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Apéndice

O presente apéndice tem como objetivo principal descrever os comandos do

programa MAPLE 7 utilizados na andlise paramétrica das diversas situagdes

envolvendo a rigidez, a profundidade da fundagdo, as condi¢des de apoio e de

carregamento. O desenvolvimento do programa ¢ dividido em duas partes:

analise linear e analise ndo-linear. Como visto ao longo da tese, cada uma requer

abordagem diferenciada e uma especial atengdo com a precisdo dos valores

encontrados, pois as expressdes sdo muito sensiveis as variacdes dos parametros.

9.1.

Analise Linear

O estudo paramétrico realizado na analise linear consiste em quatro etapas:

Célculo da carga critica da estaca parcialmente enterrada;

Uso do M¢étodo de Ritz para calculo das freqiiéncias de vibracao da
coluna semi-enterrada carregada;

Célculo da primeira freqiiéncia de vibracdo da estaca semi-enterrada
com carregamento estatico no topo;

Representagdo dos modos de vibracdo e criacdo do arquivo para

exportacdo de dados.

Os calculos apresentados referem-se a coluna biapoiada com a profundidade

da fundagdo atingindo a metade da altura, rigidez igual a 2.000 e carregamento

estatico igual a 50% da carga critica.
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###Calculo da carga critica da estaca bi-apoiada, com base elastica até
metade da profundidade da estaca.###

>restart:

>with (DEtools) :

>with (LinearAlgebra) :
>Digits:=64:

#Definicoes:

#w1(x) = expressao para os deslocamentos no trecho desenterrado;

#w2(x) = expressao para os deslocamentos no trecho enterrado;

#lambda = parametro adimensional de carga;

#apenas para facilitar a visualizacdo das expressoes foi usada no programa a
varidvel x ao invés da letra grega £, que representa a coordenada adimensional do
eixo axial.

#Rigidez do Solo:
>K:=2000:

#Definicdo das Equagdes Diferenciais:
>

eql:=diff (wl(x),x,x,x,x)+ (lambda*2*Pi*2*diff (wl (x) 6 x, x)
)=0:

>soll:=dsolve (eql):

>w[1l] :=rhs(soll) :

>wl[l,x]:=diff(w[1l],6x):

>wl[l,xx]:=diff(w[l],x,x):

>wl[l,xxx] :=diff(w[l] ,x,x,x):

>

eq2:=diff (w2 (x) ,x,x,x,x)+ (lambda*2*Pi*2*diff (w2 (x) ,x,x)
)+ (Pi*4*K*w2 (x) )=0:

>sol2[inicial] :=dsolve (eq2) :

>

sol2a:=subs(_Cl= C5, C2= C6,_C3= C7,_C4= _C8,so0l2[inicia
1]):

>so0l2:=rhs (sol2a):

>w[2] :=s0l1l2:

>wl[2,x] :=diff (s0l2,x):

>wl[2,xx] :=diff (s0l2,x,x):

>wl[2,xxx] :=diff (s0l2,x,x,x):

#Condicdes de contorno definidas pelos apoios:
>expl:=eval (w[1l] ,x=1/2):
>exp2:=eval (w[l,xx] ,x=1/2):
>exp3:=eval (w[2] ,x=0) :
>expéd:=eval (w[2,xx] ,x=0) :

#Condi¢des de continuidade:
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>w[l,x=0] :=eval (w[1l],6x=0):
>w[2,x=a] :=eval (w[2] ,x=1/2):

>w[l,x x=0]:=eval (w[1l,x],x=0):
>w[2,x_x=a] :=eval (w[2,x],x=1/2):
>w[l,xx x=0]:=eval(w[1l,6xx],x=0):
2>w[2,xx_x=a]:=eva1(w[2,xx],x=1/2):
>w[l,xxx x=0] :=eval (w[1l,xxx],x=0):
>w[2,xxx x=a]:=eval (w[2,xxx],x=1/2):
>exp5:=w[l,x=0]-w[2,x=a]:
>expb6:=w[l,x x=0]-w[2,x x=a]:
>exp7:=w[l,xx x=0]-w[2,xx x=a]:
>exp8:=w[l,xxx x=0]-w[2,6xxx x=a]:

>

#solve ({expl,exp2,exp3,exp4,exp5,exp6,exp7,exp8},{_Cl,
c2, C3, Cc4, _C5,_C6,_C7,_C8}):

#Construcao da matriz dos coeficientes do sistema homogéneo de equagdes:
>all:=coeff (expl, Cl):
>a2l:=coeff (exp2, Cl):
>a3l:=coeff (exp3, Cl):
>adl:=coeff (exp4, Cl):
>ab5l:=coeff (exp5, Cl):
>a6l:=coeff (exp6, Cl):
>a7l:=coeff (exp7, Cl):
> a8l:=coeff (exp8, Cl):
>al2:=coeff (expl, C2):
>a22:=coeff (exp2, C2):
>a32:=coeff (exp3, C2):
> ad2:=coeff (expd, C2):
>ab52:=coeff (exp5,_C2):
>a62:=coeff (exp6, C2):
>aT72:=coeff (exp7,_C2):
> aB2:=coeff (exp8, C2):
>al3:=coeff (expl, C3):
>a23:=coeff (exp2, C3):
>a33:=coeff (exp3, C3):
>a43:=coeff (exp4, C3):
>ab3:=coeff (exp5, C3):
>a63:=coeff (exp6, C3):
>a73:=coeff (exp7,_ C3):
> a83:=coeff (exp8, C3):
>ald:=coeff (expl, C4):
>a24:=coeff (exp2, C4):
>a34:=coeff (exp3, C4):
> add:=coeff (expd, C4):
> ab4:=coeff (exp5,_ C4):
> a64d:=coeff (exp6, C4):
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>a74:
> a84
>als:
>a25:
>a35:
>adb
>ab5:
>a65:
>a75:
>a85:
>alé6:
>a26:
>a36:
>ad6:
>ab6
>a66:
>a76:
> a86:
>al’7
>a27
>a37
>ad’7
>ab7
>a67
>a7l7
> a87
>al8:
>a28:
>a38
>ad8:
>ab8
>a68:
>a78:

> a88:
>

=coeff (exp7, C4):
:=coeff (exp8,_ C4):
=coeff (expl, C5):
=coeff (exp2, C5):
=coeff (exp3, C5):
:=coeff (exp4,_C5):
=coeff (exp5,_ C5):
=coeff (exp6,_ C5):
=coeff (exp7,_C5):
=coeff (exp8, C5):
=coeff (expl, C6):
=coeff (exp2, C6):
=coeff (exp3, C6):
=coeff (exp4, C6):
:=coeff (exp5,_C6):
=coeff (exp6,_ C6):
=coeff (exp7,_ C6):
=coeff (exp8, C6):
:=coeff (expl, C7):
:=coeff (exp2, C7):
:=coeff (exp3, C7):
:=coeff (exp4,_C7):
:=coeff (exp5, C7):
:=coeff (exp6, C7):
:=coeff (exp7,_C7):
:=coeff (exp8,_ C7):
=coeff (expl, C8):
=coeff (exp2, C8):
:=coeff (exp3,_C8):
=coeff (exp4, C8):
:=coeff (exp5,_C8):
=coeff (exp6, C8):
=coeff (exp7, C8):
=coeff (exp8, C8):

104

A:=Matrix([[all,al2,al3,al4,al5,al6,al7,al8],[a2]1,a22,a
23,a24 ,a25,a26,a27,a28],[a31,a32,a33,a34,a35,a36,a37,a3
8], [ad4l1,a42,a43,a44,a45,a46,a47,a48],[a51,a52,a53,a54,a
55,a56,a57,a58],[a6l,a62,a63,a64,a65,a66,a67,a68],[a71,
a72,a73,a74,a75,a76,a77,a78],[a8l1,a82,a83,a84,a85,a86,a
87,a88]1]):

>det:=simplify (Determinant (a)):

#Determinacdo do valor do parametro de carga a partir da verificagdo do

momento em que ocorre a troca de sinal do determinante:
> for lambda from 2.51681 by 0.000001 to 2.51682 do
determ[lambda] :=print (simplify (Re(det))) end do;
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###Método de Ritz para calculo das freqiiéncias de vibra¢do de uma coluna
semi-enterrada carregada###

>restart:

>with (DEtools) :

>with (LinearAlgebra) :
>Digits:=64:

#Definicoes:
#f(x) = expressao para os deslocamentos da estaca;
#Omega = parametro de freqiiéncia (s).

#Equacao da energia:

>

eq:=int(diff (f(x), $ (x,2))"*2-

Pi*2*lambda*2* (diff (f(x), x))*2-Pi*4*Omega”4* (f(x)"2),
.1)+int (Pi®M*K*£f(x)*2,x = 0 .. 1/2):

>

eq:=subs (f (x)=Al*sin (Pi*x)+A2*sin (2*Pi*x)+A3*sin (3*Pi*x

)+A4*sin (4*Pi*x) ,eq) :

>deql:=diff (eq,Al):

>deq2:=diff (eq,A2):

>deq3:=diff (eq,A3):

>deqd:=diff (eq,Ad):

>solve ({deql,deq2,deq3,deq4}, {Al1,A2,A3 ,A4}):

>all:=coeff (deql,Al):

>al2:=coeff (deql,A2):

>al3:=coeff (deql,A3):

>ald:=coeff (deql, nd):

> a2l :=coeff (deg2,Al) :

>a22:=coeff (deg2,A2):

>a23:=coeff (deqg2,A3) :

>a24 :=coeff (deg2,24) :

>a31:=coeff (deg3,Al) :

>a32:=coeff (deqg3,22):

>a33:=coeff (deq3,A3):

>a34:=coeff (deg3,a4) :

> adl:=coeff (deg4,Al):

>ad2:=coeff (deg4d, n2):

>ad3:=coeff (deg4d ,A3):

>add:=coeff (degd ,h nd):

>

A:=Matrix([[all,al2,al3,al4d4], [a21l,a22,a23,a24],[a31l,a32

,a33,a34],[a41,a42,a43,a44]]):
>det:=Determinant (A) :
>K:=2000:1lambda:=.5*2.516811209107670508859218:
>plot(det,Omega=0..8):

>sols:=fsolve (det,Omega=0..8):
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#Determinacao dos modos de vibragao:
#Substituindo-se o valor da freqiiéncia na matriz A, obtendo-se:
>Omega:=sols[1]:
>bll:=simplify(all):
>bl2:=simplify(al2):
>bl3:=simplify(al3):
>bl4:=simplify (ald):
>b21:=simplify(a2l):
>Db22:=simplify (a22):
>b23:=simplify (a23):
>b24:=simplify (a24):
>b31l:=simplify(a31):
>b32:=simplify (a32):
>b33:=simplify(a33):
>b34:=simplify (a34):
>b4l:=simplify (a4dl):
>b42:=simplify (ad2):
>b43:=simplify (a43):
>bd4:=simplify (add):

>
B:=Matrix([[bll,bl2,bl3,bl4], [b21,b22,b23,b24], [b31,b32
,b33,b34], [b41,b42,b43,b44]]):

#Eliminacdo da ultima linha e da 3a. coluna:
>

W:=Matrix([[bll,bl2,bl4], [b21,b22,b24], [b31,b32,b34]]):
>V:=Vector([Al,A2,A4]):

>Q:=W.V:

>R:=Vector ([-bl3,-b23,-b33]):

>sols:=solve ({Q[1]1=R[1], Q[2]=R[2],
Q[31=R[31},{Al,A2,n4}):

>sols[1l]:

>sols[2]:

>sols[3]:

>V:=subs (sols[1l],sols[2],s0l1ls[3],V):
>ampnorm:=sqrt (((V[1])*2)+((V[2])*2)+((V[3])*2)+1):
>Vnorm:=V/ampnorm:

#Observacao: Todas as constantes acima estdo sendo multiplicadas por A3, e que
consideraremos igual a 1.

>A3:=1/ampnorm:

>A:=Vector ([Vnorm[l] ,Vnorm[2],A3,Vnorm[3]]):
>eel:=Al1=A[1]:

>ee2:=A2=A[2]:

>ee3:=A3=A[3]:

>eed:=A4=A[4]:
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>

f(x) :=Al*sin (Pi*x)+A2*sin (2*Pi*x)+A3*sin(3*Pi*x)+A4d*sin
(4*Pi*x) :

> £ (x) :=subs (eel,ee2,ee3,eed,f(x)):

>with(plottools) :plot([f(x) ,x,x=0..1]):

###Calculo da primeira freqiiéncia de vibrag¢ao da estaca semi-enterrada
biapoiada com carregamento estatico no topo.###

>restart:

>with (DEtools) :

>with (LinearAlgebra) :
>Digits:=64:

#Definicoes:

#s = parametro de freqiiéncia de vibracao da estaca;

#lambda = valor origindrio de um percentual da carga critico aplicado no topo da
estaca (50%);

#f1(x) = expressdo para os deslocamentos do trecho desenterrado da estaca;

#f2(x) = expressao para os deslocamentos do trecho enterrado da estaca;

#Resolugdo para os casos em que: s<= (K-(A"4/4)"1/4:

#Definicdo do intervalo de variagdo de s, baseando-se nos valores aproximados
obtidos por Ritz:

>inf:=2.045482:

>sup:=2.045483:

>inter:=0.0000001:

#Determinacao do valor do parametro de freqiiéncia a partir da verificagdo do
momento em que ocorre a troca de sinal do determinante:

>for s from inf by inter to sup do

K:=2000:1lambda crit:=2.516811209107670508859218:1lambda:
=0.5*%lambda_crit:

eql:=diff (f1l(x) ,x,x,x,x)+ (lambda*2*Pi*2*diff (£l (x) ,x,x)
)-(s*4*Pi*4*£f]1 (x))=0:

soll:=dsolve(eql): finicial[l]:=rhs(soll):

f[1l]:= Cl*sin(1/2*Pi*sqrt(2*lambda*2+2*sqrt (lambda”4+4*
s‘4))*x)+_C2*cos(1/2*Pi*sqrt(2*1ambdaA2+2*sqrt(lambdaA4
+4*s*4)) *x)+ C3*sinh(1/2*Pi*sqrt(2) *sqrt(-
lambda“2+sqrt (lambda”4+4*s*4)) *x)+ Cd*cosh(1/2*Pi*sqrt(
2) *sqgrt (-lambda“2+sqrt (lambda”4+4*s*4)) *x) :
fll,x]:=diff(£[1],x):

f[1l,xx]:=diff(£f[1],x,x):

fll,xxx]:=diff(£f[1],x,x,x):

eqg2:=diff (£f2 (x) ,x,x,x,x)+ (lambda*2*Pi*2*diff (£2 (x) ,x,x)
)+ ((K-s74) *Pi*4*£f2 (x))=0:

sol2[inicial] :=dsolve (eq2) :
sol2a:=subs(_Cl= C5, C2= C6, C3= C7, C4= C8,sol2[inicia
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1]): sol2:=rhs(sol2a): finicial[2] :=s0l2:
g:=alpha”4+ (lambda”2*Pi*2) *alpha”2+ (K-s*4) *Pi*4=0:
Rl:=solve(g,alpha): a:=Re (R1[1]):

b:=Im(R1[1]):

if (a>0) and (b>0) then

f[2] :=(exp(a*x))*(_C5*sin(b*x)+ _C6*cos (b*x))+ (exp (-
a*x))*(_C7*sin(b*x)+_C8*cos (b*x)) else if (a>0) and
(b<0) then f[2]:=(exp(a*x))*(_C5*sin(-b*x)+_C6*cos (-
b*x) )+ (exp (-a*x)) *(_C7*sin(-b*x)+_C8*cos(-b*x)) else if
(a<0) and (b>0) then

f[2] :=(exp(a*x)) *(_C5*sin(b*x)+_Cé6*cos (b*x) )+ (exp (-
a*x))*(_C7*sin(b*x)+_C8*cos (b*x)) else if (a<0) and
(b<0) then f[2]:=(exp(a*x))*(_C5*sin(-b*x)+_ C6*cos (-
b*x) )+ (exp (-a*x)) *(_C7*sin(-b*x)+ C8*cos(-b*x)) end if:
end if:end if: end if:

f[2,x]:=diff (£f[2],x):

f[2,xx] :=diff (£[2],x,x):

f[2,xxx] :=diff (f[2] ,x,x,x):

expl:=eval (£[1],x=1/2):

exp2:=eval (f[1,xx] ,x=1/2):

exp3:=eval (£[2] ,x=0) :

expd:=eval (£[2,xx] ,x=0) :

f[1l,x=0]:=eval (£f[1],x=0):

f[2,x=a] :=eval (£[2] ,x=1/2):

fl1,x_x=0]:=eval (£[1,x],x=0):

f[2,x_x=a]:=eval (f[2,x],x=1/2):

f[l,xx x=0]:=eval (£[1,xx],x=0):

f[2,xx x=a]:=eval (£[2,xx],x=1/2):

f[1l,xxx x=0]:=eval (£[1,xxx],x=0):

f[2,xxx x=a]:=eval (f[2,xxx],x=1/2):
exp5:=f[1,x=0]-£f[2,x=a]:

exp6:=f[1l,x x=0]-f[2,x x=a]:

exp7:=f[1,xx x=0]-f[2,xx x=a]:

exp8:=f[1l,xxx x=0]-f[2,xxx x=a]:

all:=coeff (expl, Cl):

a2l:=coeff (exp2, Cl):a3l:=coeff (exp3,_Cl) :adl:=coeff (ex
p4,_Cl) :a51:=coeff (exp5,_ Cl) :aél:=coeff (exp6, Cl):a7l1l:=
coeff (exp7,_Cl) :a8l:=coeff (exp8,_ Cl):al2:=coeff (expl,_ C
2) :a22:=coeff (exp2, C2):a32:=coeff (exp3, C2):a42:=coeff
(exp4, C2) :ab52:=coeff (exp5, C2) :a62:=coeff (exp6,_ C2) :a7
2:=coeff (exp7,_C2) :a82:=coeff (exp8,_ C2):al3:=coeff (expl
,_C3) :a23:=coeff (exp2, C3) :a33:=coeff (exp3,_ C3):a43:=co
eff (exp4, C3) :a53:=coeff (exp5,_ C3) :a63:=coeff (exp6, C3)
:a73:=coeff (exp7, C3) :a83:=coeff (exp8, C3):ald:=coeff (e
xpl, C4) :a24:=coeff (exp2, C4):a34:=coeff (exp3, C4):a44:
=coeff (exp4,_ C4) :a54:=coeff (exp5,_ C4) :a64:=coeff (exp6,
C4) :a74:=coeff (exp7,_C4) :a84:=coeff (exp8,_ C4) :al5: =coef
f(expl, C5) :a25:=coeff (exp2, C5):a35:=coeff (exp3, C5):a
45:=coeff (exp4, C5) :a55:=coeff (exp5, C5) :a65:=coeff (exp
6, C5):a75:=coeff (exp7,_ C5) :a85:=coeff (exp8, C5):al6:=c
oeff (expl, C6):a26:=coeff (exp2, C6):a36:=coeff (exp3, C6
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) :ad6:=coeff (exp4, C6) :a56:=coeff (exp5, C6) :a66:=coeff(
exp6, C6) :a76:=coeff (exp7, C6) :a86:=coeff (exp8, C6) :al’
:=coeff (expl, C7):a27:=coeff(exp2, C7):a37:=coeff (exp3,
_C7) :ad7:=coeff (expd, C7):a57:=coeff (exp5, C7) :a67:=coe
ff (exp6, C7) :a77:=coeff (exp7,_ C7) :a87:=coeff (exp8, C7):
al8:=coeff (expl, C8):a28:=coeff (exp2, C8) :a38:=coeff (ex
p3,_C8) :a48:=coeff (exp4,_ C8) :a58:=coeff (exp5, C8) :a68:=
coeff (exp6,_ C8):a78:=coeff (exp7,_C8) :a88:=coeff (exp8,_C
8) :
A:=Matrix([[all,al2,al3,ald4,al5,al6,al7,al8],[a2l,a22,a
23,a24 ,a25,a26,a27,a28],[a31,a32,a33,a34,a35,a36,a37,a3
8], [ad4l1l,ad42,a43,a44,a45,a46,a47,a48],[a51,a52,a53,a54,a
55,a56,a57,a58],[a6l,a62,a63,a64,a65,a66,a67,a68],[a7l,
a72,a73,a74,a75,a76,a77,a78],[a81,a82,a83,a84,a85,a86,a
87,a88]]): det[s]:= print (simplify(Determinant(a)), s)
end do:

#Observagdes:

#1) Conforme visto durante a tese cada trecho, seja enterrado ou desenterrado,
requer um estudo de sua respectiva resposta para a equagao diferencial proposta.
O programa neste caso, estd preparado para qualquer solu¢do dentro da restricao
em s<= (K-(A"4/4))"1/4. Aconselha-se tracar, portanto, o grafico das freqiiéncia x
rigidez da fundagao pelo método de Ritz:

#2) Os valores explicitados no final do programa sao: o valor do determinante e o
seu respectivo parametro de freqiiéncia.

###Representacio dos modos de vibracdo e criacio do arquivo para
exportacio de dados###

>restart:

>with (DEtools) :

>with (LinearAlgebra) :
>Digits:=64:

#Resolucdo para os casos em que: s<= (K-(A4/4$)"1/4.

#1la. freqiiéncia de vibracao - Sol. exata:

>s51:=2.045482:

>s:=sl:

>K:=2000:

>lambda crit:=2.516811209107670508859218:
>lambda:=0.5*lambda crit:

>

eql:=diff (f1(x) ,x,x,x,x)+ (lambda*2*Pi*2*diff (f1 (x) ,x, x)
)-(s*4*Pi”4*fl (x))=0:

soll:=dsolve(eql) : finicial[l]:=rhs(soll):
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>
f[1]:=_C1*sin(1/2*Pi*sqrt(2*1ambdaA2+2*sqrt(lambdaA4+4*
s*4))*x)+ C2*cos(1/2*Pi*sqrt(2*lambda”2+2*sqrt (lambda*4
+4*s~4)) *x)+ C3*sinh (1/2*Pi*sqrt(2) *sqrt (-
1ambda‘2+sqf€(1ambda‘4+4*s“4))*x)+ Cd*cosh (1/2*Pi*sqrt (
2)*sqrt(—1ambda“2+sqrt(lambdaA4+4*§A4))*x):
>f[1l,x]:=diff (£[1],x):

>f[1l,xx]:=diff(£f[1],x,x):

>f[1l,xxx]:=diff(£f[1] ,x,x,x):

>

eq2:=diff (f2(x) ,x,x,x,x)+ (lambda*2*Pi*2*diff (£2 (x) ,x,x)
)+ ((K-s74) *Pi*4*£2 (x) )=0:

>so0l2[inicial] :=dsolve (eq2) :

>
sol2a:=subs(_Cl= C5, C2= C6,_C3= C7,_C4= C8,so0l2[inicia
1]): >so0l2:=rhs(sol2a): finicial[2] :=s0l2:
>g:=alpha”*4+ (lambda*2*Pi*2) *alpha”2+ (K-s*4) *Pi*4=0:
Rl:=solve(g,alpha): a:=Re(R1[1]):
b:=Im(R1[1]):

if (a>0) and (b>0) then

f[2] :=(exp(a*x))*( C5*sin(b*x)+ C6*cos (b*x) )+ (exp (-
a*x) ) *( C7*sin(b*x7+ C8*cos(b*x7) else if (a>0) and
(b<0) then f[2]:=(ex§(a*x))*(_CS*sin(—b*x)+_CG*cos(—
b*x) )+ (exp(-a*x))*( C7*sin(-b*x)+ C8*cos(-b*x)) else if
(a<0) and (b>0) then -

f[2] :=(exp(a*x))*(_C5*sin(b*x)+ _C6*cos (b*x))+ (exp (-
a*x))*( C7*sin(b*x)+ C8*cos(b*x)) else if (a<0) and
(b<0) then f[2]:=(ex§(a*x))*(_CS*sin(—b*x)+_CG*cos(—
b*x) )+ (exp(-a*x))*( C7*sin(-b*x)+ C8*cos(-b*x)) end if:
end if:end if: end if: -
>f[2,x]:=diff (£[2] ,x):

>f[2,xx] :=diff(£f[2],x,x):

>f[2,xxx] :=diff(£[2] ,x,x,x):

>expl:=eval (£[1] ,x=1/2):

>exp2:=eval (£[1,xx] ,x=1/2):

>exp3:=eval (£[2] ,x=0) :

>expéd:=eval (£[2,xx] ,x=0) :

>f[1,x=0]:=eval (£f[1],x=0) :
>f[2,x=a] :=eval (£[2] ,x=1/2):

>f[1l,x x=0]:=eval (£[1,x],x=0):

>f[2,x_x=a]:=eval (£[2,x],x=1/2):

>f[1l,xx x=0]:=eval (£[1,xx],x=0):

>f[2,xx x=a]:=eval (£[2,xx],x=1/2):

>f[1,xxx x=0] :=eval (£[1,xxx],x=0):
>f[2,xxx_x=a]:=eva1(f[2,xxx],x=1/2):
>expb5:=£f[1,x=0]-£f[2,x=a]:

>exp6:=f[1l,x x=0]-f[2,x x=a]:

>exp7:=f[1l,xx x=0]-£f[2,xx x=a]:

>exp8:=f[1,xxx x=0]-f[2,xxx x=a]:
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>all:=coeff (expl, Cl):

a2l:=coeff (exp2, Cl):a3l:=coeff (exp3,_Cl) :adl:=coeff (ex
p4,_Cl) :ab5l:=coeff (exp5,_Cl) :a6l:=coeff (exp6, Cl):a7l:=
coeff (exp7, Cl):a8l:=coeff(exp8, Cl):al2:=coeff (expl, C
2) :a22:=coeff (exp2, C2):a32:=coeff (exp3, C2):a42:=coeff
(exp4, C2) :ab52:=coeff (exp5, C2) :a62:=coeff (exp6,_ C2) :a7
2:=coeff (exp7,_ C2) :a82:=coeff (exp8, C2):al3:=coeff (expl
,_C3) :a23:=coeff (exp2,_ C3) :a33:=coeff (exp3,_C3):a43:=co
eff (exp4, C3):a53:=coeff (exp5, C3):a63:=coeff (exp6, C3)
:a73:=coeff (exp7, C3) :a83:=coeff (exp8, C3):ald:=coeff (e
xpl, C4):a24:=coeff (exp2, C4):a34:=coeff (exp3, C4) :a44:
=coeff (exp4, C4):ab54:=coeff (exp5, C4) :a64:=coeff (expb,
C4) :a74:=coeff (exp7,_C4) :a84:=coeff (exp8,_ C4) :al5:=coef
f (expl,_C5) :a25:=coeff (exp2,_ C5) :a35:=coeff (exp3,_C5):a
45:=coeff (exp4, C5) :a55:=coeff (exp5, C5) :a65:=coeff (exp
6, _C5):a75:=coeff (exp7,_ C5) :a85:=coeff (exp8, C5):al6:=c
oeff (expl, C6):a26:=coeff (exp2, C6):a36:=coeff (exp3, C6
) :ad6:=coeff (expd, C6) :a56:=coeff (exp5, C6) :a66:=coeff (
exp6, C6) :a76:=coeff (exp7, C6) :a86:=coeff (exp8, C6):al’
:=coeff (expl, C7):a27:=coeff(exp2, C7):a37:=coeff (exp3,
_C7) :ad7:=coeff (expd, C7):a57:=coeff (exp5, C7) :a67:=coe
ff (exp6, C7) :a77:=coeff (exp7,_ C7) :a87:=coeff (exp8, C7):
al8:=coeff (expl, C8):a28:=coeff (exp2, C8) :a38:=coeff (ex
p3,_C8) :a48:=coeff (exp4,_C8) :a58:=coeff (exp5,_C8) :a68:=
coeff (exp6,_ C8):a78:=coeff (exp7,_C8) :a88:=coeff (exp8,_C
8) :

>
A:=Matrix([[all,al2,al3,al4,al5,al6,al7,al8],[a2]1,a22,a
23 ,a24 ,a25,a26,a27,a28],[a31,a32,a33,a34,a35,a36,a37,a3
8], [ad4l1l,a42,a43,a44,a45,a46,a47,a48],[a51,a52,a53,a54,a
55,a56,a57,a58],[a6l,a62,a63,a64,a65,a66,a67,a68],[a7]l,
a72,a73,a74,a75,a76,a77,a78],[a8l1,a82,a83,a84,a85,a86,a
87,a88]1) :

#Configuracao dos Modos:
#Criagao da Matriz B que representa os valores da Matriz A, ap0ds a substitui¢dao
dos valores de todos os parametros.
>bll:=simplify(all):
>bl2:=simplify(al2):
>bl3:=simplify(al3):
>bl4d:=simplify(ald):
>bl5:=simplify (al5):
>bl6:=simplify (alé6) :
>bl7:=simplify(al’):
>bl8:=simplify(al8):
>b21:=simplify(a2l):
>b22:=simplify(a22):
>b23:=simplify (a23):
>b24:=simplify (a24):
>b25:=simplify (a25):
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>b26:

>b27

>Db28:
>b31l:
>Db32:

>b33
>b34

>b35:
>Db36:

>b37

>Db38:
>b4l:
>bd2:
>b43:

>bd4

>b45:
>b4é6:

>b4a’7

>b48:
>bb51:
>bb2:

>b53
>b54

>Db55:
>Db56:

>b57

>b58:
>b6l:

>b62

>b63:

>b64

>Db65:
>b66:

>b67

>Db68:
>b71:
>b72:

>b73
>b74

>b75:
>Db76:

>b77

>b78:
>b81:

>b82

>b83:

>b84

=simplify (a26):
:=simplify (a27):
=simplify (a28):
=simplify (a3l):
=simplify (a32):
:=simplify (a33):
:=simplify (a34):
=simplify (a35):
=simplify (a36) :
:=simplify (a37):
=simplify (a38):
=simplify (a4dl):
=simplify (a42):
=simplify (a43):
:=simplify (a4d4):
=simplify (a45) :
=simplify (a46):
:=simplify (a4d7):
=simplify (a48):
=simplify (a51):
=simplify (a52):
:=simplify (a53):
:=simplify (a54):
=simplify (a55):
=simplify (a56) :
:=simplify (a57):
=simplify (a58):
=simplify (a6l) :
:=simplify(a62):
=simplify (a63):
:=simplify (a64):
=simplify (a65) :
=simplify (a66) :
:=simplify (a67):
=simplify (a68) :
=simplify (a7l):
=simplify (a72):
:=simplify(a73):
:=simplify(a74):
=simplify (a75):
=simplify (a76) :
:=simplify(a77):
=simplify (a78):
=simplify (a8l):
:=simplify (a82):
=simplify (a83):
:=simplify (a84):

112
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>b85:=simplify (a85):

>b86:=simplify (a86) :

>b87:=simplify (a87):

>b88:=simplify (a88):

>
B:=Matrix([[bl1l,bl2,bl3,bl4,bl5,bl6,bl7,bl8], [b21,b22,b
23,b24,b25,b26,b27,b28], [b31,b32,b33,b34,b35,b36,b37,b3
8], [b41,b42,b43,b44 ,b45,b46,b47,b48], [b51,b52,b53,b54,b
55,b56,b57,b58] , [b61,b62,b63,b64,b65,b66,b67,b68], [b71,
b72,b73,b74,b75,b76,b77,b78], [b81,b82,b83,b84,b85,b86,b
87,b88]1]):

#Eliminacao da ultima linha e da 3a. coluna (considerar-se-a C3=1):

>

W:=Matrix([[bll,bl2,bl4,bl5,bl6,bl7,bl8], [b21,b22,b24,b
25,b26,b27,b28], [b31,b32,b34,b35,b36,b37,b38], [b41,b42,
b44 ,b45,b46,b47,b48], [b51,b52,b54,b55,b56,b57,b58], [b61
,b62,b64,b65,b66,b67,b68], [b71,b72,b74,b75,b76,b77,b78]
1):

>V:=Vector([_Cl1l,_C2, C4, C5, C6,_C7, _C8]):

>Q:=W.V:

>R:=Vector ([-bl3,-b23,-b33,-b43,-b53,-b63,-b73]) :
>sols:=solve({Q[1]=R[1], Q[2]=R[2], Q[3]=R[3],
Q[4]1=R[4], Q[5]=R[5], Q[6]=R[6], Q[7]=R[7]1},{

_C1, c2, c4, Cc5, C6,_C7, _C8}):

>

V:=subs (sols[1l],so0ls[2],s0ls[3],so0ls[4] ,s0ls[5],s0ls[6]
,s0ls[7],V):

#Normalizacao do Vetor V:

>

ampnorm:=sqrt ((((V[1])*2)+((V[2])*2)+((V[3])"*2)+((V[4])
*2)+((VI3]1)*2)+((V[6])*2)+((V[7])*2)+1)):
>Vnorm:=V/ampnorm:

#Observacao: Todas as constantes acima estdo sendo multiplicadas por C3, a
qual ¢ considerada igual a unidade.

>C3:=1/ampnorm:

>

C:=Vector ([Vnorm[l],Vnorm[2],C3,Vnorm[3] ,Vnorm[4] ,Vnorm
[5],Vnorm[6],Vnorm[7]]) :

>

>eel:= C1=C[1]:
>ee2:= C2=C[2]:

>ee3:= C3=C[3]:

>eed:= C4=C[4]:

>eeb:= C5=C[5]:

>eeb:=_C6=C[6]:
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>ee7:=_C7=C[7]:
>ee8:= C8=C[8]:

#Substituicdo dos valores das constantes nas expressdes para os deslocamentos:
> f[1l] :=subs (eel,ee2,ee3,eced, ee5,eceb6,ee7,ee8,£f[1]):

> £f[2] :=subs (eel,ee2,ece3,eced,ece5,eceb,ece77,ee8,£f[2]):
>with (plottools):

>plot([Re(£f[1]) ,x,%x=0..0.5]):

>plot ([Re(£[2]) ,x,%x=0..0.5]):

#Determinacao do arquivo para exportagdo dos valores encontrados nos graficos
anteriores

#Para o grafico de f1(x):
#Defini¢ao dos limites e do intervalo de variacao de x:

>inf:=0:
>inter:=0.01:
>sup:=0.5:

#Defincdo dos dados para construcéo da tabela e do grafico:

>cont:=0:

for x from inf by inter to sup do
cont:=cont+1l

end do: cont:

>Fl:=array(l..cont):

>X:=array(l..cont):

>cont:=0:

#Arquivo de saida:
>fd := fopen("c:\\saidafl.dat",WRITE,BINARY) :
> for x from inf by inter to sup do
cont:=cont+1;
X[cont] :=x;
Fl[cont] :=simplify (£f[1]);
fprintf (£d,"%$f , %f \n",X[cont],Re(Fl[cont]));
end do:
> fclose (£d) ;

#Para o grafico de f2(x):
#Defini¢do dos limites e do intervalo de variacdo de x:

>inf:=0:
>inter:=0.01:
>sup:=0.5:

#Defini¢cdo dos dados para construcdo da tabela e do grafico:

>cont:=0:

for x from inf by inter to sup do
cont:=cont+1

end do: cont:
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>F2:=array(l..cont):
>X:=array(l..cont):
>cont:=0:

#Arquivo de saida:
>fd := fopen("c:\\saidaf2.dat",WRITE,BINARY) :
>for x from inf by inter to sup do
cont:=cont+1;
X[cont] :=x;
F2[cont] :=simplify (£f[2]) ;
fprintf (£d,"%$f , %f \n",X[cont],Re(F2[cont]));
end do:
> fclose (£d) ;

9.2.
Analise Nao-Linear

A analise ndo-linear consistiu em duas etapas: o estudo da relagao
freqliéncia e amplitude na vibragdo livre e o estudo da ressonancia nao-linear para
a vibragdo forcada. Construiu-se, portanto, dois programas que possibilitaram
estes estudos:

e Anadlise ndo-linear da vibracdo livre: resolu¢do da equacdo diferencial

nao-linear pelo método do Balango Harmonico.

e Analise ndo-linear da vibracao forcada: resolucao da equacao diferencial
ndo-linear pelo método do Balanco Harmonico. Tém-se os
carregamentos estatico e dindmico atuando e consideram-se os efeitos de
forcas de dissipacao.

Os calculos apresentados referem-se a coluna biapoiada com a profundidade

da fundacao atingindo a metade da altura, rigidez igual a 2.000 e carregamento
estatico igual a 50% da carga critica. Para o caso de vibracdo forgada, a amplitude

da for¢ca harmdnica considerada ¢ de 0,5 e o fator de amortecimento ¢ igual a 0,01.
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###Analise nao-linear da vibracio livre: resolucao da equacao diferencial
nio-linear pelo método do balango harmonico###

>restart;

>with (DEtools) :

>with (LinearAlgebra) :
>Digits:=32

#apenas para facilitar a visualizacdo das expressoes foi usada no programa a

varidvel x ao invés da letra grega £, que representa a coordenada adimensional do
eixo axial.

#Equagao original da energia:

>

eq orig:=int ((E*J/2)* (diff (w(x) ,x,x) *2+diff (w(x) ,x,x)"2
*diff (w(x), x)*2+1/4* (diff(w(x) ,x,x)*2*diff (w(x),
x)*4))-(P*Pi*2/2) * (diff (w(x) ,x)*2+1/4*diff (w(x) ,x)*4)-
(M*omega”4*Pi*4/2) *w(x)*2,x=0..1)+int (k*Pi*4*w(x)*2/2,x
=0..1/2):

#Substituigoes:

>P/ (E*J)=lambda*2:

> (M*omega”~4) / (E*J)=omega”4:
>k/ (E*J)=K:

#Desmembrando a integral acima de forma tendo-se separadamente os termos da
parte desenterrada e enterrada da estaca:

>

eq:=int ((diff (wl(x,t),x,x) *2+diff (wl (x,t),x,x) *2*diff (w
1(x,t), x)*2+1/4* (diff (wl(x,t),x,x)"2*diff (wl (x,t),
x)*4))-

(lambda’r2*Pi*2) * (diff (wl (x,t) ,x)*2+1/4*diff (wl (x,t),x)"*
4) ,x=0..1/2)+int ((diff (w2 (x,t) ,x,x)*2+diff (w2 (x,t) ,h x,x)
~2*%diff (w2 (x,t),

X)~2+1/4% (diff (w2 (x,t) ,x,x) ~2*diff (w2 (x,t), x)~4))-
(lambda*2*Pi*2) * (diff (w2 (x,t) ,x)*2+1/4*diff (w2 (x,t) ,x)"
4) ,x=0..1/2)-(M*"4*Pi*4* int(diff(wl(x,t),t)"2,
x=0..1/2)+(M*4*Pi”4* int (diff (w2 (x,t),t)"2,
x=0..1/2)))+int (K*Pi*4*w2 (x,t)*2,x = 0 .. 1/2):
>K:=2000:

>lambda crit:=2.516811209107670508859218:
>lambda:=0.5*1lambda_crit:

#Expressoes de wl e w2 obtidas a partir do programa para a analise linear:
>wl(x,t):=C(t)* (-

.74226998589049586523524259304748*sin (2.247231744935770
6756377467276767*Pi*x)+.3036836302745184798045313871352
2*cos (2.2472317449357706756377467276767*Pi*x)+.42359673
163692790945138110178388*sinh(1.31652304383071188983544
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07656926*Pi*sqrt (2) *x) -
.42116186221485765029734644136053*cosh(1.31652304383071
18898354407656926*Pi*sqrt (2) *x)) :

>w2(x,t) :=C(t)* (exp (-
14.690669053927442687368922937633*x) * (-
.86993267354275547566290318475451e-

4*sin (14.954278128496788954221564677256*x) -
.13710967143026508747295478552280e~-

4*cos (14.954278128496788954221564677256*x) ) +texp (14.6906
69053927442687368922937633*x) * (-
.86993267354275547566290318475451e-

4*sin (14.954278128496788954221564677256*x)+.13710967143
026508747295478552280e-

4*cos (14.954278128496788954221564677256*x))) :

#Substituicdo das expressdes de wl e w2 multiplicadas pela amplitude C(t) na
expressao do Funcional:
>eql:=simplify (eq):

#Eliminando os termos imagindrios, tem-se:

>eql :=

331.55224356674151466587840759916*C (t) ~2+1999.873329687
7339764469734615503*C(t) ~4+9061.88180181750616530399265
52239*C(t) ~6-
18.939518226994037017095151352587*M*4*diff (C(t) ,t)*2:

#Construcao da equagdo de movimento (equacao diferencial ndo-linear):
>eqla:=subs (diff (C(t) ,t)=AA,C(t)=C, eql):
>eqlb:=diff (eqla, C):

>eqlc:=subs (C=C(t), eqlb):

>eqld:=diff (eqla, AA):

>eqle:=subs (AA=diff (C(t), t), eqld):
>eqlf:=eqlc-(diff (eqle, t)):

>eqg2:=simplify (subs(C(t)=Al*sin (omega*t) ,eqlf)):
>eq3:=subs ( (cos (omega*t) ) *2=(1-sin (omega*t)*2),
(cos (omega*t) ) *4=(1-sin (omega*t) *2)*2, eq2):
>eqg4 := expand(eg3):

#Substitui¢do das expressdes equivalentes de (sin(omega*t))"5 e
(sin(omega*t))"3:

>

eq5:=simplify (subs ((sin (omega*t))*3=3/4*sin (omega*t) -
1/4*sin(3*omega*t) , (sin (omega*t) ) ~5=5/8*sin (omega*t) -
5/16*sin (3*omega*t)+1/16*sin (5*omega*t), eqd)):

#Obtencdo da expressdo para o parametro da freqiiéncia em fun¢ao da amplitude
Al:

> eqgb:=expand (coeff (eq5, sin(omega*t))):

>isolate(eq6, omega”2):
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###Analise ndo-linear da vibracao forcada: resolucdo da equacao diferencial
nio-linear pelo método do balanco harmonico. Tém-se os carregamentos
estatico e dinamico atuantes e consideram-se os efeitos de forcas de
dissipacao###

>restart:

>with (DEtools) :
>with(LinearAlgebra) :
>Digits:=32:

#A partir do funcional jé utilizado para a vibragado livre tem-se, acrescentando as
parcelas referentes a forca de dissipagao, a seguinte expressao:

>

eq:=int ((diff (wl(x,t) ,x,x) *2+diff (wl (x,t) ,x,x) *2*diff (w
1(x,t), x)*2+1/4% (diff (wl(x,t) ,x,x)*2*diff (wl(x,t),
x)*4))-
(lLambda”2*Pi”2) * (diff (wl (x,t) ,x) ~2+1/4*diff (wl (x,t) ,x)*
4) ,x=0..1/2)+int ((diff (w2 (x,t) ,x,x)*2+diff (w2 (x,t) ,h x,x)
~2*diff (w2 (x,t),

x)A2+1/4% (diff (w2 (x,t) ,x,x) 2*diff (w2 (x,t), x)*4))-
(lambda*2*Pi*2) * (diff (w2 (x,t) ,x)*2+1/4*diff (w2 (x,t) ,x)"
4) ,x=0..1/2)-(M*"4*Pi*4* int(diff(wl(x,t),t)"*2,
x=0..1/2)+ (M 4*Pi~4* int (diff (w2 (x,t),t)" 2,
x=0..1/2)))+int (K*Pi*4*w2 (x,t)*2,x = 0
1/2)+beta[1]*int ((diff (wl(x,t), t))~*2,
x=0..1/2)+beta[l]*int ((diff (w2 (x,t), t))*2,
x=0..1/2)+2*int (p(t) *wl(x,t),

x=0..1/2)+2*int (p(t) *w2(x,t), x=0..1/2):

>K:=2000:

>lambda crit:=2.516811209107670508859218:
>lambda:=0.5*1lambda crit:

#Expressoes de wl e w2 obtidas a partir do programa para a analise linear:
>wl(x,t):=C(t)* (-
.74226998589049586523524259304748*sin(2.247231744935770
6756377467276767*Pi*x)+.3036836302745184798045313871352
2*cos (2.2472317449357706756377467276767*Pi*x)+.42359673
163692790945138110178388*sinh(1.31652304383071188983544
07656926*Pi*sqrt (2) *x) -
.42116186221485765029734644136053*cosh(1.31652304383071
18898354407656926*Pi*sqrt (2) *x)) :

>w2(x,t) :=C(t)*(exp (-
14.690669053927442687368922937633*x) * (-
.86993267354275547566290318475451e-
4*sin(14.954278128496788954221564677256*x) -
.13710967143026508747295478552280e-

4*cos (14.954278128496788954221564677256*x) ) +exp (14.6906
69053927442687368922937633*x) * (-
.86993267354275547566290318475451e-

4*sin (14.954278128496788954221564677256*x)+.13710967143
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026508747295478552280e-
4*cos (14.954278128496788954221564677256%*x))) :

>p(t) :=A0*sin (omega*t) :

#Substituicdo das expressdes de wl e w2 multiplicadas pela amplitude C na
expressao do Funcional:
>eql:=simplify (eq):

#Determinacao da Equagdo de Movimento :
>eqla:=subs (diff (C(t) ,t)=AA,C(t)=C, eql):
>eqlb:=diff (eqla, C):

>eqlc:=subs (C=C(t), eqlb):

>eqld:=diff (eqla, AA):

>eqle:=subs (AA=diff (C(t), t), eqld):
>eqlf:=eqlc-(diff (eqle, t)):

#Retirando-se os termos com nimeros imaginarios despreziveis, tem-se:

>eqlg :=
663.10448713348302933175681519832*C(t)+7999.49331875093
59057878938462012*C(t) ~3+54371.290810905036991823955931
344*C(t) ~5-

.56995678064345953116166714469003*A0*sin (omega*t)+37.87
9036453988074034190302705166*M*4*diff(C(t), "$  (t,2))-
.38886551606118261313930093822280*beta[l]*diff(C(t), $°
(t,2)):

>

eq2:=simplify (subs (C(t)=Al*sin (omega*t)+A2*cos (omega*t)
,eqlg)):

#Substituigdes de seno e co-seno:

>eq3:=

simplify (subs ( (cos (omega*t))~3=3/4*cos (omega*t)+1/4*cos
(3*omega*t) , (cos (omega*t) ) ~5=5/8*cos (omega*t)+5/16*cos (
3*omega*t)+1/16*cos (5*omega*t),

(cos (omega*t) ) *~2=1/2+1/2* (cos (2*omega*t) ),

(cos (omega*t) ) ~4=3/8+1/2* (cos (2*omega*t) )+1/8* (cos (4*om
ega*t)) ,eq2)):

>eqg3a:=collect(eq3, Al):

>eqg3b:=collect (eq3a, A2):

>eq3c:=subs (sin (omega*t) *cos (2. *omega*t)=1/2* (sin (-
omega*t) +sin (3*omega*t)),

sin (omega*t) *cos (4.*omega*t)=1/2* (sin (-

3*omega*t)+sin (5*omega*t)) ,eq3b):

>eqgd:=collect (eqg3c, sin(omega*t)):

>egb5:=collect(eqd4, cos(omega*t)):

>eqga:=coeff (eq5, sin(omega*t)):

>egb:=coeff (eq5, cos(omega*t)):
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###Implementacio do Método de Newton Rapson:###

>restart:
>with(linalg):
>Digits:=32:

#Equagoes obtidas na etapa anterior:
>eqga:=
33982.056756815648119889972457090*A1*A2°4+33982.0567568
15648119889972457089*A1+5+(5999.61998906320192934092038
46510*A1+67964.113513631296239779944914180*A143) *A2~2+5
999.6199890632019293409203846509*A1+3-
.56995678064345953116166714469003*A0+(663.1044871334830
2933175681519832-
37.879036453988074034190302705166*M*4*omega”*2+.38886551
606118261313930093822280*beta[1l] *omega”2) *Al:
>egb:=
(67964.113513631296239779944914180*A142+5999.6199890632
019293409203846509) *A273+(33982.05675681564811988997245
7090*A174+5999.6199890632019293409203846510*A1~2+.38886
551606118261313930093822280*beta[l] *omega”®2-
37.879036453988074034190302705166*M*4*omega”2+663.10448
713348302933175681519832) *A2+33982.05675681564811988997
2457090*A2/5:
>mf:= matrix (2,1, [egqa,eqgb]):
>mk:= matrix(2,2,[ [diff(eqa,Al), diff(eqa,A2)] ,

[diff (egb,Al), diff(egb,A2)] ]):
>M:=0.702:
>omega:=8.490187813*.9:
>A0:=.5:
>beta[l]:=8.490187813*0.47:
>erro:=le-10:
>imk:=inverse (mk) :
>Al:=0.1: A2:=0.1: saida:=0:
>for i from 1 to 50 while (saida=0) do

dC:=multiply (imk ,mf) :

Al:=Al1-dC[1,1]: A2:=A2-dC[2,1]:

#print (mf[1,1], mf[2,1], d4dC[1,1], dC[2,1]):

if (abs(dC[1l,1l])<erro and abs(dC[2,1l])<le”“erro ) then
saida := 1: end if:

end do:

print (i,Al,A2):

#Observacao:
#O valor de omega (parametro de freqiiéncia) baseia-se no valor encontrado para
a freqiiéncia natural na vibragdo livre. A freqiiéncia natural (neste caso, Wn =
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8,490187813) ¢ obtida na etapa anterior, a partir da expressao final de omega,
fazendo-se A1=0. Neste exemplo, (W/Wn) =0,9.
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