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A

Equations for non-particulate flow

A.l
Continuity

The continuity equation used in this work follows:

ou Jv Jw

oz Toy ' o:

The associated residue follows:

/w 3u 8v+8£
’ 8y 0z

The non-zero Jacobian entries follow:

ORL,
Ou,
IR,
ov;
IR,

ow;

/ 2% 40
/ il aqu dQ

/ i a¢] dQ

) do

(A.1)

(A.2)

(A.3)
(A.4)

(A.5)

The derivative of the Continuity’s Residue with respect to pressure p; is

zero and it causes zero entries in the diagonal of the jacobian.

R,

=0

Op;

A.2
Momentum Conservation

(A.6)

Here follow the 3 components of the Momentum Conservation for non-

particulate flow.

In x direction:
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Appendix A. Equations for non-particulate flow
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Their corresponding residues are I, , R, and R :
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Appendix A. Equations for non-particulate flow 54

The non-zero Jacobian entries follow:

oR!
8Uj
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8wj
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81}]‘
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0 Ly 0
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dQ

oy ox (A.13)
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— /Q i 50 d0
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B
Equations for particulate flow

B.1
Continuity

The continuity equation, its residue and the components of the Jacobian are

exactly the same as the ones presented for non-particulate flow. See A.1.

B.2

Momentum Conservation

Here follow the 3 components of the Augmented Momentum Conservation for
particulate flow.

In z direction:

gzal +Q al+al +£ aiu+aiw _ (Bl)
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. } . o } i i i : o 99
Their corresponding residues are R}, , R}, and R}, , with uppercase "m

to differ from the non-particulate momentum:
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The nonzero Jacobian elements for the Augmented Residues follow:
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ORi, ow 90, 00,
= [ oo G+ G an

(9uj

OR, ou , 06; 00;

dv; _/prmjay ay "o M
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B.3
Lagrange Multipliers Equations

The Lagrange Multipliers equations used in particulate flow are presented

bellow:
In z direction:
A, =0 in (B.10)
u=up, + |:wypk(Z—Zpk) —wzpk(y—ypk)} in Qp, (B.11)
In y direction:
Ay =01in Qf (B.12)
v =up, + [wzpk (x —xp,) — wap, (2 — Zpk>:| in Qp, (B.13)
In z direction:
A:=01n Qf (B.14)
w = wp, + [wxpk (v —yp,) — wyp, (z — xpk)] in Qp, (B.15)

The corresponding residues are Ry , R} and R} :
x Yy z

N T

v fQ —Up, QS - |:wypk (Z - ZPk) — Wzp, (y - yPk)} Gi dQPk
(B.16)
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R - {fgf >‘y¢i de

Ay
fQ UPk - [WZPk (SC - ka) — Wap, (Z - Zpk)i| i dQPk

(B.17)

R {fgf Az @i dSdy

Az
fQPk (U} - ka)(bi - |:W$Pk, (y - yPk) - wyPk (:L’ - 'rpk):| ¢i dQPk
(B.18)
The non-zero Jacobian entries for the A\ residues follow:
8Rf\w B 3Rf\y B 8R3Z B fo i dSdy (B.19)
ONe 0N, M | [, 0dQp, '
Py
OR, oR;, _ORy fﬂf 0dSY; (B.20)
Ou, 0v; ow; pr dip; dSUp, )
k
aqu N aUpk N (‘)wpk - fQP _¢i dek .
k
8}%\ fQ Ode (B 22)
awypk fQP z Zpk) dﬂpk
OR,, | Jo, 0dSy (B.23)
aszk fQPk ¢z (y — yPk) dQPk
ang fQ 0dQy (B.24)
aszk fQP 1 J,‘pk) dQPk '
OR;, _ ) Jo, 0y (B.25)
8(40ka fQPk ¢i<Z — Zpk) dQPk
O, _ ) Jo, 0d% (B.26)
8&)ka fQP ¢’L y yPk) dQPIc
aRf\z _ fo 0.dS2y (B.27)
awyPk ‘fQPk gbl (x — :L’pk) dQPk
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B.4
Equations of the Rigid Body Dynamics

61

The components of the residue of the linear velocity of the particle P, are given

by RP» REr and RE:

Jup,

0
R = / (PP, — Pf)— 5~ Ppdat ap + aX; dQp,
Qp, t

ov 0
R =/ (0p, — Pf) 2k — Ppogy + 2y ady dSdp,

Owp, op
P - A dO)
Rw /ka (pPk pf) (9t — pPp.9z t+ 82 + aA, Py

(B.28)
(B.29)

(B.30)

The components of the residue of the angular velocity of the particle P

are given by R*, RI* and Rk

The non-zero Jacobian entries for the linear velocities follow:

ORP  ORP  ORD:

_ _ - do)
dup,  Ovp,  Ouwp, /ﬂpk (P, = >At P

ORP  ORP:  ORD:
v — v — v - Q
e, 0N, O\ /ka ;A

Pk
Qp,

p;

ORF* ij

T Z1 40

Ip; /ka dy e,
P

OR,! / 8% dQPk

apj Qp,

The non-zero Jacobian entries for the angular velocities follow:

ORP:  ORD:  9RP:
wo v s _/ 1dQp,
Qp,

Ow, b Ow, b Ow, -

(B.31)
(B.32)

(B.33)

(B.34)

(B.35)

(B.36)
(B.37)

(B.38)

(B.39)
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ORT:
an
ORP:

5’wj N

ORP»
Wy

an
ORPx
Wy

3wj

ORP:

8uj

ORP:

81)]'
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(B.40)

(B.41)

(B.42)

(B.43)

(B.44)

(B.45)
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