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5
Local Crushing

In this section we show how to perturb the vector field inside a tubular
neighborhood of an orbit segment in order to obtain the crushing property
defined in Lemma 2.5.1, relatively to the volume of the neighborhood. The
name “Fettuccine” given for the main lemma of the section is due to the
fact that crushable sets must have a specific geometry which resembles the
fettuccine’s shape. We now state this lemma (Lemma 5.0.22), which will be
proved only in §5.4, after we present in the following subsections the necessary

ingredients of the proof.

Lemma 5.0.22 (Fettuccine’s Lemma) Let X € X*(M) and let ¥ be a
cross section. Then for all e > 0 and 0 < § < 1 there exists tg > 0 such
that for all Ty > 3ty there exists k > 0 such that for all T € (3ty,Ty) and for
all non-periodic point p € X3, there exists p > 0 such that given a k-rectangle R
centered in p with diam(R) < p, there exists X € (M) with | X — X||¢c1 < e,
X = X outside U, where
U= J ¢(R),
t€[0,T]

and there exists V. C U such that if

v= U d® amd Ut= ] S0B)

tE[O,T—to] te[t(),T]
then
1. VcU;
m(V)
2. >1-9;
m(U~) ’

5. (V) CU Ve 0.t];

m(p2(V)AUY)

m(T) <6
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Figure 5.1: Schematic illustration of V' being crushed.

The Tubular Chart Theorem (Theorem 4.0.15) set us in a very useful
geometrical structure. Pulling back a vector field by the tubular chart, we
obtain a vector field in an open set of R? with several properties that will be
frequently used in next subsections. For sake of clarity we call a vector field

with those properties a model vector field.

Definition 5.0.23 (Model Vector Field) Let a,C > 0 and T > 2a be
arbitrary constants. Let X € X'(U) be a vector field defined in an open
neighborhood U of the line {(t,0,0) € Rx R©"?* xR : t € [—a, T +al}. We say
that X is a (C,T,a) - model vector field if

- X(5,0,0) = (1,0,0), Vse€|[—a,T+al,
— the plane {(z,w,y) : y = 0} is X -invariant,

d
\%bgnpzn <C, Vstel-aT+a

where P! is the linear isomorphism induced by the linear Poincaré flow

based on the segment of orbit {(x,0,0) : x € [s,t]}.
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Depending on the context, some of the constants C', T and a may be
omitted from the notation of model vector fields. Possibly for they are implicitly

understood, possibly for being unnecessary in some computation.

5.1

Crushing-Time

Once we have constructed a chart which permits us to work with model vector
fields, next step will be defining the crushing-perturbation of a general model
vector field. The main idea is to add small vertical vectors to the original vector
field, bringing trajectories closer to the invariant plane and, consequently,
crushing volume in that direction (See Figure 5.2). Since these new vertical
components need to be very small, in order to obtain a significant “vertical
deviation” of the original trajectories, a long period of time must elapse. This
amount of time will be called crushing-time and its precise definition is given
by Lemma 5.1.2.

Let m; : R x R¥2 x R the standard projection in the d-th coordinate.
Then Dmy(x,w,y)X (x,w,y) is simply the d-th coordinate of the vector
X (z,w,y). Define a : R x R*2 by

a(z,w) = D(mgo X)(z,w,0) - eq.

Since X is C! we can write
Dra(z, w,y) X (z,w,y) = a(z,w)y +r(r,w,y), (5.1)

where 7 : RY — R is a continuous function satisfying

hm 71(1'7 w7 y)

limg == =5 =0 (5.2)

Proposition 5.1.1 For all € > 0 and Ty > Ty > 0 there exist p > 0 and such
that if max{||w|, |y|} < p and x € [0,T1] then

o' (z,w,y) — (x +¢,0,0)]| <€,

for allt € [0, Ty — T1], where ¢" is the flow generated by the vector field X .

Proof: This is an immediate consequence of the continuity of the flow and

the first property of model vector fields. ]

Lemma 5.1.2 Let e > 0 and 0 < d < 1 be given. Then for any

2log(d
€
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for all 0 < a < 1 and for all model vector field X € X' (U) (with respect to a
and T'), there exists p > 0 such that if z = (x,w,y) € U satisfies

max{||w|,|y|} <p and x€[0,T -ty

then

X(z,w,y) = X(z,w,y) + (0,0, —ey)
would be such that )
[ma(ps ™ (2))]
Ima(0X7 (2))]

where 7,7 N(z00) — N(z+to,00 are the hitting-time functions defined in
Subsection (2.1) with respect to time to and to the fields X and X, respectively.

<>

Figure 5.2: Crushing in the y-direction.

Proof: Notice that X is also a model vector field and thus we can obtain an
equation similar to (5.1). Namely

D’]Td(xa w, y) : X(Z’, w, y) - (Oé(.’E, w) - E)y + 7"(1’, w, y) (53)

Suppose we have fixed a point z = (z,w,y) € R? sufficiently close to the

r-axis (we will see later what this means). Let % (2) = (x(t),w(t),y(t)) and

0% (2) = (2e(t), we(t), ye(t)) be the future paths of 2 generated by X and X,
respectively.

Then we have

Ye(t) = [male(2)] )

= D95 (2) X (9% (2))
= (a(ze(t), we(t)) = €)ye(t) + r(x(t), we(t), ye(t))- (5:4)

Similar computations lead us to
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Y (t) = a(z(t), wt)y(t) +r(zt), w(t), y(t))- (5.5)

Proposition (5.1.1) together with the continuity of function a permit us to take
p > 0 sufficiently small such that if max{||w|,|y|} < p and x € [—a,T — t,]
then

la(x(t), w(t)) —a,(t)] <€e/8 and |a(z(t), w(t)) —a.(t)] <€/8,

for all ¢t € [0, to], where a,(s) = a(z+s,0). Notice that the choice of p depends

on 1" but does not depend on .

By equation (5.2) and by the compactness of V', we can reduce p, if

necessary, to guarantee that

ely(®)|
I

€lye(t)]

and  [r(z(t),w(t),y(t))] <

|7(e(t), we(t), ye(t))| <

for all ¢ € [0, to] and for all (z,w) in the compact domain.
From these estimates and from equations (5.4) and (5.5) we can deduce

the following inequalities:
Ye(t) < (az(t) = Te/8)ye(t) + r(we(t), we(t), ye(t)) < (aa(t) — 3¢/4)ye(t) (5.6)

Y (t) = (az(t) — €/8)y(t) + r(x(t), w(t), y(t)) = (ax(t) — €/4)y(t). (5.7)

Besides that, we want to consider p > 0 small enough (as in Remark
2.1.6) to obtain

|7(2) — to] <min{g,ﬁ} and |T(z) — to| <min{g,ﬁ}7

where
M= sup |a(s,0)|.

s€[—a,T+a]
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Once we have all these estimates, we can conclude that

Ye(0) exp(—3e7(2)/4) exp (f;(z) a, (t)dt)
y(0) exp(—er(2)/4) exp (f; au(t)dt)

ye(7(2))
y(7(2))

<

< exp(—3e(to —1)/4+ €(to+ 1)/4) exp (H‘(z) —7(2)| sup ]am(t)|>

te[0,to+1]

5.2
Sliced Tube

In this Subsection, besides introducing some useful new notation, we will state
and prove Proposition 5.1.1, that will allow us to work with more convenient

sets - the sliced tubes, instead of the standard tubular neighborhoods.

We say that B C R? is a ball if it is a convex compact set, symmetric

about the origin.

Definition 5.2.1 (K-Ball) Let B(0,7) denote the Euclidean ball with radius
r. Given K > 1 we say that a ball B is a K-ball if

B(0, K™') c B C B(0,K).

Remark 5.2.2 Let K > 1 and let B C R? be a K-ball. Then there exists a

norm || - ||g such that
1. B={veR: |v|s<1};

2. K| < |lv|ls < Kljv|| Vv e R

Remark 5.2.3 Notice that, since the cube B = [—1,1]¢ is inscribed in a sphere
with radius \/&/ 2 and circumscribed on a sphere with radius 1/2, the hypothesis
of Remark 5.2.2 is satisfied for any K > max{2,v/d/2} and the conclusion, in

this case, holds with || - || being the norm of the maximum.
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Remark 5.2.4 Let P' = P! be the family of linear isomorphisms induced by
the linear Poincaré flow over the base-orbit of a (C,T, A)-model vector field.
Notice that, by the sub-exponential growth of |P*|| and Remark 5.2.3, we can
conclude that, for all t € [0,T + A], P([—1,1]%2) is a K-ball of R™™2 with

K = max {2 d_Q} eCT+A),
’ 2

Fix a model vector field X € X'(U) and let P! : R“* — R! denote the
linear isomorphism induced by the linear Poincaré flow on the segment [s,t]
of the orbit of zero (Definition 2.3.8). Define also 5. = [(P!(eq),eq)|, where
eq = (0,0,...,0,1). Given an interval I = [a,b] on the real line, k € (0,1),
r > 0 and a ball B C R*? we define a sliced tube Sg(k,r, I) by

Ss(k,r, 1) = U ({s} x PJ(rB x {0}) x [—krB;, krpi]) .

sel
We most frequently deal with a special type of sliced tube, for which the ball
and the height of the slices depend on the left edge of I.

Definition 5.2.5 (Standard Sliced Tube) The standard sliced tube is de-
fined by

S(k,r,I) = U ({5} x P*([—r, r]di? x {0}) x [—K;rﬁ&/{rﬁs]) ;

sel

where P* = B and Bs = |(P%es, €3)|.

Remark 5.2.6 Notice that the standard sliced tube is a sliced tube with a
change of scale in direction y. In fact, by the cocycle property of the linear

Poincaré flow, we can deduce that
S(k,r,[a,b]) = Sg(Bak, T, [a,b]),
where B = P%([—1,1]472 x {0}).

It is convenient to work with sliced tubes (instead of the usual tubular
neighborhood) because these sets are saturated by a family of cross sections
(the slices), each one being orthogonal to the base-orbit of the model vector
field. The fact that the slices of the tube are intrinsically related to the linear
Poincaré flow is also an important feature of these sets, since it makes possible

the comparison between tubular neighborhoods and sliced tubes.
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Proposition 5.2.7 (Approximation by sliced tubes) Given A >0, T >
2A, C >0, A > 1 and K > 1, there exist ko € (0,1) and py > 0 such that,
for all (C, T, A)-model vector field X, for any k € (0,k0), p € (0, po), for all
interval I = [a,b] C [0,T] satisfying |I| > 2A and for any K-ball B C R*2 we

have

SB("@p/\_lv [a7 b— A]) - U Sot(Ua) C SB(va)‘v [(1, b + A])u

tel0,b—al
where U, = {a} X pB X [—kp, kp].

Note that as A > 0 approaches zero and as A > 1 approaches 1, the
better the approximation becomes. On the other hand, in order to achieve a
good approximation of a tubular neighborhood by sliced tubes, we need to
impose that the initial slice (U,) is sufficiently small (p < 1) and sufficiently
thin (k < 1). Before proving Proposition 5.2.7, we state and prove a technical
lemma which shows the relation between k and the distortion of the sliced tube
in the w-direction. This technical lemma is an adaptation of [AB1, Lemma 5]

to our context.

Lemma 5.2.8 (Approximation of the linear part) Given A > 1, T > 0,
C >0 and K > 1 there exists ko € (0,1) such that for any (C,T)-model vector
field X, any k € (0,k0) and for any K-ball B C RY% we have

(AT PI(Bx{0})) x [~ Bers, Bers] € Pr(Bx[—r,K]) C (APi(Bx{0})) % [—Ber, Br],
for all [s,t] € [0,T].

Proof: In order to simplify notation, we will write P!(B), instead of P!(B x
{0}).

By the invariance of the plane {y = 0}, we have, for all s,¢ € [0,T],

Al B!
Pw,y) = 500 v )
0 B y
And in this case,

(Pl = pr— ( (AD)H —(B1)~1(A) B )
’ t 0 (87
Take

A—1

"= KAy
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where My = e2T. Also, observe that, by the sub-exponential growth of the

linear flow over the base line of a model vector field,

I(AD ™ Bell < [1(AD - 1B

PP P2 < el < e

Consider 0 < k < Kg. First let us prove that
P{(B x [k, K]) C AP{(B) x [k, Bak].
Assume that w € B and |y| < k. We need only to prove that
Alw + Bly € APL(B).

Or, equivalently, that

1049~ (ASw + By)lls < A,

Figure 5.3: Distortion in the w-direction is not significant if the initial slice is
thin enough.
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Where || - || is the norm given by Remark 5.2.2. Indeed,
1(AL) ™ (Aqw + Bey)lls = llw + (A7)~ Byl
< llwlls + I(AD) " Baylls
<1+ K|[(A) ' Byyll
< 1+ K[[(A) Bl - 1yl
<14+ K- Mrk < A,
as we wanted to show. On the other hand, assume that
(t,5) € N PL(B) x [fk, Bk,

Let y be such that |y| < k and w € B such that § = fly and w = A1 Alw.
Then we have that

(P~ (w@,5) = (A 'w — (A7) By, ),
So we need only to prove that
A~ — (A ™' Baylls < 1.
And indeed,
1A = (AD) 7' Bylls < A wlls + [[(AD) ' Baylls
<A+ K(A) T Byl

<A Y4+ K- Mk <1.

Proof of Proposition 5.2.7:
Take any 1 < A < X and choose k£ > 0 as in Lemma 5.2.8, such that

AP (B x {0}) x [—rf, k5] C Py(B x [+, k])
C AP} (B x {0}) x [=rf3, k5], (5.8)

for all [a, s] € [0,T].
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Let 7, = Ts_q,(a,0,0) be the hitting-time function (Definition 2.1.2) with
respect to the flow ¢, with time s — a and base point (a, 0, 0).

Denote by N, the subspace Ngs(a00) C Tys((a00)M orthogonal to
X(¢°((a,0,0))) and let ®* : U, — N, be the Poincaré Map with respect

to the flow ¢ and time s — a, that is

®°(p) = " P (p).

Choose p > 0 small enough so that if p € U, = U,(k,p) then
|7s(p) — s| < A for all s € [a,T + A}, and in particular,

Ta—A(p) <a< Ta+A(p) < TB—A(p) < B < TB+A,

forall a < a < < T with § — a > 2A. So

U ®u)c | vw)c | o) (5.9)

s€lat+A,B—A] s€la,fl s€la—A,B+A]

Ua No-a
©*(Ua)

Figure 5.4: |75(p) — s| < A for all s € [a, T + A].

Since

a

D®7, 00y =P, (See Proposition 2.3.9),

we can use the Taylor Formula to obtain

*(p) = 9°((a, 0,0)) +P; (p) +(p)

(a+s,0,0)
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where 7 : Uy — R%! satisfies

- lr()ll _ 0.
Ipll=0 ||p||

Notice that if 7 is identically zero then the conclusion of the proposition follows
from (5.8) and (5.9). Taking a smaller p if necessary, the general case follows

from Taylor approximation. ]

Corollary 5.2.9 (Standard Approximation) Given A > 0, T > 2A,
C > 0 and X > 1, there exist ko € (0,1) and py > 0 such that, for all
(C, T, A)-model vector field X, for any k € (0,K0), p € (0,p9) and for all
interval I = [a,b] C [0,T)] satisfying |I| > 2A we have

Sk, pA ™ In) C | @' (Uo) € S(r, pA, 1),

tel
where Uy = {0} x [—p, p]*2 x [—kp, Kp].

Proof: Recall that, by Remark 5.2.6,

S(Hv P [a7 b]) = SBa (ﬁaﬁa P [a) b]),

where B, = P%([-1,1]472 x {0}). Let & € (0,1) and py > 0 be given by
Proposition 5.1.1 for the K obtained by Remark 5.2.4. The Corollary follows

by taking
Ko = Roe CTHA)
and by observing that 5, < || P§]| < eC(T+A) .

Remark 5.2.10 Notice that if X is a C-model vector field with associated

linear Poincaré flow given by

s 0 Bz Y

then the vector field given by
Xe(z,w,y) = X(z,w,y) — ey - eq

is a (C + €)-model vector field with the associated linear Poincaré flow given

by
ﬁt _ Ag Eﬁ
s 0 e—e(t—s)ﬁz ’
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Proposition 5.2.11 (Perturbed sliced tube) Let X be model vector field,
e > 0 and X, be as in the previous Remark, that is, X (x,w,y) = X(x,w,y) —
ye - eq. Then, for any k € (0,1), r >0 and any I = [a,b] C [0,00), we have

1. WI(SVB(R’ T, I)) = WI(SB(Hv Ty I)),
2. Ww(gg(/i, r, 1)) = my(Sp(k,r,1));
3. 7,(Sp(k, 7, 1)) C m,(Sp(k, 7, 1)),

where gg(:‘i, r, 1) denotes de sliced tube with respect to X, and 7, m,, T, are

the projections in directions x,w and y, respectively. In Particular,

Sp(k,r, 1) C Sg(k,r,1).

Proof: The first conclusion is trivial, since the projection in the coordinate z
of a sliced tube is I. The second conclusion is a direct consequence of Remark
5.2.10, since

Pl|gy=0y = A} = Pllgy=0y-

In order to see that third consequence is also true, notice that, by Re-
mark 5.2.10,

Pﬂ{w:@} = e_E(t_S)Bz < 52)

since we are considering 0 < s < t. [

5.3
Bump Function

In the previous subsection we saw that, in terms of volume, it is possible to
approximate a tubular neighborhood by two sliced tubes: one that contains the
neighborhood, and other that is contained in it. In this subsection, we show
how to construct a bump function with small C! norm, supported on the inner
(standard) sliced tube.

Remark 5.3.1 Given a C-model wvector field X, the function pi(x) =
|(Pl(es), e2)|, defined inside a sliced tube with respect to X is a linear cocy-
cle in R over @Y. Moreover, its logarithmic derivative is bounded by C. In

other words, if we fit x € R and let t vary, we have that

Bi(x)'
Bi(x)

Proposition 5.3.2 (Bump Function) Given ¢ > 0 and 0 < v < 1 there
exists 0 < € < € such that for all Ty,a,C > 0 there exist 0 < kg < 1 and

<C



DBD
PUC-Rio - Certificação Digital Nº 0721238/CA


PUC-RIo - Certificacdo Digital N° 0721238/CA

Chapter 5. Local Crushing 65

ro > 0 such that for all (C, Ty, a)-model vector field X and for any T € (2a,Ty),
k€ (0, ko) and r € (0,70) there exists a function U : R — R such that

1. U =0 outside S(k,r,[—a,T + a]);
2. W=¢ onS(k,r(l—7),aT—al);
3. ¥ (z,w,y)||cr < e, for all (z,w,y) € R™.

Proof: Let € = Qi

n and fix any C' > 0, any large Ty > 0 and any small
~

a > 0. Define

Ko = o—2C(To+2a)

and take T € (2a,Tp), k € (0,k¢) and any (C,Tp,a)-model vector field X.
Observe that, by the third property of model vector fields, by Remarks 2.6.1

and 5.3.1, we can conclude that
(Bell(P*) M)~ < sup B - sup [|(P) 7]~

= (inf B;)7" - (inf [ (P") 1)~

e—QC:r e—QC(T[)—i-Qa)

< < = Kyg.

Consider a bump-function & : R — R such that:
—&i(x) =0, if v € R\[-1,1];
- 51(56) =1, ifx e [—1+"/,1—7];
— [&(x)] < %, for all z € R.

Also define another bump-function & : R — R such that

- 52(56
- fz(fU
— | (x)] < 2, for all z € R.

) =0, if x € R\[—a,T + a;
)

=1,ifx €[a,T — a,

For some r > 0 (we will estimate 7 a posteriori) we define the bump-

function

U: RxRxR“2? 5 R
(z,w,y) = & (kT B ) S (e H[(PT) T ) e ()
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Properties 1 and 2 are very easy to check and we only need to estimate
the derivative of yWU(x,w,y) inside the tube S(k,r,[—a,T + a]). So in next

computations we can always assume that
ly| < KkByr (5.10)

and also that
H(P’E)’le <. (5.11)

In order to prove that

ly¥ (2, w, y)llcr <e,

we first observe that

lyU (x,w,y)| < |yle’ <e.

Now let us compute the derivatives.

1.
S ¥ )| < ¥l )] + | (¥l )
<< bl (el NP ]l
<é <1 + 3)
v (h+2) _
TS R
2.

[1D3(y¥ (2, w, y))l| < E’Lm\ﬁi(f‘l\\(PI)‘le)! 1)

KrBy 2
< bt pe -1
2P

2 _
< 6’;HﬂzH(P°”) .

By the choice of ky,
KB (PT) 7 < 1
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and we have:

2
| Ds(y¥ (. w. )| < €

2

< 6"}/ [R—
24 v
<1+1<€;

‘£<y@<m,w,y>>' < ey ‘8‘9 (gl(n‘lr‘lﬁlly)&(r_lll(Pz)_lwll)fa(x))‘
ol (o o ()

) lyl 0B 1 o(l(P)twl) 1
< 2€ly] <7m"ﬂ% ox + yr ox + a

+ & ()]

By Remark 5.3.1, we have that ’% < C for all x € [—a, Ty + a]. This
estimate, together with the third property of model vector fields, gives

us

9 (. y))

Oz ~y y a

We can assume that » > 0 was chosen sufficiently small in order to obtain

~ 9 (m‘ﬁxC N kr3,C N m“ﬁm) .

0 2¢
k)| < 2
- ey 2
2+ v
< < €
1+ 3

Observe that the constant r > 0 did not influence the estimates of the
derivative in the y and w directions and this scale invariance is expected when

we work with Cl-perturbations. The fact that » > 0 is being used in the
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estimate of the derivative along the z-direction may seem strange, but notice
that 7 is not related with the length (a-direction) of the sliced tube, but only
with its transverse size. Indeed, the greater the length of the tube in relation
to its thickness, less restrictive is the bump-function’s derivative along the

z-direction. ]

5.4
Proof of the Fettuccine’s Lemma

We will verify the conclusion of the Lemma for the pulled-back vector field
F. X and define a d-crushable set U in R? with respect to the C-sliced measure
m. In order to see that this Euclidean version of the Lemma is sufficient for the
conclusion of the proof, notice that, since the perturbation is given by adding
vertical vectors to the pulled-back vector field, Proposition 4.0.19 guarantees
that the pushed-forward of the perturbation will be a Ce-perturbation of
the original vector field (recall that C' > 1 depends only on the vector field
X € X*(M) and the cross section ¥). Moreover, since the C-sliced measure
is comparable to F,!(m), the relative d-crushing property of F,(X) on U will
originate a 4d-crushing property in F'(U).

Let us fix e > 0 and 0 < 6 < 1. Once defined the auxiliary constants

y=1-1-06/2 (5.12)

and
§ = (1—7)d, (5.13)
we can choose € = €'(e,7) from Proposition 5.3.2 (Bump Function) and
to = to(€’,0") > 1, the crushing-time from Lemma 5.1.2. Now take any Ty > 3t
and assume that ' : Z — F(Z) is the tubular chart, given by Theorem 4.0.15
with respect to a non-periodic point p € 3 and time Tj. Notice that the sliced

measure m with density w of a standard sliced tube is given by

m(S(k,r, 1)) = 2mrd_1/lf(5)ds,

where
f(s) = |det(P?)[ - w(s)

and P° = Fj is the family of linear isomorphisms induced by the linear Poincaré
flow. Observe that f has bounded logarithmic derivative (See §2.6), so we can

use Proposition 2.6.2 to find a constant ag = ag(tp,7y) < 1 such that, for all
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interval I C [0,7p] with |I| > ¢y and for all 0 < a < aq,
f(s)ds > (1 —~) [ f(s)ds. (5.14)
I Ie

Recall that Property 10 of the tubular chart (Theorem 4.0.15) ensures that
the bound of the logarithmic derivative of f(s) depends only on the original
vector field X € X*(M). In fact, every time we evoke results of this Section
about model vector fields, we will be implicitly using this Property.

Let ko = ko(To, ap) and py = po(Ty, ag) be as in Proposition 5.3.2 (Bump
Function) and take A > 1 such that

A< Y 1-4 (5.15)
e .

With these choices of Tg, ag and A, we can find xk; > 0 and p; > 0 from
Corollary 5.2.9 (Standard approximation) in order to obtain, for any I C [0, Tp],
with |I| > to, for any a € (0,a9), k € (0,x1) and p € (0, p1),
S(r,pA 7" 1) € | ek (Uo) € S, pA, 1%, (5.16)
sel

where Uy = {0} x [—rp, kp] X [p,p]*%. Let K > 1 be the constant given by
Remark 5.2.4 and recall, that, by Remark 5.2.10, the vector field

Xs’(xaway) - X(‘vaay) - Ely *€d

is a (C'+¢€')-model vector field. Thus, we can reduce x; and py, if necessary, and
use Proposition 5.2.7 to obtain, for any K-ball B, any I C [s,T] with |I| > t,
any a € (0,a9), k € (0,k1) and p € (0, p1),

gB(ﬂv p)‘_lv [Sv T— CLD - U ¢§?(US) - gB(Ha p/\a [57 T+ CL]), (517)

te[0,7—s]
where Uy = {s} x (pB x {0}) X [kp, kp].

Take

— 670(T0+a0)

K min{ ko, K1}

Now, choose any 3ty < T' < T and define py = po(T, ag,y) such that Lemma
5.1.2 (Crushing time) is satisfied. and p = min{py, p1, p2} and define a bump-
function ¥ = ¥, , . given by Proposition 5.3.2 such that

1. ¥ = 0 outside S(k, \"!p, [a, T — al);
2. U=¢in Sk, A\7H 1 —9)p, [2a,T — 2a]);

3. ly¥)len < e.
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We define the perturbed vector field in R? by

X(ZL’,U@y) = X(wi)y) - yqj<x)w>y)
and denote the set to be crushed by
V = S(k, pA"3(1 — ), [2a, T — to — 3a)).

Now let us verify that our choices were appropriate. First, note that, by
relation (5.16) and by the construction of ¥, X is indeed an e-perturbation of

X with support on

S(k, pA ™ [a, T —a]) C U o' (Upy) = U.

te[0,T]

Let us introduce some auxiliary notation:

ST = S(K'7p)‘7 [—CL,T —tlo+ CL])
St =8S(k, pA 1 (1 — ), [to +a, T — 2a]).

Relation (5.16) ensures that V' C U~ and also that U~ C S~. Therefore,

we have that

WV) (V) 2l = DA I s
m(U~) ~ m(S7) 2k(pA)a-1 [T f(s)ds '

The above Inequality, together with (5.12) , (5.14) and (5.15), leads us to

(V) <1—7>d1_ b " f(s)ds

m(U~) A3 [t p(s)ds
) e (O
M L f(s)ds
11__;%2 =1-4.
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Claim 5.4.1

U ¢5%(V) €Sk, pA7 (1 =), [a, T — 2a]).

te[0,to]

Proof of the Claim: Let p € V. Then there exists s € [2a, T — to — 3a] such
that

pE Us = {S} X Ps([_plapl]d72 X {0}) X [_’{plﬁsv KJPIBSL

where p' = p(1 — y)A~2. By the sub-exponential growth of 3, and the choice
of k,

kB < keCT+a) < o

and we can apply Relation (5.17) to deduce, together with Remark 5.2.10, that

U 0% (Us) C Ss(KBs, M, [5,5 + 1o +a)) C Su(kBs, M, [5,5 + to + a)),

t€(0,to)

where B = P*([—¢/, ¢/]). By Remark 5.2.6,

U ©%(p) € Sk, A\p', 5,5+ to + a).

t€(0,to)

Since 2a < s < T — tg — 34,

¢ (p) € S(k, p(1 = 7)A7", [2a, T — 2a))

and the Claim is proved. |

The above claim we just proved together with relation (5.16) implies Item

3 of the Main Lemma. So we need only to prove item 4, that is,

(e (V)

(U < 6.

For that matter, let us define the set

W =8k, (1 —73)pA~ 4 [to, T — 2a)).
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Since

(W) 8 fy " f(s)ds

m(S+) o2 f(s)ds

§ [ s)ds
< L L

to+a f(S)dS

and since ST C U™, for finishing the proof of the Lemma, it is sufficient to
show that Lpi%(V) cWw.

Note that Claim 5.4.1 placed us in the context of Lemma 5.1.2 (Crushing

time) because
%ZJ =¢ i S(ﬁ>p)‘_1<1 - 7)) [aa T - 2@])

and, consequently, in this set, the perturbation X is the same as in Lemma
5.1.2.

Assume that py = (s, y2, ws) € gog%(V) and let p; = (r,y;,w;,) € V such
that ©2(p1) = pa.

Let @ : Ny_, = N; be the Poincaré map with respect to the perturbed
flow and ¢ € N,_;, be such that &)(q) = py, that is,

Without loss of generality, we can assume that p > 0 is sufficiently small
to guarantee that

|s —r—to] <a

and so that
to < s <T —2a. (5.18)

By Claim 5.4.1, we have that
wy € P*([=p(1 =7)A~" p(1 = 7)A71)"?) (5.19)
and Lemma 5.1.2 implies that
ly2| = (23" (a))]

< &'|m(¢™(q))l
< 8 pr(1 =) 15,.
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The above Inequality together with (5.18) and (5.19) implies that p, € W.
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