior, A. (Co-
Advisor). An Analytical Model for Injectivity Tests in Mul-
tilayered Reservoirs with Formation Crossflow. Rio de Ja-
neiro, 2021. 92p. Dissertação de Mestrado – Departamento de Ma-
temática, Pontifícia Universidade Católica do Rio de Janeiro.

The injectivity test consists of injecting a phase, usually water, into
an oil reservoir in order to collect information about it. Knowing these
reservoir’s parameters can be valuable in order to improve oil production. Many
studies have been presented regarding the behavior of pressure in multilayered
reservoirs under single phase fluid flow and, also, during injectivity tests.
However, an analytical solution for pressure behavior in multilayered reservoirs
during injectivity tests is well known only when the formation crossflow is
not considered. Therefore, the present work attempts to develop an analytical
model in the Laplace space for multilayered radially composite reservoirs with
formation crossflow under single phase fluid flow, and then, for multilayered
reservoirs with formation crossflow under two phase fluid flow. The accuracy
of the proposed solution was verified by comparison with a finite difference
flow simulator. The results provided by the analytical model and by the
numerical data were consistently similar. Furthermore, the data obtained
by the analytical solution was used to estimate the reservoir’s equivalent
permeability. Calculated values presented a satisfactory accuracy for all cases.

Keywords
Injectivity Test; Multilayered Reservoir; Formation Crossflow; Compo-

site Reservoir; Analytical Model.
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Resumo

Viana, I.V.; Pesco, S.; Borges Barreto Junior, A.. Um Modelo
Analítico para Testes de Injetividade em Reservatórios
Multicamadas com Fluxo Cruzado de Formação. Rio de
Janeiro, 2021. 92p. Dissertação de Mestrado – Departamento de
Matemática, Pontifícia Universidade Católica do Rio de Janeiro.

O teste de injetividade consiste em injetar uma fase, usualmente água,
em um reservatório de óleo para coletar informações sobre ele. Conhecer os
parâmetros do reservatório pode ser valioso para melhorar a produção de óleo.
Muitos estudos têm sido apresentados a respeito do comportamento da pressão
em reservatórios multicamadas sob escoamento de fluxo monofásico e, tam-
bém, durante os testes de injetividade. No entanto, uma solução analítica para
o comportamento da pressão em reservatórios de múltiplas camadas durante
os testes de injetividade é bem conhecida apenas quando o fluxo cruzado de
formação não é considerado. Portanto, o presente trabalho apresenta um mo-
delo analítico no espaço de Laplace para reservatórios radialmente compostos
multicamadas considerando o fluxo cruzado de formação sob fluxo monofásico
e, então, para reservatórios multicamadas com fluxo cruzado de formação sob
fluxo bifásico. A precisão da solução proposta foi verificada através da com-
paração com um simulador numérico de fluxo. Os resultados fornecidos pelo
modelo analítico e pelos dados numéricos foram consistentemente semelhan-
tes. Além disso, os dados obtidos pela solução analítica foram utilizados para
estimar a permeabilidade equivalente do reservatório. Os valores calculados
apresentaram uma aproximação satisfatória para todos os casos.

Palavras-chave
Teste de Injetividade; Reservatório Multicamadas; Fluxo Cruzado de

Formação; Reservatório Composto; Modelo Analítico.
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1
Introduction

An injectivity test consists on injecting water into an oil reservoir and
in response to that, many significant information about the reservoir can be
provided, which can be valuable in order to improve the oil production. For
instance, equivalent permeability, outer boundary condition and recoverable
oil volume can be inferred. The way of detecting those information is through
analyzing the pressure transient response. In this work, an analytical solution,
which provides the pressure change solution, will be presented for two relevant
cases of the reservoir’s disposal, they are: single phase fluid flow in multilay-
ered radially composite reservoirs and two phase fluid flow in multilayered
reservoirs. For both of these cases, formation crossflow is considered.

Formation crossflow, different than wellbore crossflow, happens when
there is a nonzero vertical permeability at the interface between two adjacent
layers. This condition will be considered in all of the work proposed through the
chapters. Besides formation crossflow, this work will consider a multilayered
reservoir system, where all layers properties, such as porosity, permeability
and thickness, may be different in each layer. In addition, different regions
of permeability, in the same layer, are considered all along the model for the
single phase fluid flow case, that is a radially composite reservoir system.

In chapter 2, an overview on the work that was previously done regarding
single phase flow in multilayered systems with formation crossflow and two
phase flow in multilayered systems without formation crossflow, is presented.
The present work combines these two topics.

The first case considered in this work, extended in chapters 3 and 4,
considers a multilayered composite reservoir model under single phase fluid
flow, that is, a production well is considered. It also considers formation
crossflow along all layers. In chapter 3, 2 regions of different permeability
are considered in each layer and in chapter 4, many regions are considered. A
solution for a composite reservoir system can be used to consider formation
damage in the reservoir, also it can be extended to obtain a two phase model
further on. In the last session of chapter 3, formation damage is considered.

The second and main case is described in chapter 5. A multilayered model
with formation crossflow is considered as well, however, for this case the flow
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Chapter 1. Introduction 14

considered will be a two phase flow. This problem is solved similarly to the
single phase flow in composite reservoirs presented in chapter 3. For this case,
skin effect will be disregarded at all times. A single permeability region is
considered for each layer. However, layer properties may variate from each
other.

For both models, an analysis of the particular case considering two layers
will be made, in order to facilitate the understanding, before moving onto the
multilayered case model, which obviously works for a two layered model as
well. The suggested mathematical formulation in this work is mostly done in
the Laplace Domain, where the pressure variation solution is well known in
terms of Bessel’s functions. Then, the solution in the real field is computed by
the Stehfest Algorithm. All of the deduction presented in this work was made
in consistent units.

The results comparing the model suggested in this work and the nu-
merical simulator are shown in chapter 6. Lastly, chapter 7 consists of the
conclusions and suggestions for future works.
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2
Previous Achievements

This chapter will present some of the previous works on single phase fluid
flow in single and multilayered systems, with and without formation crossflow,
and on two phase fluid flow in multilayered systems without formation cross-
flow. The present work combines these topics, hence, this chapter will be helpful
in order to familiarize with them.

2.1
Reservoir Systems Under Single Phase Flow

One important work in single-phase flow in stratified reservoir system,
which inspired many others was the one by Lefkovits et al.[10]. In this work,
an analytical model was proposed, where the properties, such as thickness,
permeability, and porosity could be different in each layer. Formation damage
was also considered. However, formation crossflow is not considered in that
work, only wellbore crossflow, which is when there is communication between
two layers strictly through the well. Such reservoirs are denoted as commingled
systems. On the other hand, the works by Economides and Joseph[9], R.
Prijambodo et al.[13] and Gao and Deans[15] included formation crossflow.

The work proposed by Economides and Joseph[9], was strongly based on
the previous [10], and an analytic model is presented in it, also considering
a multilayered reservoir under single phase flow, however this work included
formation crossflow. Properties may also be different from layer to layer. The
presented model considers both formation damage and wellbore storage, and a
derivation was made for both short and long times. This work showed that after
a period of time, the reservoir could be described as an equivalent single layer
system. This very complete work was the main study source for this present
work. The formulation regarding the interflow between layers was derived from
it.

In addition, the work presented by Economides and Joseph[9] used
numerical inversion of Laplace transforms, more specifically, the Stehfest
Algorithm[14] in order to find a pressure response in the real field. The first
work to use it, was the one proposed by Tariq and Ramey[16]. Besides that
contribution, Tariq and Ramey’s[16] work also included an introduction to
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Chapter 2. Previous Achievements 16

wellbore storage.
The study presented by Prijambodo et al.[13], considered a two layer

cylindrical reservoir. It also considered damaged regions for the results. It
presents an analysis for producer wells. It showed that the flowing pressure
response at the well at early times can be divided in three flow periods. The
first one shows that the reservoir behaves as if there were no crossflow, the
second one, a transitional period, shows that the pressure response depends on
the contrast in horizontal permeabilities and on the degree of communication
between layers. During the third period, the reservoir is equivalent to a single-
layer system, like the results presented in [9] and [15].

Gao and Deans[15] proposed a complete work on multilayered reservoirs
with formation crossflow which contained different cases of reservoir’s systems.
Chapters 2 through 6 of the work proposed by Gao and Deans[15], included
pressure responses and interpretation theory for drawdown and buildup tests
for two-layer and multilayered reservoirs under single phase fluid flow.

The work proposed by Bourdet et al.[5], was all done in the real field.
This work proposes an analytic model considering formation crossflow, for
a two layer reservoir. It also considers wellbore storage and skin effects. In
addition, it includes a double porosity and permeability model description.

A solution regarding composite radial reservoir’s model was proposed by
Closmann et al. [8]. This work considered a single layered model and it did not
consider formation crossflow.

2.2
Reservoir Systems Under Two Phase Flow

The two phase flow region in each layer considered in this present work,
was based on the work done by Barreto Jr. et al.[3]. Which had the same
goal, however following a different approach from the work by Bratvold and
Horne[6].

Barreto Jr. et al.[3] considered a multilayered reservoir and presented a
pressure solution for the injection period. Darcy’s law was used to obtain an
expression to calculate the pressure change. Their solution for the injection
period assumes, like in this present work, a radially infinite reservoir.

Bratvold and Horne[6] work consisted in studying the influence of tem-
perature on fluid mobility and on saturation gradients. Their formulation was
also based on the discretization of the saturation profile proposed by Buckley-
Leverett[7]. The work of Bratvold and Horne[6] included solutions for both
injection and falloff periods. It also included storage effect and formation dam-
age.
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Chapter 2. Previous Achievements 17

The approach used in this present work, to reach the same goal as in [3]
and [6], was proposed by Neto et al. [12] which extended the solution from a
model for a radially composed reservoir under single phase flow as in given by
Neto et al. [11], because during injectivity tests in a homogeneous reservoir,
there are still different regions, but in respect to the fluids. The formulation
proposed by [12] was done in the Laplace domain and considered a single-
layered model.

The work presented by Gahtani et al.[2], also included a formulation
developed in the Laplace field. It considered a composite reservoir model, with
an index to assess the impact of the mobility. The importance of considering
the impact of water flow on formation has also been reported.

Finally, Bonafé et al.[4] presented a new formulation to approximate the
pressure response at the well during injectivity tests. The solution considered
multiple flow rates in a single layer reservoir. The proposed formulation is also
used to determine the reservoir permeability at any specific injection or falloff
period.

None of the previous works discussed in this section considered formation
crossflow, unlike this present work, which proposes a formulation for multilay-
ered systems, under two phase flow, with formation crossflow.
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3
Pressure Response Considering Formation Crossflow in Multi-
layered Reservoirs Under Single Phase Flow with Two Regions
per Layer

In this chapter, pressure response for a reservoir containing 2 different
regions of permeability in all layers is introduced. There are two main cases to
consider; The first one supposes that the radii of the regions in the layers are
equal and the second on that they can be distinct.

The mathematical formulation for each one of these cases, considering
formation crossflow, is presented. Throughout the equations, the variable j
will index the layer and the variable i, the region.

The case considering formation crossflow in a multilayered reservoir with
a single region of permeability is presented in Appendix B.

3.1
Two Layered Model with Two Regions of Equal Radii per Layer

In this section, a reservoir with two layers and two regions of permeability
is considered and the radii (rji) of the regions in layer 1 are equal to the ones
in layer 2.

Each layer is considered to be homogeneous for all properties but per-
meability, laterally isotropic, has a single phase flow of viscosity (µ) that is
constant, and also has constant small total compressibility (ct). Layer prop-
erties, such as permeability (kji), thickness (hj) and porosity (φj), may be
different.

In addition, vertical crossflow may occur in both regions, so there are two
semipermeability coefficients (X i

1) between the layers in each region i, which
will be defined further on. Figure 3.1 illustrates this model:
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Figure 3.1: Reservoir with two layers and two regions of equal radii

Considering all of these hypothesis, the Diffusion Equation and its
suitable boundary conditions will model this problem. Which are:

– The Initial Condition (I.C); which occurs at time t = 0 and reflects that
the reservoir is in equilibrium, that is, the pressure is the same in all
layers.

– The Internal Boundary Condition (I.B.C) which is related to the way in
which the well is producing during the test.

– The External Boundary Condition (E.B.C) which refers to the flow
behavior at the extreme limit of the reservoir. In this case, it will be
considered a laterally infinite reservoir.

The following system of equations define the reservoir model. Considering
κji = kjihj, ωj = φjhj and ∆pji = pi − pji:

Layer 1:

Region 1:

PDE : κ11∇2∆p11 = ω1ctµ
∂∆p11

∂t
− (∆p21 −∆p11)X1

1 (3.1.1)

IC : ∆p11(r, 0) = 0 (3.1.2)

IBC : q11 = 2πκ11r

µ

(
∂∆p11

∂r

)∣∣∣∣∣
r=rw

(3.1.3)
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Region 2:

PDE : κ12∇2∆p12 = ω1ctµ
∂∆p12

∂t
− (∆p22 −∆p12)X2

1 (3.1.4)

IC : ∆p12(r, 0) = 0 (3.1.5)

EBC : lim
r→∞

∆p12(r, t) = 0 (3.1.6)

The coefficient of semipermeability, X i
j, between layers j and j + 1, in

region i, is defined as presented in [9], but now considering a coefficient for
each region of permeability in each layer j:

X i
j = 2

2[(∆hj)/kvij] + χij+1 + χij
(3.1.7)

Here X i
2 = 0. ∆hj and kivj

are the thickness and the permeability of shale
between layers j and j + 1 in region i and χij is defined as:

χij = hj
kizj

(3.1.8)

Where kizj
is the vertical permeability of region i in layer j. If there is

no formation crossflow between layers 1 and 2 then X1 is zero.

There are coupling conditions relating the regions, which must be defined
in order to solve the problem properly. The coupling conditions between the
regions (CCR) are given by the pressure and flow rate equality at the interface
between them:

 ∆p11(r = r11, t) = ∆p12(r = r11, t)

q11 = q12

(3.1.9)

Using Darcy’s law it is possible to rewrite the flow rate relation of the
CCR so that all equations depend only on the pressure variation:
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
∆p11(r = r11, t) = ∆p12(r = r11, t)(
r ∂∆p11

∂r

)
|r=r11 = κ12

κ11

(
r ∂∆p12

∂r

)
|r=r11

(3.1.10)

Layer 2:

Region 1:

PDE : κ21∇2∆p21 = ω2ctµ
∂∆p21

∂t
+ (∆p21 −∆p11)X1

1 (3.1.11)

IC : ∆p21(r, 0) = 0 (3.1.12)

IBC : q21 = 2πκ21r

µ

(
∂∆p21

∂r

)∣∣∣∣∣
r=rw

(3.1.13)

Region 2:

PDE : κ22∇2∆p22 = ω2ctµ
∂∆p22

∂t
+ (∆p22 −∆p12)X2

1 (3.1.14)

IC : ∆p22(r, 0) = 0 (3.1.15)

EBC : lim
r→∞

∆p22(r, t) = 0 (3.1.16)

As in layer 1, the layer 2 coupling conditions between regions is defined:


∆p21(r = r21, t) = ∆p22(r = r21, t)(
r ∂∆p21

∂r

)
|r=r21 = κ22

κ21

(
r ∂∆p22

∂r

)
|r=r21

(3.1.17)

Between layers, there are also coupling conditions, the CCL. These
conditions are obtained considering that the pressure is equal in the interface
between the layers along the well and that the flow rate at the well is given by
the sum of the flow rates of each layer, that is:
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 ∆p11(r = rw, t) = ∆p21(r = rw, t)

q = q1 + q2

(3.1.18)

Using Darcy’s law, the CCL is given as:


∆p11(r = rw, t) = ∆p21(r = rw, t)
qµ

2πrw
= ∂∆p11

∂r

∣∣∣
r=rw

+ ∂∆p21
∂r

∣∣∣
r=rw

(3.1.19)

To solve the problem presented above, the solution is first given in the
Laplace field using Bessel’s functions. The properties used both on Laplace
transforms and on Bessel’s functions are described in Appendix A.1 and A.2.
The Stehfest Algorithm[14], which is described in Appendix A.3, is then used
to find the solution in the real field.

Consider ∆p to be the Laplace’s transform of the pressure variation and
u to be the Laplace’s variable. Applying the Laplace transform in equations
(3.1.1) to (3.1.19):

Layer 1:

Region 1:

PDE : κ11∇2∆p11 = ω1ctµu∆p11 −X1
1 (∆p21 −∆p11) (3.1.20)

IC : ∆p11(r, t = 0) = 0 (3.1.21)

IBC : q11 = 2πκ11r

µ

(
∂∆p11
∂r

)∣∣∣∣∣
r=rw

(3.1.22)

Region 2:

PDE : κ12∇2∆p12 = ω1ctµu∆p12 −X2
1 (∆p22 −∆p12) (3.1.23)

IC : ∆p12(r, t = 0) = 0 (3.1.24)

EBC : lim
r→∞

∆p12(r, t) = 0 (3.1.25)
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And the CCR,


∆p11(r = r11, t) = ∆p12(r = r11, t)(
r ∂∆p11

∂r

)
|r=r11 = k12

k11

(
r ∂∆p12

∂r

)
|r=r11

(3.1.26)

Layer 2:

Region 1:

PDE : κ21∇2∆p21 = ω2ctµu∆p21 +X1
1 (∆p21 −∆p11) (3.1.27)

IC : ∆p21(r, t = 0) = 0 (3.1.28)

IBC : q21 = 2πκ21r

µ

(
∂∆p21
∂r

)∣∣∣∣∣
r=rw

(3.1.29)

Region 2:

PDE : κ22∇2∆p22 = ω2ctµu∆p22 +X2
1 (∆p22 −∆p12) (3.1.30)

IC : ∆p22(r, t = 0) = 0 (3.1.31)

EBC : lim
r→∞

∆p22(r, t) = 0 (3.1.32)

And the CCR,


∆p21(r = r21, t) = ∆p22(r = r21, t)(
r ∂∆p21

∂r

)
|r=r21 = k22

k21

(
r ∂∆p22

∂r

)
|r=r21

(3.1.33)
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The CCL is given by:


∆p11(r = rw, t) = ∆p21(r = rw, t)
qµ

2πu =
(
κ11r

∂∆p11
∂r

)∣∣∣
r=rw

+
(
κ21r

∂∆p21
∂r

)∣∣∣
r=rw

(3.1.34)

The general pressure solution in the Laplace field for this problem is
given by:

Region 1:

∆pj1 = A1
jK0(σj1r) +B1

j I0(σj1r) (3.1.35)

Region 2:

∆pj2 = A2
jK0(σj2r) +B2

j I0(σj2r) (3.1.36)

For j = 1, 2. Aij and Bi
j are coefficients to be determined. Applying the

laplacian in (3.1.35) and (3.1.36) the following is obtained:

∇2∆pji = σ2∆pji (3.1.37)

This equivalence (3.1.37) is replaced in the PDE (3.1.20) for region 1 in
layer 1:

κ11σ
2∆p11 = ω1ctµu∆p11 −X1

1 (∆p21 −∆p11) (3.1.38)

And rearranging equation (3.1.38) the following equation is obtained:

(κ11σ
2
11 − ω1ctµu−X1

1 )∆p11 +X1
1 ∆p21 = 0 (3.1.39)
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Likewise, replacing (3.1.37) in the PDE (3.1.23) for region 2 in layer 1:

(κ12σ
2
12 − ω1ctµu−X2

1 )∆p12 +X2
1 ∆p22 = 0 (3.1.40)

And finally, replacing (3.1.37) in the PDE’s (3.1.27) and (3.1.30) for
regions 1 and 2 in layer 2:

(κ21σ
2
21 − ω2ctµu−X1

1 )∆p21 +X1
1 ∆p11 = 0 (3.1.41)

(κ22σ
2
22 − ω2ctµu−X2

1 )∆p22 +X2
1 ∆p12 = 0 (3.1.42)

Equations (3.1.39) and (3.1.41) and equations (3.1.40) and (3.1.42) form
two homogeneous system (one for each region i), where the non-trivial solution
is wanted (i.e ∆pji 6= 0):

κ1iσ
2
1i − ω1ctµu−X i

1 X i
1

X i
1 κ2iσ

2
2i − ω2ctµu−X i

1

∆p1i

∆p2i

 = 0 (3.1.43)

Each one of these two systems has a non-trivial solution, if and only if,
the matrix of the coefficients in (3.1.43), say T , is singular, and, consequently,
its determinant must be zero. The values of σ must be found in order to satisfy
this.

Equalizing the determinant of T to zero in order to find the values of the
σ roots is equivalent to calculate the eigenvalues κjiσ2 from matrix K:

K =
ω1ctµu+X i

1 −X i
1

−X i
1 ω2ctµu+X i

1

 (3.1.44)
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That is because, the following is true:

T = eig(K)I −K (3.1.45)

Consequently, det(T ) = 0 implies that det(eig(K)I −K) = 0. Where I
is the identity matrix. Then, to find σ, it is left to extract the square root of
the eigenvalues of K divided by κji:

σji =

√√√√eig(K)
κji

(3.1.46)

Now, with the values of the σ determined by (3.1.46), it is left to find
the values of the pressure coefficients.

Applying the EBC in the general solution for region 2 (3.1.36):

lim
r→∞

[
A2
jK0(σj2r) +B2

j I0(σj2r)
]

= 0 (3.1.47)

And knowing the properties described in Appendix A.2 for Bessel’s
modified functions, it is true that:

lim
r→∞

[
B2
j I0(σj2r)

]
= 0 ⇐⇒ B2

j = 0 (3.1.48)

Hence, the pressure solution for region 2 is given by:

∆pj2(r, u) = A2
jK0(σj2r) (3.1.49)

Using the pressure solutions (3.1.49) and (3.1.35) in the pressure CCR:
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A1
jK0(rj1σj1) +B1

j I0(rj1σj1) = A2
jK0(rj1σj2) (3.1.50)

Another relation for both layers can be obtained from the flow rate CCR:

κj1σj1(A1
jK1(rj1σj1)−B1

j I1(rj1σj1)) = κj2σj2(A2
jK1(rj1σj2)) (3.1.51)

A1
jK1(rj1σj1)−B1

j I1(rj1σj1) = κj2
κj1

σj2
σj1

[
A2
jK1(rj1σj2)

]
(3.1.52)

By the pressure relation in the CCL, it can be stated that:

A1
1K0(rwσ11) +B1

1I0(rwσ11) = A1
2K0(rwσ21) +B1

2I0(rwσ21) (3.1.53)

Replacing (3.1.35) in the IBC for layers 1 and 2:

q11 = 2πκ11rw
µ

(∂∆p11
∂r

)∣∣∣∣
r=rw

= −2πκ11rw
µ

(σ11(A1
1K1(σ11)−B1

1I1(σ11))) (3.1.54)

And,

q21 = 2πκ21rw
µ

(∂∆p21
∂r

)∣∣∣∣
r=rw

= −2πκ21rw
µ

(σ21(A1
2K1(σ21)−B1

2I1(σ21))) (3.1.55)
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Then, replacing (3.1.54) and (3.1.55) in the flow rate CCL:

2∑
j=1

σj1κj1(−A1
jK1(σj1rw) +B1

j I1(σj1rw)) = − qµ

2πrwu
(3.1.56)

Using relations (3.1.50), (3.1.52), (3.1.53) and (3.1.56) the coefficients
A1
j , B

1
j and A2

j can be obtained by solving a linear system, which is:



A1
1

B1
1

A2
1

A1
2

B1
2

A2
2


= M−1



−qµ/(2πrwu)
0
0
0
0
0


(3.1.57)

Where M in (3.1.57) is given by:

M(1 : 6, 1 : 3) =



κ11σ11K1(rwσ11) −κ11σ11I1(rwσ11) 0

K0(rwσ11) I0(rwσ11) 0

K1(r11σ11) −I1(r11σ11) −κ12σ12
κ11σ11

K1(r11σ12)

K0(r11σ11) I0(r11σ11) −K0(r11σ12)

0 0 0

0 0 0


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M(1 : 6, 4 : 6) =



κ21σ21K1(rwσ21) −κ21σ21I1(rwσ21) 0

−K0(rwσ21) −I0(rwσ21) 0
0 0 0
0 0 0

K1(r21σ21) −I1(r21σ21) −κ22σ22
κ21σ21

K1(r21σ22)

K0(r21σ21) I0(r21σ21) −K0(r21σ22)



And, finally, it is possible to calculate the pressure variation at the
wellbore:

∆p11 = A1
1K0(σ11rw) +B1

1I0(σ11rw) (3.1.58)

3.2
Multilayered Model with Two Regions of Equal Radii per Layer

Consider now, that there are n layers with 2 regions of radii rj1 and
rj2 such that, rj1 and rj2 have the same value for every j. The mathematical
formulation for this case is similar to the case of two layers considered in the
previous section. The flow in each region of each layer j = 2, ..., n − 1 in the
Laplace field is governed by equation (3.2.1):

κji∇2∆pji = ωjctuµ∆pji + (∆pji −∆p(j−1)i)X i
j−1 − (∆p(j+1)i −∆pji)X i

j

(3.2.1)

When j = 1, the PDE is:

κji∇2∆pji = ωjctuµ∆pji − (∆p(j+1)i −∆pji)X i
j (3.2.2)

And for j = n, the PDE is:
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κji∇2∆pji = ∆pji = ωjctuµ∆pji + (∆pji −∆p(j−1)i)X i
j−1 (3.2.3)

For i = 1, 2.

The general pressure solution in the Laplace field for this case are given
by:

Region 1:

∆pj1 = A1
jK0(σj1r) +B1

j I0(σj1r) (3.2.4)

Region 2:

∆pj2 = A2
jK0(σj2r) (3.2.5)

For j = 1, 2, . . . , n.

Notice that there are 3n coefficients to be determined now. In order to
calculate the pressure solution, the roots σji also needs to be calculated.

Calculating the laplacian of equations (3.2.4) and (3.2.5) and replacing
them in the PDE’s, the 2n equations below are given:

Layer 1:

(κ1iσ
2
1i − ω1ctµu−X i

1)∆p1i +X i
1∆p2i = 0 (3.2.6)

Layer 2:

(κ2iσ
2
2i − ω2ctµu−X i

1 −X i
2)∆p2i +X i

1∆p1i +X i
2∆p3i = 0 (3.2.7)

Layer 3:

(κ3iσ
2
3i − ω3ctµu−X i

2 −X i
3)∆p3i +X i

2∆p2i +X i
3∆p4i = 0 (3.2.8)
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...

Layer n:

(κniσ2
ni − ωnctµu−X i

n−1 −X i
n)∆pni +X i

n−1∆p(n−1)i = 0 (3.2.9)

For each region there are n equations which form a homogeneous
tridiagonal-like system, where the non-trivial solution for the pressure varia-
tion vector is wanted, hence, like in section 3.1, the determinant of the matrix
of this homogeneous system must vanish, and the values of σji that satisfy that
are used.

Now, in order to find the pressure coefficients, equations (3.2.4) and
(3.2.5) are used in the coupling conditions, which are given by:

CCL =



qµ
2πurw

=
n∑
j=1

(
∂∆pj1
∂r

)∣∣∣
r=rw

∆p11(r = rw, t) = ∆p21(r = rw, t)

∆p21(r = rw, t) = ∆p31(r = rw, t)
...

∆p(n−1)1(r = rw, t) = ∆pn1(r = rw, t)

(3.2.10)

CCR =



∆p11(r = r11, t) = ∆p12(r = r11, t)

∆p21(r = r21, t) = ∆p22(r = r21, t)
...

∆pn1(r = rn1, t) = ∆pn2(r = rn1, t)(
r ∂∆p11

∂r

)
|r=r11 = k12

k11

(
r ∂∆p12

∂r

)
|r=r11(

r ∂∆p21
∂r

)
|r=r21 = k22

k21

(
r ∂∆p22

∂r

)
|r=r21

...(
r ∂∆pn1

∂r

)
|r=rn1 = kn2

kn1

(
r ∂∆pn2

∂r

)
|r=rn1

(3.2.11)
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Now, with the 3n equations above, the following linear system can be
assembled to find the coefficients:



A1
1

B1
1

A2
1

A1
2

B1
2

A2
2
...

A1
n

B1
n

A2
n



= M−1



−qµ/(2πrwu)
0
0
0
0
0
...

0
0
0


Where the matrix M mentioned above is defined from the 3n equations

(3.2.10) and (3.2.11). Then, it is possible to calculate the pressure variation at
the wellbore:

∆p11 = A1
1K0(σ11rw) +B1

1I0(σ11rw) (3.2.12)

3.3
Two Layered Model with Two Regions of Distinct Radii per Layer

In this section, the following case is considered, there are two layers with
two regions of distinct radii. In that case, there is a region that connects
different regions of permeability of layers 1 and 2 and this scenario comes
down to the case of 3 regions with equal radii, where the region 2 is created
artificially.

Figure 3.2 illustrates this model:
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Figure 3.2: Reservoir with two layers and two regions of different radii

For this case, there are 3 different semipermeability coefficients, X1
1 , X2

1

and X3
1 . In figure 3.2, the coefficient X2

1 connects region 2 in layer 1 with region
1 in layer 2. X2

1 is given by:

X2
1 = 2

2[(∆h1)/kv2
1] + χ2

2 + χ2
1

(3.3.1)

With,

χ2
1 = h1

k2
z1

(3.3.2)

The vertical permeability considered for layer 1 is the one in region 2,
and for layer 2, is the vertical permeability of region 1:

χ2
2 = h2

k1
z2

(3.3.3)

Unlike X1
1 and X3

1 which relates the same region in the layers. In the
Laplace field, the above problem is given by:
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Layer 1:

Region 1:

PDE : κ11∇2∆p11 = ω1ctµu∆p11 −X1
1 (∆p21 −∆p11) (3.3.4)

IC : ∆p11(r, 0) = 0 (3.3.5)

IBC : q11 = 2πκ11r

µ

(
∂∆p11
∂r

)∣∣∣∣∣
r=rw

(3.3.6)

Region 2:

PDE : κ12∇2∆p12 = ω1ctµu∆p12 −X2
1 (∆p22 −∆p12) (3.3.7)

IC : ∆p12(r, 0) = 0 (3.3.8)

Region 3:

PDE : κ13∇2∆p13 = ω1ctµup13 −X3
1 (∆p23 −∆p13) (3.3.9)

IC : ∆p13(r, 0) = 0 (3.3.10)

EBC : lim
r→∞

∆p13(r, t) = 0 (3.3.11)

The coupling conditions for the regions (CCR) for layer 1 is given by:



∆p11(r = r11, t) = ∆p12(r = r11, t)

∆p12(r = r12, t) = ∆p13(r = r12, t)(
r ∂∆p11

∂r

)
|r=r11 = k12

k11

(
r ∂∆p12

∂r

)
|r=r11(

r ∂∆p12
∂r

)
|r=r12 = k13

k12

(
r ∂∆p13

∂r

)
|r=r12

(3.3.12)
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Layer 2:

Region 1:

PDE : κ21∇2∆p21 = ω2ctµu∆p21 +X1
1 (∆p21 −∆p11) (3.3.13)

IC : ∆p21(r, t = 0) = 0 (3.3.14)

IBC : q21 = 2πκ21r

µ

(
∂∆p21
∂r

)∣∣∣∣∣
r=rw

(3.3.15)

Region 2:

PDE : κ22∇2∆p22 = ω2ctµu∆p22 +X2
1 (∆p22 −∆p12) (3.3.16)

IC : ∆p22(r, t = 0) = 0 (3.3.17)

Region 3:

PDE : κ23∇2∆p23 = ω2ctµu∆p23 +X3
1 (∆p23 −∆p13) (3.3.18)

IC : ∆p23(r, 0) = 0 (3.3.19)

EBC : lim
r→∞

∆p23(r, t) = 0 (3.3.20)

The CCR for layer 2 is given by:



∆p21(r = r21, t) = ∆p22(r = r21, t)

∆p22(r = r22, t) = ∆p23(r = r22, t)(
r ∂∆p21

∂r

)
|r=r21 = k22

k21

(
r ∂∆p22

∂r

)
|r=r21(

r ∂∆p22
∂r

)
|r=r22 = k23

k22

(
r ∂∆p23

∂r

)
|r=r22

(3.3.21)

The coupling condition between the layers (CCL) is given by:
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
∆p11(r = rw, t) = ∆p21(r = rw, t)
qµ

2πurw
= ∂∆p11

∂r

∣∣∣
r=rw

+ ∂∆p21
∂r

∣∣∣
r=rw

(3.3.22)

The general pressure solution for the 3 regions are given by:

Region 1:

∆pj1 = A1
jK0(rσj1) +B1

j I0(rσj1) (3.3.23)

Region 2:

∆pj2 = A2
jK0(rσj2) +B2

j I0(rσj2) (3.3.24)

Region 3:

∆pj3 = A3
jK0(rσj3) (3.3.25)

There are 10 pressure coefficients to be determined. To calculate the
pressure variation, it is enough to calculate the roots σji and these 10
coefficients. First, to find the σji the following equations for each region,
obtained like in the previous sections, are used:

Layer 1:

(κ1iσ
2
1i − ω1ctµu−X i

1)∆p1i +X i
1∆p2i = 0 (3.3.26)

Layer 2:

(κ2iσ
2
2i − ω2ctµu−X i

1)∆p2i +X i
1∆p1i = 0 (3.3.27)
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With (3.3.26) and (3.3.27), the following linear system is assembled for
each region i = 1, 2, 3:

κ1iσ
2
1i − ω1ctµu−X i

1 X i
1

X i
1 κ2iσ

2
2i − ω2ctµu−X i

1

∆p1i

∆p2i

 = 0 (3.3.28)

The values of σji are found as the determinant of the matrix in (3.3.28)
must vanish.

Now, it is left to find the values of the pressure coefficients. The coupling
conditions of the regions and of the layers (CCR and CCL), provide 10
equations:

Flow rate CCL:

2∑
j=1

σj1κj1(−A1
jK1(σj1rw) +B1

j I1(σj1rw)) = − qµ

2πrwu
(3.3.29)

Pressure CCL:

A1
1K0(rwσ11) +B1

1I0(rwσ11) = A1
2K0(rwσ21) +B1

2I0(rwσ21) (3.3.30)

First pressure CCR:

A1
jK0(rj1σj1) +B1

j I0(rj1σj1) = A2
jK0(rj1σj2) +B2

j I0(rj1σj2) (3.3.31)

For j = 1, 2.

Second pressure CCR:

A2
jK0(rj2σj2) +B2

j I0(rj2σj2) = A3
jK0(rj2σj3) (3.3.32)

For j = 1, 2.
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First flow rate CCR:

A1
jK1(rj1σj1)−B1

j I1(rj1σj1) = κj2σj2
κj1σj1

(A2
jK1(rj1σj2)−B2

j I1(rj1σj2)) (3.3.33)

For j = 1, 2.

Second flow rate CCR:

A1
jK1(rj1σj1)−B1

j I1(rj2σj2) = κj3σj3
κj2σj2

A3
jK1(rj2σj3) (3.3.34)

For j = 1, 2.

Using equations (3.3.29) to (3.3.34), the following linear system is solved
to find the pressure coefficients hence the pressure variation at the wellbore:

M(1:10,1:5) =

κ11σ11K1(rwσ11) −κ11σ11I1(rwσ11) 0 0 0
K0(rwσ11) I0(rwσ11) 0 0 0

K1(r11σ11) −I1(r11σ11) −κ12σ12
κ11σ11

K1(r11σ12) κ12σ12
κ11σ11

I1(r11σ12) 0

0 0 K1(r12σ12) −I1(r12σ12) −κ13σ13
κ12σ12

K1(r12σ13)

K0(r11σ11) I0(r11σ11) −K0(r11σ12) −I0(r11σ12) 0

0 0 K0(r12σ12) I0(r12σ12) −K0(r12σ13)

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


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M(1:10,6:10) =

κ21σ21K1(rwσ21) −κ21σ21I1(rwσ21) 0 0 0

−K0(rwσ21) −I0(rwσ21) 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

K0(r21σ21) I0(r21σ21) −K0(r22σ22) −I0(r21σ22) 0

0 0 K0(r22σ22) I0(r22σ22) −K0(r22σ23)

K1(r21σ21) −I1(r21σ21) −κ22σ22
κ21σ21

K1(r21σ22) κ22σ22
κ21σ21

I1(r21σ22) 0

0 0 K1(r22σ22) −I1(r22σ22) −κ23σ23
κ22σ22

K1(r22σ23)





A1
1

B1
1

A2
1

B2
1

A3
1

A1
2

B1
2

A2
2

B2
2

A3
2



= M−1



−qµ/(2πrwu)
0
0
0
0
0
0
0
0
0



Notice that this deduction also works for a 3 regions of equal radii per layer
case.

For the case of a multilayered model with two regions of distinct radii in each
layer, it is not always possible to solve it like a 3 regions of equal radii case. For
instance, consider a 3 layer reservoir model and that r11 6= r21 6= r31, then, extending
each interface to all the other layers, like was done in this section, there will not be
1 artificial region in each layer but 2. That is, this problem would not be a 3 regions
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of equal radii case, but one with 4 regions of equal radii, this example is illustrated
in figure 3.3:

Figure 3.3: 3 layers with 4 regions of equal radii created artificially

This problem, along with other number of regions (>2) of distinct radii per
layer, is treated later, in chapter 4.

3.4
Formation Damage

In this section, formation damage is considered. Formation damage, also known
as skin effect, is defined as a damaged wellbore or as a region, around the wellbore,
with permeability that was reduced, either by a fluid of drilling/completion, swelling
of clays, inversion of wettability, among other reasons or with permeability that was
improved for some reason, for example due to acidification. Figure 3.4 illustrates a
damaged region around the wellbore:

Figure 3.4: Damage region of radius rs and permeability ks
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Usually, the formation damage region’s permeability is smaller than the
reservoir’s permeability. Figure 3.5 illustrates the impact of the skin effect in the
pressure curve:

Figure 3.5: Representation of damage factor ∆pskin

The skin factor, or simply skin, is defined as an additional dimensionless decline
on the pressure:

S = kh

αpqBµ
∆pskin (3.4.1)

The formation damage region quickly enters on steady state, then Sj is given,
for each layer j, by:

Sj =
( kj
ksj
− 1

)
log

(rsj
rw

) (3.4.2)

This equation is known as the Hawkins formula. For multilayered reservoirs,
the skin factor is given by the average of the skin factors for each individual layer,
weighted by their permeability-thickness (κ) product [9]:

S =

n∑
j=1

kjhjSj

kjhj
(3.4.3)

In addition, using equation (3.4.2) it is possible to conclude that:
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
For k = ks, S = 0 that is, there is no damage in that layer

For k > ks, S > 0 that is, there is damage in that layer

For k < ks, S < 0 that is, the well is stimulated

(3.4.4)

Now, notice that the solution to the case considering a damaged region around
the wellbore is equivalent to the solution considering more then one region of
permeability in each layer. That is why the deduction made in the previous sections
allows to extend to the case considering the skin factor. Figure 3.6 shows a two
layered reservoir with a damaged region near the wellbore:

Figure 3.6: Two layered reservoir with damaged region near the wellbore

The solution for this case relies on the equal radii studied in section 3.1.
Likewise, if the radii of the damaged region are different from layer 1 to layer 2 the
case will rely on the one studied in section 3.3.
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4
Pressure Response Considering Formation Crossflow in Mul-
tilayered Reservoirs Under Single Phase Flow with Multiple
Regions per Layer

Consider the general case now, there are n layers in the reservoir and there
are m regions for each layer j. These regions can either have equal or different radii.
In this chapter, an analytical model is presented to find the pressure response for
this much general case.

4.1
Model Description

The number of regions in the layers may be different, and it will be represented
by mj for layer j. It is important to add that even if the numbers of regions are
the same for two connected layers, i.e, mj = mj+1, the radii of these regions can
be different. These two situations must be considered and, to illustrate them better,
without loss of generality, a two layer reservoir is considered.

The number of regions in layer 1 is a finite natural number m1 and,
likewise, the number of regions in layer 2 is m2. The radius of each regions
for layer 1 can be represented: r(1, 1), r(1, 2), r(1, 3) . . . r(1,m1) and for layer 2:
r(2, 1), r(2, 2), r(2, 3) . . . r(2,m2). The first situation considered is if r(1, l) = r(2, k)
for some l, k. The second one is when r(1, i) 6= r(2, k) for all i, k. For the first case,
the number of Xi

j coefficients is m1 +m2− 1− s, where s is the number of incidents
where r(1, l) = r(2, k). For the second case, which is a particular case of the first
one, the number of Xi

j coefficients is m1 +m2− 1. This affirmation is demonstrated
in Appendix C.

For example, in figure 4.1, the first two layers represented have, respectively,
3 and 4 regions. The radius of region 2 in layer 1 and the radius of region 3 in layer
2 are the only values that coincide (r(1, 2) = r(2, 3)). Then, m1 = 3, m2 = 4 and
s = 1. Hence, there are 3+4-1-1 = 5 semipermeability coefficients relating these
layers.
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Figure 4.1: Reservoir with n connected layers and many regions

Consider the following number:

α =
( n∑
j=1

(mj − 1)
)
− s (4.1.1)

Then, extending the existent interfaces in each layer and creating the artificial
regions similarly as in section 3.3, illustrated in figure 4.2, this problem can be
treated as one with α regions of equal radii.
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Figure 4.2: α extensions of the regions in each layer

It is important to define well each semipermeability coefficient Xi
j for the α

regions, i.e, observing correctly the permeability regions it is relating. After the α
extensions of the regions in each layer, there might be regions with the same Xi

j

coefficients, like in figure 4.2, X1
1 = X2

1 .
Notice that there are mj +mj+1 − 1− s different values of the Xi

j coefficients
and α− (mj +mj+1 − 1− s) repeated values of it for each adjacency.

Besides that, the usual assumptions will also be considered; Each layer is
considered homogeneous, laterally isotropic, has a single phase flow of viscosity (µ)
that is constant, and also constant small total compressibility (ct) in all regions. The
permeability (kji) varies in each layer and also in each region. The porosity (φj) may
have a different value in each layer. As well as the thickness (hj). Constant flow rate
at the wellbore is considered. Formation damage at the well or along the reservoir
will be disregarded, as well as storage at the well.
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4.2
Mathematical Formulation

Considerm = α. The PDE (4.2.1) model this problem for layers j = 2, . . . , n−1
and regions i = 1, . . .,m in layer j in the Laplace field:

κji∇2∆pji = ωjctuµ∆pji + (∆pji −∆p(j−1)i)Xi
j−1 − (∆p(j+1)i −∆pji)Xi

j (4.2.1)

When j = 1, the PDE is:

κji∇2∆pji = ωjctuµ∆pji − (∆p(j+1)i −∆pji)Xi
j (4.2.2)

And for j = n, the PDE is:

κji∇2∆pji = ωjctuµ∆pji + (∆pji −∆p(j−1)i)Xi
j−1 (4.2.3)

For all regions i in layers j = 1, . . . , n the initial condition is given by:

IC : ∆pji(r, 0) = 0 (4.2.4)

For layers j = 1, . . . , n and region i = 1 the inner boundary condition is given:

IBC : qji = 2πκjiru
µ

(∂∆pji
∂r

)∣∣∣∣
r=rw

(4.2.5)

And for layers j = 1, . . . , n and region i = m there is also an additional
condition, the external boundary condition:

EBC : lim
r→∞

∆pji(r, t) = 0 (4.2.6)

The coupling conditions between regions i− 1 and i in each layer j are given
by pressure and flow rate equality at the interface between the regions. Hence, the
CCR is defined below:
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 ∆pj(i−1)(r = rj(i−1), t) = ∆pji(r = rj(i−1), t)

qj(i−1) = qji

(4.2.7)

Using Darcy’s law it is possible to rewrite the flow rate relation of the CCR:

 ∆pj(i−1)(r = rj(i−1), t) = ∆pji(r = rj(i−1), t)(
r
∂∆pj(i−1)

∂r

)
|r=rj(i−1) = κji

κj(i−1)

(
r
∂∆pji

∂r

)
|r=rj(i−1)

(4.2.8)

Where j = 1, . . . , n and i = 2, . . . ,m.

The coupling condition between layers (CCL) is obtained considering that the
pressure drop is equal in the layers at the well and that the flow rate at the well is
given by the sum of the flow rates of each layer, that is:

 ∆p(j−1)1(r = rw, t) = ∆pj1(r = rw, t)
q
u = q11 + q21 + . . .+ qn1

(4.2.9)

For j = 2, . . . , n. Using Darcy’s law in the flow rate CCL as well, equation
(4.2.9) can be rewritten:

CCL :


∆p(j−1)1(r = rw, t) = ∆pj1(r = rw, t)

qµ

2πu
n∑

j=1
κj1

=
n∑
j=1

(
r
∂∆pj1
∂r

)∣∣
r=rw

(4.2.10)

For j = 2, . . . , n.

The general pressure solution in the Laplace field is well known using the
Bessel functions. They are described below for each region i in layer j:

Regions i = 1, . . . ,m− 1:

∆pji = AijK0(rσji) +Bi
jI0(rσji) (4.2.11)

Region i = m:
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∆pji = AijK0(rσji) (4.2.12)

Using the solutions above, it can be seen that ∇2∆pji = σ2
ji∆pji. Hence,

replacing this relation in the PDE:

(κjiσ2
ji − ωjctµu)∆pji − (∆pji −∆p(j−1)i)Xi

j−1 + (∆p(j+1)i −∆pji)Xi
j = 0 (4.2.13)

Rearranging equation (4.2.13):

(κjiσ2
ji − ωjctµu−Xi

j−1 −Xi
j)∆pji +Xi

j−1∆p(j−1)i +Xi
j∆p(j+1)i = 0 (4.2.14)

This is a homogeneous linear system for each region i where the nontrivial
solution is wanted, that is, ∆pji 6= 0. That is true only if each matrix below is
singular, and that implies that its determinant must vanish:

aijk =



Xi
j−1, for k = j − 1; j > 1,

κjiσ
2 − ωjctµu−Xi

j−1 −Xi
j , for k = j,

Xi
j , for k = j + 1; j < n,

0, for k 6= j − 1, j, or j + 1.

(4.2.15)

For i = 1, . . . ,m.

To find the values of σji by vanishing the determinant of the matrices above
is, as explained in chapter 3, equivalent to finding the eigenvalues of each matrix
below, dividing them by κji and then extracting its root:

bijk =



−Xi
j−1, for k = j − 1; j > 1,

ωjctµu+Xi
j−1 +Xi

j , for k = j,

−Xi
j , for k = j + 1; j < n,

0, for k 6= j − 1, j, or j + 1.

(4.2.16)

For i = 1, . . . ,m.
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Now, with the values of σji calculated, the coefficients of the pressure solution
must be found. It can be seen in equations (4.2.11) and (4.2.12), that there are
(2m − 1)n coefficients. The relations provided by the coupling conditions between
layers and regions are, precisely, that many. The first n relations are provided by the
CCL conditions. Using the general pressure solution (4.2.11) in the CCL pressure
and flow rate equations:

Pressure CCL:

A1
j−1K0(σ(j−1)1rw) +B1

j−1I0(σ(j−1)1rw) = A1
jK0(σj1rw) +B1

j I0(σj1rw) (4.2.17)

for j = 2, ..., n.

Flow rate CCL:

n∑
j=1

σj1κj1(−A1
jK1(σj1rw) +B1

j I1(σj1rw)) = − qµ

2πrwu
(4.2.18)

The other equations left are given by the CCR equations. Using pressure
solutions (4.2.11) and (4.2.12) in the CCR pressure and flow rate equations:

Pressure CCR:

Ai−1
j K0(σj(i−1)rj(i−1)) +Bi−1

j I0(σj(i−1)rj(i−1)) = AijK0(σjirj(i−1)) +Bi
jI0(σjirj(i−1))

(4.2.19)

for i = 2, . . . ,m− 1.

Ai−1
j K0(σj(i−1)rj(i−1)) +Bi−1

j I0(σj(i−1)rj(i−1)) = AijK0(σjirj(i−1)) (4.2.20)

for i = m.

Flow rate CCR:

Ai−1
j K1(σj(i−1)rj(i−1))−Bi−1

j I1(σj(i−1)rj(i−1)) = s(AijK1(σjirj(i−1))−Bi
jI1(σjirj(i−1)))

(4.2.21)

for i = 2, . . . ,m− 1.

Ai−1
j K1(σj(i−1)rj(i−1))−Bi−1

j I1(σj(i−1)rj(i−1)) = s((AijK1(σjirj(i−1))) (4.2.22)

for i = m.
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With s = κjiσji

κj(i−1)σj(i−1)
in (4.2.21) and (4.2.22). Now, using relations (4.2.17)

through (4.2.22), a linear system can be set up in order to calculate the pressure
coefficients:



A1
1

B1
1

A2
1

B2
1
...

Am1
1

A1
2

B1
2

A2
2

B2
2
...

Am2
2
...

A1
n

B1
n

A2
n

B2
n

...

Amn
n



= M−1



−qµ/(2πrwu)
0
0
0
...

0
0
0
0
0
...

0
...

0
0
0
0
...

0



Where the matrix M above is defined by the (2m − 1)n equations (4.2.17)
to (4.2.22). And using coefficients A1

1 and B1
1 is possible to find a solution for the

pressure variation at the wellbore in the Laplace field.
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5
Pressure Response Considering Formation Crossflow in Mul-
tilayered Reservoirs Under Two Phase Flow

Before the injectivity test begins, the reservoir is filled with single phase liquid
(oil), then, the water injection in the oil reservoir begins and the two phase fluid flow
scenario is established. The single phase flow was analyzed in the previous chapters.
Now, it is assumed that there are both water and oil phases in the reservoir, that
is, a two phase flow. This work is considering a piston-like flow, i.e., the water front
in each layer advances uniformly.

A single permeability per layer is considered. However, even though the rock
properties within each layer are the same, there are different composition properties
within them now, such as viscosity and the permeability related to each fluid. Hence,
this two phase flow model can be represented by a two non fixed regions model, with
the water region increasing with time.

Because of their similarities, the single phase model for composite reservoirs
will be used in order to model the two phase case. However, for this case consider
∆pji = pji − pi.

Notice that for this case, there is only one semipermeability coefficient (Xj) for
each adjacency of layers. That statement is true even though this model is treated
as a two regions model, because Xj depends only on the rock properties of layers j
and j + 1 and of the shale that connects them, which for this case, do not change.

5.1
Two Layered Model

It will be assumed that the reservoir is composed by two layers, with both
water and oil in them and these fluids represent 2 distinct regions in each layer.
Constant flow rates and thicknesses will be considered and there is formation
crossflow within the layers. In each layer, region 1 will represent the region that
contains the water being injected and region 2 the region that contains oil only.
Figure 5.1 represents that system for a layer:
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Figure 5.1: Two phase fluid flow in a reservoir

First, consider the volume injected in layer j:

vj(t) =
t∫

0

qj(t′)dt′ (5.1.1)

To calculate the water front radius (rF ) for each layer j the Buckley-Leverett
formula for cylindrical geometry is considered:

rjF (t) =
√

(rw)2 + vjBw
24πφjhj

f ′wjt (5.1.2)

Where f ′wj represents the derivative of the curve of fractional flow of water at
layer j at each point of fluid saturation. Since a piston-like flow is considered f ′wj is
given by:

f ′wj = 1
1− Sjor − Sjwi

(5.1.3)

Here SjF is the fluid saturation for given time and radius in layer j. The water
and oil fluid mobility of layer j (λ̂Fj ), used in the IBC, are defined as:

λ̂Fj =
krFj kj

µF
, where F = w, o (5.1.4)
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Here krFj is the relative permeability of layer j to phase F and kj is layer j
permeability.

Notice that the water front radius can be different in each layer:

√
(rw)2 + v1Bw

24πφ1h1
f ′w1t 6=

√
(rw)2 + v2Bw

24πφ2h2
f ′w2t (5.1.5)

Figure 5.2: Water injection behavior at layer 1 (left) and layer 2 (right)

If one considers the previous equation (5.1.5) to be true, does not imply that
a third artificial region will be considered like in the previous chapters 3 and 4. That
is because, the definition of the semipermeability coefficient considered in this work,
only considers the rock properties. Since for this case a non composite reservoir is
considered, there is a single semipermeability coefficient.

The coefficient of semipermeability X1 that relates layers 1 and 2 is defined
as in [9]:

X1 = 2
2[(∆h1)/kv1] + χ2 + χ1

(5.1.6)

Where each χj is defined as:

χj = hj
kzj

(5.1.7)

Where kzj is the absolute vertical permeability for layer j = 1, 2.

The following systems of equations model this problem considering two layers:
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Layer 1:

Region 1:

PDE : κ1∇2∆p11 = ω1ctµ
w ∂∆p11(r, t)

∂t
− (∆p21 −∆p11)X1; rw < r < r1F , t > 0

(5.1.8)

IC : ∆p11(r, 0) = 0 (5.1.9)

IBC : q11 = −2πλ̂1
wh
(
r
∂∆p11
∂r

)∣∣∣∣
r=rw

(5.1.10)

Region 2:

PDE : κ1∇2∆p12 = ω1ctµ
o∂∆p12(r, t)

∂t
− (∆p22 −∆p12)X1; r > r1F , t > 0

(5.1.11)

IC : ∆p12(r, 0) = 0 (5.1.12)

EBC : lim
r→∞

∆p12(r =∞, t) = 0 (5.1.13)

The coupling conditions between regions 1 and 2 (CCR) are given by the flow
rate and pressure equalities at the water front radius (r1F ):

CCR :


∆p11(r1F , t) = ∆p12(r1F , t)(
r ∂∆p11

∂r

)∣∣∣∣
r=r1F

= λ̂1
o

λ̂1
w

(
r ∂∆p12

∂r

)∣∣∣∣
r=r1F

(5.1.14)

Layer 2:

Region 1:

PDE : κ2∇2∆p21 = ω2ctµ
w ∂∆p21(r, t)

∂t
− (∆p21 −∆p11)X1; rw < r < r2F , t > 0

(5.1.15)

IC : ∆p21(r, 0) = 0 (5.1.16)

IBC : q21 = −2πλ̂2
wh
(
r
∂∆p21
∂r

)∣∣∣∣
r=rw

(5.1.17)
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Region 2:

PDE : κ2∇2∆p22 = ω2ctµ
o∂∆p22(r, t)

∂t
− (∆p22 −∆p12)X1; r > r2F , t > 0

(5.1.18)

IC : ∆p22(r, 0) = 0 (5.1.19)

EBC : lim
r→∞

∆p22(r =∞, t) = 0 (5.1.20)

As in layer 1, the layer 2 coupling conditions between regions are defined as:

CCR :


∆p21(r = r2F , t) = ∆p22(r = r2F , t)(
r ∂p21
∂r

)∣∣∣∣
r=r2F

= λ̂1
o

λ̂2
w

(
r ∂p22
∂r

)∣∣∣∣
r=r2F

(5.1.21)

Between layers, there is also a coupling condition, the CCL. This condition is
obtained considering that the pressure drop in both layers is equal at the well and
that the flow rate at the well is given by the sum of the flow rates of each layer, that
is:

CCL :

 ∆p11(r = rw, t) = ∆p21(r = rw, t)

q = q1 + q2
(5.1.22)

The flow rate equation can be rewritten using Darcy’s law:

(
r
∂∆pj1
∂r

)∣∣∣∣
r=rw

= − qj1

2πrw(λ̂1
wh1 + λ̂2

wh2)
(5.1.23)

In the Laplace field the equations (5.1.8) through (5.1.22) can be rewritten.
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Layer 1:

Region 1:

PDE : κ1∇2∆p11 = ω1ctµ
wu∆p11 − (∆p21 −∆p11)X1; rw < r < r1F , t > 0

(5.1.24)

IC : ∆p11(r, 0) = 0 (5.1.25)

IBC : q11 = −2πλ̂1
wh
(
r
∂∆p11
∂r

)∣∣∣∣
r=rw

(5.1.26)

Region 2:

PDE : κ1∇2∆p12 = ω1ctµ
ou∆p12 − (∆p22 −∆p12)X1; r > r1F , t > 0 (5.1.27)

IC : ∆p12(r, 0) = 0 (5.1.28)

EBC : lim
r→∞

∆p12(r, t) = 0 (5.1.29)

CCR :


∆p11(r = r1F , t) = ∆p12(r = r1F , t)(
r ∂∆p11

∂r

)∣∣∣∣
r=r1F

= λ̂1
o

λ̂1
w

(
r ∂∆p12

∂r

)∣∣∣∣
r=r1F

(5.1.30)

Layer 2:

Region 1:

PDE : κ2∇2∆p21 = ω2ctµ
wu∆p21 − (∆p21 −∆p11)X1; rw < r < r2F , t > 0

(5.1.31)

IC : ∆p21(r, 0) = 0 (5.1.32)

IBC : q21 = −2πλ̂2
wh
(
r
∂∆p21
∂r

)∣∣∣∣
r=rw

(5.1.33)

Region 2:

PDE : κ2∇2∆p22 = ω2ctµ
ou∆p22 − (∆p22 −∆p12)X1; r > r2F , t > 0 (5.1.34)

IC : ∆p22(r, 0) = 0 (5.1.35)

EBC : lim
r→∞

∆p22(r, t) = 0 (5.1.36)
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CCR :


∆p21(r2F , t) = ∆p22(r2F , t)(
r ∂∆p21

∂r

)∣∣∣∣
r=r2F

= λ̂2
o

λ̂2
w

(
r ∂∆p22

∂r

)∣∣∣∣
r=r2F

(5.1.37)

CCL :


∆p11(r = rw, t) = ∆p21(r = rw, t)(
r ∂∆p
∂r

)∣∣∣∣
r=rw

= − q

2πurw(λ̂1
wh1+λ̂2

wh2)

(5.1.38)

In both layers, the general pressure solution, in terms of the Bessel functions,
for region 1 is given by:

∆pj1 = A1
jK0(rσjw) +B1

j I0(rσjw) (5.1.39)

And for region 2 is:

∆pj2 = A2
jK0(rσjo) (5.1.40)

For j = 1, 2.

Applying the laplacian in both solutions:

∇2∆pj1 = σ2
jw(A1

jK0(rσjw) +B1
j I0(rσjw)) (5.1.41)

∇2∆pj2 = σ2
jo(A2

jK0(rσjo)) (5.1.42)

Replacing the equations above into the PDEs, the following system is encoun-
tered, where the non-trivial solution for the pressure vector is wanted:
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κ1σ
2
1F − ω1ctµ

F
1 u−X1 X1

X1 κ2σ
2
2F − ω2ctµ

F
2 u−X1

∆p1F

∆p2F

 = 0 (5.1.43)

For F = w, o.
The values for the σjF root values are calculated as the determinant of the

matrix in (5.1.43) must vanish. As discussed in the previous chapters, this system
can be solved as an algebraic eigenvalue problem.

Now, in order to find the pressure coefficients, the solutions (5.1.39) and
(5.1.40) are used into the CCL equations and the CCR equations for Layer 1 and
Layer 2:

CCL flow rate equation:

2∑
j=1

σjw(A1
jK1(rwσjw)−B1

j I1(rwσjw)) = − q

2πurw(λ̂1
wh1 + λ̂2

wh2)
(5.1.44)

CCL pressure equation:

A1
1K0(rwσ1w) +B1

1I0(rwσ1w) = A1
2K0(rwσ2w) +B1

2I0(rwσ2w) (5.1.45)

CCR flow rate equation for layers j = 1, 2:

A1
jK1(rjFσjw)−B1

j I1(rjFσjw) = λ̂jw

λ̂jw

σjo
σjw

[A2
jK1(rjFσjo)] (5.1.46)

CCR pressure equation for layers j = 1, 2:

A1
jK0(rjFσjw) +B1

j I0(rjFσjw) = A2
jK0(rjFσjo) (5.1.47)

Using the relations (5.1.44) to (5.1.47) given above, the following linear system
to find the coefficients A1

j , B
1
j and A2

j is obtained.
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M(1 : 6, 1 : 3) =



σ1wK1(rwσ1w) −σ1wI1(rwσ1w) 0

K0(rwσ1w) I0(rwσ1w) 0

K1(r1Fσ1w) −I1(r1Fσ1w) − λ̂1
oσ1o

λ̂1
wσ1w

K1(r1Fσ1o)

K0(r1Fσ1w) I0(r1Fσ1w) −K0(r1Fσ1o)

0 0 0

0 0 0



M(1 : 6, 4 : 6) =



σ2wK1(rwσ2w) −σ2wI1(rwσ2w) 0

−K0(rwσ2w) −I0(rwσ2w) 0
0 0 0
0 0 0

K1(r2Fσ2w) −I1(r2Fσ2w) − λ̂2
oσ2o

λ̂2
wσ2w

K1(r2Fσ2o)

K0(r2Fσ2w) I0(r2Fσ2w) −K0(r2Fσ2o)





A1
1

B1
1

A2
1

A1
2

B1
2

A2
2


= M−1



q

2πurw(λ̂1
wh1+λ̂2

wh2)

0
0
0
0
0



And, finally, it is possible to calculate the pressure variation at the wellbore:
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∆p11 = A1
1K0(σ1wrw) +B1

1I0(σ1wrw) (5.1.48)

Pressure profile is given by equation (5.1.48) in the Laplace field. Using the
Stehfest Algorithm[14], this solution is given in the real field.

5.2
Multilayered Model

The problem considered in section 5.1 is similar to the one for two layers and
two regions of equal radii for single phase flow studied in section 3.1. Hence, the
two phase flow model considering n layers is analogous to the single phase flow
considering n layers and two regions model studied in section 3.2.

The general pressure solution for this case in the Laplace field is given by:

For Region 1 (water) is:

∆pj1 = A1
jK0(rwσjw) +B1

j I0(rwσjw) (5.2.1)

And for Region 2 (oil) is:

∆pj2 = A2
jK0(rwσjo) (5.2.2)

For j = 1, 2, . . . , n now.

Replacing pressure solutions (5.2.1) and (5.2.2) in the PDE’s for this problem,
one can obtain a homogeneous system n×n for each region of fluid F , which is used
to calculate the σjF root values:

(κjσ2
jF − ωjctµFj u−Xj−1 −Xj)∆pjF +Xj−1∆p(j−1)F −Xj∆p(j+1)F = 0 (5.2.3)

For j = 1, 2,. . . , n and F = w, o.
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After calculating the σjF root values by vanishing the determinant of the
matrix of the linear system (5.2.3), it is left to find the pressure coefficients in order
to calculate the pressure variation.

The coupling conditions of the layers and the regions are used to find the
pressure coefficients. They are given by:

CCL =



− q

2πu(λ̂1
wh1+λ̂2

wh2+...+λ̂n
whn) =

n∑
j=1

∂∆pj1
∂r

∣∣
r=rw

∆p11(r = rw, t) = ∆p21(r = rw, t)

∆p21(r = rw, t) = ∆p31(r = rw, t)
...

∆p(n−1)1(r = rw, t) = ∆pn1(r = rw, t)

(5.2.4)

CCR =



∆p11(r = r1F , t) = ∆p12(r = r1F , t)

∆p21(r = r2F , t) = ∆p22(r = r2F , t)
...

∆pn1(r = rnF , t) = ∆pn2(r = rnF , t)(
r ∂∆p11

∂r

)∣∣∣∣
r=r1F

= λ̂1
o

λ̂1
w

(
r ∂∆p12

∂r

)∣∣∣∣
r=r1F(

r ∂∆p21
∂r

)∣∣∣∣
r=r2F

= λ̂2
o

λ̂2
w

(
r ∂∆p22

∂r

)∣∣∣∣
r=r2F

...(
r ∂∆pn1

∂r

)∣∣∣∣
r=rnF

= λ̂n
o

λ̂n
w

(
r ∂∆pn2

∂r

)∣∣∣∣
r=rnF

(5.2.5)

Replacing equations (5.2.1) and (5.2.2) in the CCL’s (5.2.4) and the CCR’s
(5.2.5), provide a linear system that allows one to find the pressure coefficients and,
consequently, the pressure response for the multilayered and two phase flow case.
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6
Results and Discussion

In this chapter, the accuracy of the solutions proposed in chapters 3 through
5, will be evaluated. A set of cases regarding those problems were developed in the
finite-difference based flow simulator IMEX and then, compared to its respective
analytical implemented results.

As an input for the numerical simulation, a radial grid was considered. The
grid is more refined in the region closest to the wellbore, which is the region most
affected by its presence. Minimum time step was set at 10−7h. The oil model used
in the simulator was black oil.

Different cases will be analyzed for each phase fluid flow model, that is, one
and two phase models. For all cases, formation crossflow is considered between the
adjacent layers.

In order to consider the presence of formation crossflow in the numerical
simulator the trans K variable is considered to be 1. That indicates that the shale
between the layers allows the transition of fluid.

For all cases, the following parameters were considered:

– 4 days (96 hours) injection/production period.

– Flow rate at the wellbore was defined as 500 m3/day (5.79× 103 m3/s).

– Initial pressure was defined as 300 kgf/cm2.

– The wellbore radius was considered to be rw = 0.108 m in all cases.

– The vertical permeability was considered to be equal to the horizontal perme-
ability for all cases.

– Porosity was defined as φ = 0.2 for all cases

The other parameters can be found in tables 6.1 to 6.2 for all cases.

In addition, in the graphs of all cases, besides the pressure change curves for
the analytical and numerical solution, the curves of pressure derivatives with respect
to the logarithm of time is also present. It is important to analyze the behavior of
the pressure derivative as well, in order to properly interpret the results of the test.

Consider the curve composed by blue circles to be the analytical solution for
pressure variation and the curve composed by red circles to be the analytical solution
for pressure derivative. For the numerical solutions, yellow stars curve represent the
pressure variations and purple stars the derivative curve.
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6.1
Cases Under Single Phase Flow

In this section, the reservoir is considered to be filled with a single fluid, oil.
For the single phase fluid flow cases, the following parameters are described in table
6.1:

Case Properties Layer 1 Layer 2 Layer 3
Region 1 Region 2 Region 1 Region 2 Region 1 Region 2 Region 3

r(m)
16 ∞ 16 ∞ - - -

k(mD) 1000 500 1000 500 - - -
h(m) 15 15 -

A1

µo(cP ) 5.1 -
Damaged
Region

Region 2
Damaged
Region

Region 2 Region 1 Region 2 Region 3
r(m)

0.6 ∞ 0.6 ∞ - - -
ks(mD)/k(mD) 90 600 90 600 - - -

h(m) 15 15 - - -
B1

µo(cP ) 5.1 -

Region 1
Artificial
Region 2

Region 3 Region 1
Artificial
Region 2

Region 3 Region 1 Region 2 Region 3
r(m)

10 208 ∞ 10 208 ∞ - - -
k(mD) 500 550 550 500 500 550 - - -
h(m) 10 10 -

C1

µo(cP ) 3.5 -

Region 1
Artificial
Region 2

Region 3 Region 1
Artificial
Region 2

Region 3 Region 1
Artificial
Region 2

Region 3
r(m)

16 208 ∞ 16 208 ∞ 16 208 ∞
k(mD) 100 200 200 100 100 200 100 200 200
h(m) 15 15 15

D1

µo(cP ) 5.1
Region 1 Region 2 Region 3 Region 1 Region 2 Region 3 Region 1 Region 2 Region 3

r(m)
16 208 ∞ 16 208 ∞ 16 208 ∞

k(mD) 100 200 800 100 200 800 100 200 800
h(m) 15 15 15

E1

µo(cP ) 5.1
Region 1 Region 2 Region 3 Region 1 Region 2 Region 3 Region 1 Region 2 Region 3

r(m)
16 104 ∞ 10 208 ∞ 21 253 ∞

k(mD) 500 450 400 500 450 400 500 450 400
h(m) 15 15 15

F1

µo(cP ) 3.5

Table 6.1: Analyzed single-phase flow cases

First, case A1 is considered. Two layers and two regions are considered for this
case, the radii of the regions are considered to be equal. Pressure and pressure
derivative curves for the analytical model solution and numerical solution are
presented in figure 6.1 for case A1:
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Figure 6.1: Analytical and numerical pressure variation and derivative solutions
for case A1

These graphs represents the two distinct regions of permeability impacting the
pressure and derivative curves.

Region 1 has a permeability value of 1000mD and the second region has a
permeability value of half of that, 500mD. This directly affects the pressure change
and its derivative curves. Indeed, for the initial times the pressure curve only notices
the presence of the first region of permeability. After that, it reflects the second
region, doubling the value of the derivative curve.

It is possible to see a close agreement between the analytical and numerical
simulated curves, especially after some time.

Now, case B1 is considered. A damaged region near the wellbore is considered.
The radius of that region is small and the permeability of the damaged region is
considered to be more than 6 times less than the reservoir’s permeability. As seen
in section 3.5, that indicates that S > 0, that is, there is damage near the wellbore.

Case B1 graphs are given in figure 6.2:
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Figure 6.2: Analytical and numerical pressure variation and derivative solutions
for case B1

The value of the skin S calculated for this case was 9.12, which indicates a
highly damaged zone near the wellbore. In the graphs represented in figure 6.2, it is
possible to see the influence of that damaged region on the curves, specially on the
derivative curves, which during early times reflects that, apparently, the reservoir
only notices the presence of a permeability value equal to 90mD. Then, with time,
the curve decreases and stays constant.

There is a small divergence between the analytical model result and the
numerical simulator result during early times for the derivative curves and during all
times for the pressure curves. However, the behavior of the curves are very similar.

The case C1 considers two layers and two regions like in the two previous cases,
however, for this case the radii of the regions are distinct. As seen in section 3.3,
this problem can be treated as a three regions of equal radii case.

Case C1 graphs are given in figure 6.3:
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Figure 6.3: Analytical and numerical pressure variation and derivative solutions
for case C1

The region of permeability 500mD for layer 1 has 10m, and in layer 2, it has
228m and the region of permeability 550mD for layer 1 has 228m, and in layer 2, it
has 10m. Hence, the artificial region 2 created has a permeability value of 550mD
for layer 1 and 500mD for layer 2 and for that region the presence of formation
crossflow will have greater impact than in the other regions which have same values
of permeability for both layers.

It is possible to see a close agreement between the analytical and the numerical
curves.

For case D1, three layers are considered and there are two regions of perme-
ability in each one of them, with different radii, hence this case is treated as a three
regions with equal radii where region 2 was artificially created.

Case D1 graphs are presented in figure 6.4:
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Figure 6.4: Analytical and numerical pressure variation and derivative solutions
for case D1

This case is similar to case C1, in artificially created region 2 for layers 1 and
3 the permeability is equal to 200mD, and in layer 2 it is equal to 100mD. Like in
the previous case, the fluid flow in this region causes a decline in the pressure curve
and its derivatives.

The presence of formation crossflow in the reservoir causes a decline on
the pressure variation curves and its derivatives, because there is more fluid flux,
decreasing, that way, the pressure variation in the reservoir.

It is possible to see that, in this case, the numerical simulated curves reflects
a greater presence of the formation crossflow, for its curves are more decreased than
in the analytical model’s. However, the behavior of the curves are still very similar.

It is also possible to see, that the derivative curves reflect the different regions
of permeability present in this case.

Case E1 is considered now. This case, like in case D1, have three layers,
however, this case have truly 3 different regions of permeability. Notice that, in
our model, case D1 (two regions with distinct radii) and case E1 (three regions with
equal radii) are solved with the same approach.

The graphs for case E1 are presented in figure 6.5:
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Figure 6.5: Analytical and numerical pressure variation and derivative solutions
for case E1

It is possible to see that the derivative curves reflect well the three regions.
Since all layers have equal properties and there is the presence of formation crossflow,
the reservoir behaves like a single layered one [9].

There was a close agreement between the pressure curves and the derivative
curves. The region 3 with permeability value of 800mD causes a significantly decline
in the derivative curves. This third region is represented in a constant baseline for
later times, not represented in figure 6.5.

Finally, case F1 is considered. The model used for that case was presented in
chapter 4. Three layers and three regions with distinct radii are considered. Since the
radii for all regions are different, the number of different semipermeability coefficients
is 5 for this example.

Case F1 graphs are given in figure 6.6:
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Figure 6.6: Analytical and numerical pressure variation and derivative solutions
for case F1

It is possible to see a close agreement between the numerical and analytical
curves. The fact that the value of permeability at the final regions for all layers is
less than the value at the initial regions causes the derivative curves to increase with
time.

6.2
Cases Under Two Phase Flow

In this section, the two phase fluid flow cases are considered. The following
hypothesis are considered:

– A piston-like flow

– Injection flow rate was defined as 500 m3/day (5.79× 103 m3/s).

– Water viscosity will always be considered to be µw = 0.5

– In order to best evaluate the efficiency of the model, the mobility ratio is
considered as a parameter for all cases in each layer, and it is given by:
M̂j = λ̂w

j

λ̂o
j

– f ′wj is going to be considered 1 for all layers
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The mobility ratio, is directly connected to the sweep efficiency of a reservoir.
Low mobility ratios (M < 1) imply in better sweep efficiency, as the interface
between phases become more uniform. On the other hand, high mobility ratios lead
to uneven fronts, reducing the swept reservoir area[12].

The missing parameters are presented in table 6.2 for the two phase flow cases
considered:

Case Properties Layer 1 Layer 2 Layer 3 Layer 4 Layer 5

k(mD) 100 100 - - -

h(m) 15 15 - - -
µo(cP ) 5.0 - - -

A2

M̂ 10.2 10.2 - - -

k(mD) 500 1000 - - -

h(m) 15 15 - - -
µo(cP) 5.0 - -

B2

M̂ 10.2 10.2 - - -
k(mD) 500 500 500 - -
h(m) 15 15 15 - -
µo(cP) 0.3 - -

C2

M̂ 0.6 0.6 0.6 - -
k(mD) 500 600 700 - -
h(m) 15 15 15 - -
µo(cP) 0.1 - -

D2

M̂ 0.2 0.2 0.2 - -
k(mD) 1000 600 300
h(m) 15 15 15 - -
µo(cP ) 3.5 - -

E2

M̂ 7 7 7 - -

k(mD) 100 150 200 250 300

h(m) 15 15 15 15 15
µ0(cP ) 5.1

F2

M̂ 10.2 10.2 10.2 10.2 10.2

Table 6.2: Analyzed two phase fluid flow cases

Case A2 considers two layers of equal permeability values of 100mD. Figure
6.7 shows the pressure and pressure derivative curves of the analytical model and
the numerical simulator:
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Figure 6.7: Analytical and numerical pressure variation and derivative solutions
for case A2

It is possible to see a close agreement between these curves, specially the
pressure variation curves for the analytical and numerical cases.

Even though there are no different regions of permeability in the layers for this
case, the derivative curves behaves as if there were, like in the previous section where
different regions of permeabilities were considered. That is because, the regions of
equal permeability are filled with different fluids. The first one, water, has a viscosity
value of µw = 0.5cP, and the second fluid, oil, has viscosity value of µo = 5.0cP.
These viscosity values causes the value of the mobility ratio M̂ to be grater than 1.
Implying on higher pressure derivative values on early times.

Now case B2 is analyzed. For this case, a two layer model with different values
of permeability in each layer is considered.

The graphs for case B2 are given in figure 6.8:
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Figure 6.8: Analytical and numerical pressure variation and derivative solutions
for case B2

It is possible to see a similar behavior to case A2, because the values of the
mobility ratios M̂ are equal. They imply in higher values of pressure derivatives
during initial times. It is possible to see that there were a bigger difference in the
derivative curves from early times to later times when compared to previous case
A2, that is because of the different values of permeabilities in layers 1 and 2. The
agreement between the numerical and analytical curves was very close.

Now, case C2 is analyzed. A three layer model is considered and the perme-
ability for all layers have the same values. For that case, the viscosity of the oil
considered (µo = 0.3cP) is lower than the water’s (µw = 0.5cP).

Graphs for pressure and pressure derivative for case C2 are represented in
figure 6.9:
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Figure 6.9: Analytical and numerical pressure variation and derivative solutions
for case C2

The value of M̂ for this case is less than 1 (0.6), favorable to the oil flow,
improving the sweep efficiency. That directly impacts the pressure derivative curve
in a way that the first region, which is filled with water and represented at the end
of the graph is higher than the part on the beginning of the curve representing the
region filled with oil.

It is also possible to see that the pressure curve is increasing with time. The
agreement between analytical and simulated curves were close at all times for this
case.

For case D2, the oil viscosity considered was µo = 0.1cP, which was 5 times
smaller than the water’s (µw = 0.5). Implying on an even smaller value for M̂ , in this
case it was 0.2. This case also considers different values of permeability per layer.

The graphs for pressure and pressure derivative for case D2 are represented in
figure 6.10:

DBD
PUC-Rio - Certificação Digital Nº 1912788/CA



Chapter 6. Results and Discussion 74

10-2 100 102

Time (h)

10-2

10-1

100

p
w

f 
a
n
d
 

p
w

f 
(k

g
f/
c
m

2
)

pwf (analytical)

pwf (analytical)

pwf (simulated)

pwf (simulated)

Figure 6.10: Analytical and numerical pressure variation and derivative solu-
tions for case D2

It is possible to see that the values in the derivative curves at initial times
were five times smaller than in the final times. The pressure curves were increasing,
that is because M̂ << 1 and the sweep efficiency was improved. There was a close
agreement between the numerical and analytical curves for this case also.

Now, case E2 is analyzed, that case considers three layers with different
properties and µo = 3.5.

The graphs for pressure and pressure derivative for this case are presented in
figure 6.11:
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Figure 6.11: Analytical and numerical pressure variation and derivative solu-
tions for case E2

Similarly to cases A2 and B2, for this case M̂ > 1, however, since the difference
between the fluids viscosity values is not as big as in cases A2 and B2, the difference
in the values of the derivative curves is not as greater.

There was a small, and apparently constant, difference between the analytical
and numerical pressure curves. One reason for that, might be because there is a
big difference in the permeabilities values from one layer to another causing a
bigger awareness of the presence of formation crossflow in the reservoir, and the
way the simulator includes the crossflow is not equal to the way presented in this
work. However, the behavior of the curves are still very similar, resulting in a fair
approximation.

Finally, case F2 considers five layers with different values of permeability and
an oil viscosity value of 5.1.

Figure 6.12 shows the pressure and pressure derivative curves for case F2:
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Figure 6.12: Analytical and numerical pressure variation and derivative solu-
tions for case F2

The pressure curves show a quite small constant difference for all times and
the pressure derivative curve for the numerical simulated case shows a small drop
of value during times 1h to 4h. Besides that, the behavior for the analytical and
numerical curves are similar and reflects well the regions filled with oil and water
also, since M̂ > 1, the flow is favorable to the water resulting on higher pressure
derivative values on early times.

6.3
Equivalent Permeability

In a multilayered reservoir, the pressure response is dependent of the equivalent
permeability (keq). It is given by:

keq =

n∑
j=1

kjhj

n∑
j=1

hj

(6.3.1)

Since the single phase model presented here reduces the cases of different
regions radii into one with regions of equal radii, then the derivative profile enables
the computation of equivalent permeabilities that combine the respective regions of
the layers. That is, to obtain the first equivalent permeability, region 1 of layer 1 is
combined with region 1 of layer 2 and so on.
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Using the source line logarithmic approximation, the following equation is used
to estimate the equivalent permeability:

keq = qµo
2hTm

(6.3.2)

Where m is the constant derivative level. It can be calculated from the lines
in the semilog graph for each analytical case.

For the two phase flow, the following equation is used to estimate the
equivalent permeability:

keq = q

2hT λ̂FmF

(6.3.3)

Where mF is the constant derivative level related to phase F and can also be
calculated from the lines in the semilog graph for each analytical two phase case.

In table 6.3, the single phase flow cases approximated equivalent permeabilities
were calculated for their first region of permeability and compared to its respective
real equivalent permeabilities and also, the two phase flow cases approximated
equivalent permeabilities were calculated for their region filled with water phase
(F = w). For both cases, a comparison was made to its respective real equivalent
permeabilities for these regions and the percentage errors were calculated for all
cases:

Case keq real (mD) keq estimated (mD) Error (%)
A1 1000 1004.28 0.43
B1 90 109.84 22
C1 500 504.37 0.87
D1 100 102.59 2.59
E1 100 102.59 2.59
F1 500 502.33 0.47
A2 100 99.74 0.26
B2 500 500.37 0.07
C2 500 500.18 0.03
D2 500 500.35 0.07
E2 633.33 629.64 0.58
F2 200 197.04 1.48

Table 6.3: Real and estimated equivalent permeability values and percentage
error for all cases
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Case B1, which considers a damaged region arround the wellbore, has a bigger
error because the value of the damaged region radius was smaller than 1 implying
that the first values of the derivative curves reflects already the non-damaged region,
interfering in the equivalent permeability values. Besides that, the estimations for
the other cases presented small errors (< 2.6%).

The semilog graphs for each case used to calculate the equivalent permeability
are given below in tables 6.4 and 6.5:
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Table 6.4: Semilog graphs for the single phase flow cases
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Table 6.5: Semilog graphs for the two phase flow cases
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7
Conclusions and Suggestions for Future Work

Based on the analytical solution proposed by Ehlig-Economides and Joseph
[9], this work proposed a formulation that combined the presence of formation
crossflow with having different coupling regions of permeability along each layer
for multilayered reservoirs under single phase flow. Furthermore, this solution was
extended to a case considering formation crossflow in a multilayered reservoir under
two phase fluid flow, which was the main goal of this work.

The model here suggested was applied on a variety of cases. Cases with equal
and different radii of regions of permeability for the single phase flow, cases including
a damaged region near the wellbore and cases including multilayered reservoir
systems under two phase fluid flow. In that sense, the model here presented is quite
robust and dynamic.

For all cases, a comparison was made between the analytical solution and
numerical simulation. In chapter 6, it was possible to compare the agreement of
these two results. The pressure response, along with other features, such as equivalent
permeability, showed a good agreement in the comparison for all cases.

However, for cases with a big permeability difference from one layer to its
adjacent one, the models presented show a bigger difference between the analytical
and numerical responses. That may be because the formation crossflow simulation
in the numerical simulator is not modeled exactly like in this work.

In the future, one work suggestion would be to explore more the impact of the
formation crossflow for reservoirs with big differences of permeability from one layer
to another, for example, the first layer with a range of permeabilities going from
100mD to 300mD and the second layer from 1500mD to 1800mD.

Another suggestion is to consider the skin effects and multiple regions of
permeability for each layer for a two phase fluid flow model. For these cases, there
would be more coefficients of semipermeability, and the method to find the coupling
conditions and calculating the σ values would have to be more elaborated. Besides
that, storage effect could be considered for single and two phase flow models. The
present work gives all the support for such suggestions.
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A
Pressure solution in the Laplace’s field

In order to solve the problems presented in this work, the solution is first
given in the Laplace field in terms of Bessel’s functions. The properties used both on
Laplace transforms and on Bessel’s functions are described in this appendix section.

The Stehfest Algorithm[14], which is also described in this appendix section,
is then used to find the solutions in the real field.

A.1
Some Properties on the Laplace’s Transform

Consider a real function f(t). The Laplace’s Transform of this function is
defined as:

L|f(t)| =
∞∫
0

f(t)e−utdt (A.1.1)

Where u is the Laplace’s variable. The Laplace’s Transform will be denoted,
in this work, by the following notation:

L|f(t)| = f(u) (A.1.2)

Some useful operational properties on the Laplace’s Transform are given below:

1) L
∣∣∣df(t)
dt

∣∣∣ = L|f ′(t)| = uf ′(u)− f(0) (A.1.3)

2) L
∣∣∣∂f(x, t)

∂x

∣∣∣ = ∂f(x, u)
∂x

(A.1.4)

3) L|f ∗ g| = L|f |L|g| = f(u)g(u)⇔ L|f(u)g(u)| = f ∗ g (A.1.5)
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A.2
Some Properties on the Bessel’s Functions

Consider the following differential equation:

d2y

dz2 + 1
z

dy

dz
−
(
1− v2

z2

)
y = 0 (A.2.1)

The general solution for this equation is:

y = AKv(z) +BIv(z) (A.2.2)

Where v is a real number and z can be a complex number, A and B are
constants, Iv(z) is a modified Bessel’s function of first kind and order v, Kv(z) is a
modified Bessel’s function of second kind and order v. In addition, Iv(z) and Kv(z)
are positive and real functions when v > 1 and z > 0 and they are also, linearly
independent for all values of v.

The problems considered in this work fall on a particular case of equation
(A2.1):

d2y

dz2 + 1
z

dy

dz
− y = 0 (A.2.3)

Which has the following solution:

y = AK0(z) +BI0(z) (A.2.4)

The following properties apply on functions I0(z), I1(z), K0(z) and K1(z),
and can be illustrated in the figure below:
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Figure A.1: Modified Bessel’s functions

1) lim
x→∞

K0(x) = 0 (A.2.5)

2) lim
x→0

K0(x) =∞ (A.2.6)

3) lim
x→∞

K1(x) = 0 (A.2.7)

4) lim
x→0

K1(x) =∞ (A.2.8)

5) lim
x→0

I0(x) = 1 (A.2.9)

6) lim
x→∞

I0(x) =∞ (A.2.10)
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7) lim
x→0

I1(x) = 0 (A.2.11)

8) lim
x→∞

I1(x) =∞ (A.2.12)

9) I ′0(x) = I1(x) (A.2.13)

10) K ′0(x) = −K1(x) (A.2.14)

Polynomials approximations of the modified Bessel’s functions can be calcu-
lated in [1].

A.3
Stehfest’s Algorithm

The pressure variation response, which was calculated in the Laplace domain
for all problems proposed in this work, can be obtained in the real field through a
numerical inversion. In this work, the inversion used is the one given by the Stehfest
Algorithm[14]. Which is given by:

fa(t) ≈ log 2
t

N∑
j=1

Vjf
( log 2

t
j
)

(A.3.1)

Where the terms Vj are computed using the following:

Vj = (−1)j+
N
2

min(j,N
2 )∑

k=int( j+1
2 )

[ k1+ N
2 (2k)!

(N2 − k)!(k!)2(j − k)!(2k − j)!

]
(A.3.2)

Where N is a parameter chosen by the user and should be even. A recom-
mended interval is 10 ≤ N ≤ 18.

Take, for example, the solution in the Laplace field for the problem of one-
phase flow to finite dimensionless radius:
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pD(rD, u) = K0(rD
√
u)

u
3
2K1(

√
u)

(A.3.3)

In the real field, equation (A3.3) can be written as the following:

pD(rD, u) = log 2
t

N∑
j=1

VjpD(rD, u) (A.3.4)

And u is given by:

u = log 2
tD

j (A.3.5)
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B
Multilayered Case Under Single Phase Flow with Formation
Crossflow and a Single Region of Permeability per Layer

For this problem, the mathematical formulation was derived from [9]. This
case, which considers a single region of permeability for each layer, gives support
for the mathematical formulation presented in this work for a radially composed
reservoir.

First, consider the dimensionless variables:

rD = r

rw
(B.0.1)

pjD = 2πkh
qµ

(pi − pj) (B.0.2)

tD = kh

φhµctr2
w

t (B.0.3)

kh =
n∑
j=1

(kh)j (B.0.4)

φh =
n∑
j=1

(φh)j (B.0.5)

κj = (kh)j
kh

(B.0.6)

ωj = (φh)j
φh

(B.0.7)

λj = Xjr
2
w

kh
(B.0.8)

The following hypothesis (CCL) are given for this problem:

p1(rw, t) = p2(rw, t) = . . . = pn(rw, t) = pw (B.0.9)

qB = −2πrw
∑(kjhj

µ

)∂pw
∂rD

(B.0.10)
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In the Laplace domain the partial differential equation is:

κj∇2pjD = ωjupjD + λj−1D(pjD − pj−1D)− λjD(pj+1D − pjD) (B.0.11)

The general solution for pressure in the infinite radial case in the Laplace field
is:

pjD = AjK0(σrD) (B.0.12)

Replacing (B.12) in (B.11) for j = 1, . . . , n:

AjK0(σrD)(κjσ2 − ωju+ λjD) = λj−1D(AjK0(σrD)−Aj−1K0(σrD))− λjD(Aj+1K0(σrD))
(B.0.13)

Rearranging equation (B.0.13), the following linear system to find the values
of σ is set up:



j = 1 : (ω1u+ λ1 − κ1σ
2)A1 − λ1A2 = 0

j = 2 : −λ1A1 + (ω2u+ λ1 + λ2 − κ2σ
2)A2 − λ2A3 = 0

...

j = n : −λn−1An−1 + (ωnu+ λn−1 + λn − κnσ2)An = 0

(B.0.14)

K0(σkrD) 6= 0, and also, the coefficients Aj must be different than zero, since
the trivial solution to the pressure is not wanted. Therefore, the matrix below ajk

must be singular, that is, not invertible and its determinant must vanish:

ajk =



λj−1, for k = j − 1; j > 1,

κjσ
2 − ωju− λj−1 − λj , for k = j,

λj , for k = j + 1; j < n,

0, for k 6= j − 1, j, or j + 1.

(B.0.15)
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It is possible to identify a relation between calculating the determinant of ajk
to find σ and calculating the eigenvalues κjσ2 of matrix a′jk given by (B.0.16):

a′jk =



−λj−1, for k = j − 1; j > 1,

−ωju+ λj−1 + λj , for k = j,

−λj , for k = j + 1; j < n,

0, for k 6= j − 1, j, or j + 1.

(B.0.16)

The pressure solution is given by:

pjD =
n∑
k=1

AkjK0(σkrD) (B.0.17)

It is possible to see that it remains to find the coefficients Akj . After finding
the values of σ, a recursive formula from the system above is given, where the values
of each Akj to j = 2, . . . , n as a function of Ak1 is given:



Ak2 = (ω1u+λ1−κ1σ2
k)

λ1
Ak1

Ak3 = 1
λ2

[−λ1A
k
1 + (ω2u+ λ1 + λ2 − κ2σ

2
k)Ak2]

...

Akn = 1
λn−1

[−λn−2A
k
n−2 + (ωn−1u+ λn−2 + λn−1 − κn−1σ

2
k)Akn−1]

(B.0.18)

Now using Darcy’s Law:

qD = −1
u

= −κj
∂pj
∂rD

(B.0.19)

Considering the following hypothesis: p1 = pwf :

1

u
n∑
j=1

κj

=
∂(

n∑
k=1

Ak1α
k
jK0(σkrD))

∂rD
(B.0.20)
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The following n relations are given, which lead to a second linear system to
find the pressure coefficients Ak1:

Flow rate in the well, where rD = 1, for the first system equation:

qD = 1

u
n∑
j=1

κj

=
nk∑
k=1

σkA
k
1α

k
jK1(σk) (B.0.21)

(B.0.22)

Well pressure for the other n− 1 equations:

0 =
nk∑
k=1

Akj−1K0(σk)−
nk∑
k=1

AkjK0(σk) =
nk∑
k=1

K0(σk)(1− αkj )Ak1 (B.0.23)

Then, the system is given by:


α2

1σ1K1(σ1) α2
1σ2K1(σ2) . . . αnk1 σnkK1(σnk)

(1− α1
2)K0(σ1) (1− α2

2)K0(σ2) . . . (1− αnk2 )K0(σnk)
...

...

(1− α1
nk)K0(σ1) (1− α2

nk)K0(σ2) . . . (1− αnknk)K0(σnk)




A1

1

A2
1
...

Ank1

 =



1
u
∑

κj

0
...

0



Where each α above is defined using the coefficients relation in (B.18). After
calculating the coefficients, it is possible to calculate the pressure:

p =
nk∑
k=1

Ak1α
k
1K0(σk) (B.0.24)
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C
Semipermeability Coefficients Number

Let α be the number of intersections between the regions of 2 Layers.

Figure C.1: Case where α = 4

Let M1, . . . ,Mm be the regions of the under layer, each one of these regions
has radius m1, . . . ,mm, respectively. Likewise, let N1, . . . , Nn and n1, . . . , nn. Notice
that n1 + . . .+ nn = m1 + . . .+mm.

Now, 0 = n0 < n1 < n1 + n2 < . . . < n1 + . . .+ nn. Let ai = n1 + . . .+ ni.

Similarly, 0 = m0 < m1 < m1 + m2 < . . . < m1 + . . . + mm. Let
bj = m1 + . . .+mj .

Hence, α is given by the number of subsets obtained whilst superposing [a0, an]
and [b0, bm]. [a0, an] has n partitions. When superposing those sets there will be a
new one [a0, an]′ with an extra m − 1 partitions. By hypothesis, there are s values
i, j such that ai = bj . In that way, there will actually be m− 1− s new partitions in
the interior of [a0, an]′. Then, α = n+m−1−s, that is, there are n+m−1−s subsets.
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